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Abstract 

Thermodynamics and heat transfer processes during impingement of a nanofluid flow upon a 

cylinder with constant surface temperature and embedded in porous media are investigated. 

The surface of the cylinder can feature uniform or non-uniform transpiration and is hotter than 

the incoming nanofluid flow. Appropriate similarity parameters are employed to reduce the 

three-dimensional governing equations of nanofluid motion and heat transfer in porous media 

to simpler equations solvable through using a finite difference scheme. The numerical 

solutions of these equations reveal the flow velocity and temperature fields as well as the 

Nusselt number and induced shear stress. These are then used to calculate the rate of entropy 

generation within the system by viscous and heat transfer irreversibilities.  It is demonstrated 

that changes in the concentration of nanoparticles result in the variation of thermal and 

hydrodynamic boundary layers and hence can modify the Nusselt number and entropy 

generation considerably. However, the shear stress on the surface of the cylinder is observed 

to be less affected by the variations in the concentration of nanoparticles. Further, the Reynolds 

number of the impinging nanofluid flow and the functional form of transpiration are shown to 

have significant effects upon the Nusselt number and entropy generation. In particular, it is 
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argued that the influences of Reynolds number on the boundary layer thickness can majorly 

modify the level of irreversibility and the value of Bejan number. 

Keywords: Nanofluid; Stagnation-point flow; Porous media; Entropy generation; Similarity 

solution; Non-uniform transpiration 

Nomenclature  

A1, A2, A3 Constants wT  wall temperature 
a  cylinder radius ,u w  velocity components along (r,z)-axis 
Be  Bejan number ( )0U ϕ  transpiration 
 
Br  Brinkman number ( )

( )

2
.f

f w

k a
Br

k T T
µ

∞

=
−

 
z  axial coordinate 

 
 

C p  specific heat at constant pressure Greek symbols 

( ), ,f η ϕ τ  function related to u-component of velocity α  Effective thermal diffusivity of the 
porous medium 

h  heat transfer coefficient η  
similarity variable, 

2r
a

η  =  
 

 

k  thermal conductivity ( ), ,θ η ϕ τ  non-dimensional temperature 

k  freestream strain rate λ  
Permeability parameter,

2

14
a
k

λ =  

1k  permeability of the porous medium 𝜀𝜀 porosity 

GN  entropy generation number 
0

gen
G

S
N

S
′′′

=
′′′

&  Λ  dimensionless temperature 
difference ( )w

w

T T
T

∞−
Λ =  

Nu  Nusselt number µ  dynamic viscosity 
p  fluid pressure υ  kinematic viscosity 
P  non-dimensional fluid pressure ρ  fluid density 

0P  The initial fluid pressure σ  shear stress 
Pr  Prandtl number φ  nanoparticle volume fraction 

wq  heat flow at the wall ϕ  angular coordinate 
r  radial coordinate Subscripts 
Re  

Freestream Reynolds number 
2

Re
2 f

ka
υ

=  
w  condition on the surface of the 

cylinder 

( )S ϕ  transpiration rate function ( ) ( )0U
S

ka
ϕ

ϕ =  ∞  far field 

0S ′′′&  characteristic entropy generation rate nf  nanofluid 

genS ′′′&  rate of entropy generation f  base fluid 

T  temperature s  nano-solid-particles 
T∞  freestream temperature   

 
1. Introduction 

Forced convection of nanofluids through porous media remains as a priority area for the 

research communities of transport in porous media and nanofluids [1], [2]. Natural convection 

of nanofluids in porous media has already received a considerable attention, see for example 
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[3],[4]. Yet, the equivalent problem under forced convection is comparatively much less 

explored. In particular, entropy generation process by forced convection of nanofluids in 

porous media has been identified as an underdeveloped area demanding more research efforts 

[2].  

The general problem of forced convection of nanofluids through porous media has been so far 

visited by a limited number of researchers[5]. The existing studies can be broadly categorised 

into two groups of nanofluid flow in porous conduits [6, 7]and in rotating porous discs [8, 9].  

Only the latter can involve boundary layer flows and hence, is further discussed here. In a 

numerical investigation, Bachok et al. [10]examined flow and heat transfer of nanofluids in a 

configuration including rotating porous disks. These authors employed two different models of 

the effective thermal conductivity and analysed the fluid dynamics and thermal behaviours of 

the system [10]. Hatami et al. [11] investigated the nanofluid flow between two counter-

rotating disks with porous faces. They considered water based nanofluids with a number of 

different metal and metal oxide as nanoparticles [11]. Their study included an extensive 

analysis of the influences of nanoparticle size and type on the heat transfer characteristics of 

the system [11]. The problem of convective heat transfer by nanofluid flows between rotating 

porous disks was also investigated by Hosseini et al. [12]. They used homotopy perturbation 

method and demonstrated that increasing the concentration of nanoparticles magnifies the 

Nusselt number. This finding was later confirmed by other authors for other configurations 

[12]. According to Hooseini et al. [12],there is a monotonic and nearly linear relationship 

between the volumetric fraction of nanoparticles and the growth in Nusselt number. A three 

dimensional analysis was conducted by Saidi and Tamim [8]to predict the heat and mass 

transfer behaviour of a system including two rotating porous disks. The Brownian motion of 

nanoparticles were included in this study and the magnetohydrodynamic effects were 

investigated [8]. Amongst other findings, it was reported that increasing the permeability of 



4 
  

the porous disks boosts the heat and mass transfer coefficients on the surfaces of the disks [8]. 

Considering a moving permeable surface, Khazayinejad et al. [13]solved the equations that 

dominate the transport of momentum in a nanofluid boundary layer. They developed a 

similarity solution for the problem and included the influences of nanofluid suction and 

injection in their solution [13].  

           A specific type of boundary layer flows in porous media includes stagnation-points. 

This class of flow finds wide applications in cooling technologies and therefore, has been 

subjected to several investigations, mostly focused on stagnation flows of ordinary fluids over 

flat porous inserts. Here, a short summary of the literature in this area is put forward. A 

pioneering work on the hydrodynamics of stagnation-point, isothermal flow on a flat porous 

insert was conducted by Wu et al. [14]. They assumed a Darcy-Brinkman flow and developed 

an asymptotic solution for the hydrodynamic field in a horizontal porous plate under an 

impinging jet [14]. In a numerical investigation Jeng and Tzeng [15]examined the transport of 

heat when a slot jet impinges on the surface of a metallic foam heat sink. These authors reported 

that the location of the maximum Nusselt number varies with the jet Reynolds number [15]. 

These authors later set an experiment on the same problem [16]and showed that by increasing 

the jet Reynolds number the Nusselt number increases, yet the flow pressure drop is also 

intensified [16]. Wong and Saeid [17, 18] did a heat transfer optimisation on the problem of jet 

flow blowing on the surface of a horizontal porous insert heated from below.  

Harris et al. [19] developed a similarity solution for boundary layer formed near the stagnation 

point on a vertical porous plate. A numerical work on mixed convection in jet impingement on 

a flat porous plate showed that increasing the jet width and the Reynolds number results in 

magnifying the average Nusselt umber [20]. It also showed that decreasing the distance 

between the jet and the heated section increases the Nusselt number [20].  Kokubun and Fichini 

[21]presented an analytical solution for the stagnation point flow in an infinitely long, 
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horizontal porous insert subject to different thermal boundary conditions. This work showed 

that a dimensionless parameter, including information on the transport properties of the fluid 

and solid, dominates the heat transfer process. In an experimental and numerical study, Feng 

et al. [22] examined the problem of tube flow impingement on a heated porous insert. They 

analysed metal foam and finned metal foam and showed that through increasing the thickness 

of the metal foam heat transfer coefficient decreases. However, this was not the case for the 

metal finned foam [22].  Recently, Buonomo et al. [23] tackled the problem of interactions 

between a downward vertical, laminar jet and a confined, horizontal porous layer in an 

axisymmetric configuration. They showed that Peclet number determines the opposing or 

supporting arrangements of natural and forced convection [23]. 

All cited literatures, so far, have been exclusively concerned with flows over flat porous inserts.  

A survey of literature shows that the problem of stagnation point flow over curved surfaces in 

porous media has been rarely investigated. An exception to this is the most recent work of the 

authors, in which they developed a semi-similar solution for the stagnation-flow on the surface 

of cylinder embedded in a homogenous porous medium [5]. This involved the hydrodynamics 

and heat convection for an ordinary fluid without consideration of entropy generation [5]. 

Another highly unexplored area includes nanofluid stagnation-point flow in porous media. The 

shortage of research in this area extends to both flat and curved configurations. An early 

investigation of flow over a cylinder embedded in porous media was reported by Abu-Hijleh 

[24]. A laminar flow of ordinary fluid through the porous media and over the cylinder was 

examined in this work and the rate of entropy generation was calculated numerically [24]. It 

was shown that increasing the thickness of the porous layer covering an isothermal cylinder 

reduces the total entropy generation [24]. Entropy generation in magneto-hydrodynamic 

(MHD) flow of nanofluids in porous media has been analysed in a few recent works. Rashidi 

and Freidoonmehr [25]considered the MHD and nanofluid equivalent of the classical 
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configuration of Heimenz [26]when the solid plate was replaced by a flat porous insert. Their 

work was exclusively concerned with generation of entropy and made the conclusion that the 

effects of increasing the values of Hartmann, Brinkman and magnetic interaction numbers and, 

reducing Prandtl and Reynolds numbers aresimilar and lead to an increase in the entropy 

generation. This study was then extended to the configurations including rotating porous disks 

with ordinary fluids [25]and nanofluid [28]. In addition to these studies there exists a series of 

investigations on entropy generation by nanofluid flow over permeable surfaces [28, 29, 30]. 

Although mathematical equations similar to those of porous media are used in these works, the 

physical differences between them and stagnation flow inside porous media are rather 

significant. Hence, these investigations are not further discussed here.     

The preceding review of literature reveals a number of points, which can be summarised as 

follows. 

• The general problem of forced convection of nanofluids in porous media and the 

particular problem of entropy generation by such flows have been highlighted as largely 

unexplored fields. 

• Stagnation point flows in curved porous media have so far received very little attention. 

Yet, there has been several studies on impingement of external flows in flat porous 

plates. 

• Few existing studies on boundary layer nanofluid flows in porous media are concerned 

with flat porous inserts or preamble surfaces. Thus, there is currently no study of 

nanofluid stagnation-point flow in non-flat porous inserts. Most importantly, entropy 

generation in such configurations has not been evaluated in the past.  

In practice, many curved objects are covered with porous layers [5] and nanofluids are 

increasingly used as the cooling agents in such configurations [31].  However, there is currently 

no systematic evaluation of the heat transfer and second law performance of such systems. The 
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present work, therefore, aims to fill this gap through a theoretical study of a cylindrical object 

embedded in porous media and subject to non-axisymmetric, nanofluid stagnation-point flow. 

This study advances the recent work of the authors [5] to nanofluid flows and also adds entropy 

generation analysis to that.  

 

2. Theoretical and numerical methods 

2.1.Problem configuration, assumptions and governing equations 

Figure 1 shows schematically the problem under investigation. This includes a cylinder with 

radius a centred at 𝑟𝑟 = 0covered with a porous medium. The surface of the cylinder can include 

uniform or non-uniform transpiration with prescribed circumferential distributions, while the 

temperature of the external surface of the cylinder is maintained constant. An external 

axisymmetric radial stagnation-point flow of strain rate of k impinges on the cylinder. Because 

of the non-uniformity of transpiration, the flow configuration around the cylinder can be 

asymmetric. The following assumptions are made through this work.  

• The flow is steady, incompressible and laminar. 

• The nanofluid is assumed to be Newtonian and single phase. 

• The cylinder is assumed to be infinitely long. 

•  The porous medium is homogenous, isotropic and under local thermal equilibrium. 

•  The radiation heat transfer is ignored.  

• The viscous dissipation of kinetic energy of the flow and the gravitational effects are 

ignored. 

•  Physical properties such as porosity, specific heat, density and thermal conductivity 

are assumed to be constant and hence, the thermal dispersion effects are negligible. 

• A moderate range of pore-scale Reynolds number is considered in the porous medium 

and therefore, non-linear effects in momentum transfer are negligibly small. 
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A three dimensional Darcy-Brinkman model of transport of momentum along with the one-

equation model of transport of thermal energy in cylindrical coordinate are used in this work 

[32, 33, 34]. The governing equations and boundary conditions, in the cylindrical coordinate 

system shown in Fig. 1, can be summarised as follows. 

The continuity of mass reads, 

( )
0

ru v wr
r zϕ

∂ ∂ ∂
+ + =

∂ ∂ ∂
 (1) 

 

The transport of momentum in the radial direction is  

2 2 2 21 1
2 2 2 2 2 2

1

u v u v u p u u u u unf nf nfu w u
r r r z r r r kr r r z

ρ µ µ

ϕ εε ϕ

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ + − + = − + + − + + − 
 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   

, (2) 

 

and that in the angular direction is given by 

2 2 21 1 1 2
2 2 2 2 2 2 2

1

v v v uv v p v v v v u vnf nf nfu w v
r r r z r r r kr r r r z

ρ µ µ

ϕ ϕ ε ϕε ϕ

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + + = − + + − + + + −  ∂ ∂ ∂ ∂ ∂ ∂   ∂ ∂ ∂ 

. (3) 

 

The transport of momentum in axial direction takes the form of  

2 2 21 1
2 2 2 2 2

1

w v w w p w w w wnf nf nfu w w
r r z z r r kr r z

ρ µ µ

ϕ εε ϕ

  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + = − + + + + −  ∂ ∂ ∂ ∂ ∂   ∂ ∂ ∂ 

. (4) 

 

The transport of thermal energy is expressed by 

( )
2 2 21 1

2 2 2 2.

kT v T T T T T Tnfu w
r r z r rC r r zp nf

ϕ ρ ϕ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂
+ + = + + + 

∂ ∂ ∂ ∂ ∂ ∂ ∂ 

. (5) 

 

In Eqs. (1-5) p , nfρ , nfµ ,T  , ( ).C p nf
ρ  , k nf and 1k  are the pressure, density, kinematic 

viscosity of the nanofluid, temperature, the heat capacitance of the nanofluid, thermal 

conductivity of the nanofluid and permeability of the porous medium, respectively. These 

properties are evaluated inside the boundary layer and in the vicinity of the flow impingement 

point. The nanofluid parameters are defined by [6, 7, 35], 
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( )1 snf fρ φ ρ φρ= − +             ,           ( ) ( )( ) ( ). 1 . .C C Cp p pnf f s
ρ φ ρ φ ρ= − +  

( )2.5
1

f
nf

µ
µ

φ
=

−
                       ,       ( )

( )
2 2

2 2

k k k kk s sf fnf
k k k k ks sf f f

φ

φ

+ − −
=

+ + −
 

 

 

(6) 

 

 

whereφ  denote the nanoparticle volume fraction. In Eq. (6) the subscripts “f” and “s”, refer to 

fluid and solid fraction properties, respectively. The thermo-physical properties of the base 

fluid (water) and different nanoparticles are given in Table 1. 

The velocity boundary conditions are as follows.  

:r a= 0w = , 0v =  , ( )0u U ϕ= − , (7) 

 

:r →∞ 2w kz= , lim 0rvr =→∞
,

2au k r
r

 
 = − −
 
 

. (8) 

 

Further, the two boundary conditions with respect to ϕ (angular coordinate) are given by 

( ) ( ),0 , 2u r u r π= , ( ) ( ),0 , 2v r v r π= , 

 

( ) ( ),0 , 2u r u r π
ϕ ϕ

∂ ∂
=

∂ ∂
,  ( ) ( ),0 , 2v r v r π

ϕ ϕ
∂ ∂

=
∂ ∂

. 

(9) 

 

Equation (7) represents no-slip conditions on the external surface of the cylinder. Further, Eq. 

(8) indicates that the viscous flow solution approaches, in a manner analogous to the Hiemenz 

flow, the potential flow solution as r →∞ [32, 33, 36]. This can be verified by starting from the 

continuity equation in the followings. ( )1 v wru
r r zϕ
∂ ∂ ∂

− − = =
∂ ∂ ∂

 Constant 2kz= and integrating in r  

and z  directions with boundary conditions, 0w = when 0z =  and ( )0u U ϕ= − when r a= . 

The boundary condition for the transport of thermal energy is given by 
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:r a= WT T= =Constant, 

:r →∞ T T∞→  

(10) 

and the two boundary conditions with respect to angular coordinate,ϕ  are 

( ) ( ),0 , 2T r T r π= , 

( ) ( ),0 , 2T r T r π
ϕ ϕ

∂ ∂
=

∂ ∂
, 

(11) 

 

in whichTw is the cylinder surface temperature and T∞ is the free-stream temperature. 

 

2.2 Self-similar solutions 

A reduction of the governing Eqs. (1-5) is obtained through applying the following similarity 

transformations. 

( ),kau f η ϕ
η

= − ,  ( ),kav G η ϕ
η

= , ( )2 , k Gw kf zη ϕ
η ϕ

 ∂′= − ∂ 
 , 2 2

fp k a Pρ= , 
(12) 

 

Where
2r

a
η  =  

 
 is the dimensionless radial variable. Transformations (12) satisfy Eq. (1) 

automatically and their substitution into Eqs. (2), (3) and (4) leads to the following system of 

coupled differential equations. 

 

( ) [ ]

3 21 1 1 1 1
. 2 3 2 22 2 48 2

22 12.5 2 2Re. . 1 1 ( ) . 1 01 2 2 2 22 22 4 4

G G G G f
f f

f G f G G f G G f G G
A ff f f

ε η
ϕ η ϕ ϕ ηη ϕ η ϕ

φ ε λ
η ϕ ϕ η ϕ η ϕ ϕη η ϕ η

′′ ′ ′∂ ∂ ∂ ∂ ∂
′′′ ′′+ − − + − +

∂ ∂ ∂∂ ∂

′ ′ ′∂ ∂ ∂ ∂ ∂ ∂
′′ ′ ′+ − + − − + − + + − + − =

∂ ∂ ∂ ∂ ∂∂

 
  
 

    
   

, 

(13) 

 

( )

( )

21 1 1 1 1 1 1 12
1 1 1 10 2 2 2 2.5 2 2 2Re 4 Re 2 Re Re2 . . 11

2 21 1 1
2 2 2.5 2Re 2. 11

f f f G f
P P G G d d d d

k A

z f

aA

λη η η ηη η η η
ϕ ϕ ηε η η ϕ ηε φ

λ

ηε εφ

′∂ ∂ ∂
− = + − − + +∫ ∫ ∫ ∫

∂ ∂∂−

− + −
−

   
          

                

 
(14) 
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In which
2

Re
2

ka

fυ
= is the free stream Reynolds number, 

2

4 1

a
k

λ =  is called permeability parameter 

and prime indicates differentiation with respect toη . Considering Eqs. (6), (7), and (8), the 

boundary conditions for Eqs. (13) and (14) reduce to: 

1:η = (1, ) 0f ϕ′ = , ( )(1, )f Sϕ ϕ=  (15) 

 

:η →∞ ( , ) 1f ϕ′ ∞ =  (16) 

( ) ( ),0 , 2f fη η π= , ( ) ( ),0 , 2f fη η π
ϕ ϕ

∂ ∂
=

∂ ∂
, (17) 

in which, ( ) ( )0U
S

ka
ϕ

ϕ =  is the transpiration rate function. Note that Equations (13) and (14) are 

the complete form of Equations (9) and (11) in Ref. [37]. Substitution of Eq. (12) into Eqs. (3) 

and (4) results in a differential equation in terms of ( ),G η ϕ  as well as an expression for the 

pressure. This reads 

( )
2

2.5 2
12

1 1. Re. . 1 . . . 0
4 2 2

G f G GG A f G Gε η φ ε λ
η η ϕ η ϕϕ

   ∂ ∂ ∂′′ ′+ − + − − − =   ∂ ∂∂   
, (18) 

Considering conditions (7)-(9), the boundary and initial conditions for Eq. (18) can be written 

as 

1:η = (1, ) 0G ϕ = , (1, ) 0G ϕ
ϕ

∂
=

∂
, 

:η →∞ ( , ) 0G ϕ∞ =  

(19a) 

 

(19b) 

( ) ( ),0 , 2G Gη η π= , ( ) ( ),0 , 2G Gη η π
ϕ ϕ

∂ ∂
=

∂ ∂
. (20) 

 

To transform the energy Eq. (5) into a dimensionless form, the following transformation is 

introduced, 
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( ) ( ),
,

W

T T
T T
η ϕ

θ η ϕ ∞

∞

−
=

−
 (21) 

 

Substitution of Eqs. (12) and (20) into Eq. (5)and ignoring the small dissipation terms yields 

21 2Re.Pr . . 024 23

A G
f

A

θ θ
ηθ θ θ

η η ϕϕ

∂ ∂
′′ ′ ′+ + + − =

∂∂

 
 
 

, (22) 

 

while the boundary conditions reduce to 

1:η = (1, ) 1θ ϕ =  

:η →∞ ( , ) 0θ ϕ∞ =  

(23a) 

 

(23b) 

 

( ) ( ),0 , 2r rθ θ π= ,  ( ) ( ),0 , 2r rθ θ π
ϕ ϕ

∂ ∂
=

∂ ∂
. (24a,b) 

 

In Eqs. (18) and (22), A1, A2 and A3 are constants with the following forms: 

( )1 1 s

f

A
ρ

φ φ
ρ

= − + , ( )
( )
( )2 1 p s

p f

C
A

C

ρ
φ φ

ρ
= − + , ( )

( )3

2 2
2 2

s f f snf

f s f f s

k k k kkA
k k k k k

φ
φ

+ − −
= =

+ + −
. 

(25) 

 

 

It is recalled here that Eq. (22) is the complete form of Equations (14) in Ref. [37]. Equations 

(12), (18) and (22), together with the boundary conditions (15-17), (19-20), (23) and (24), were 

solved numerically using an implicit, iterative tri-diagonal finite-difference method similar to 

that discussed in Refs. [38, 39]. It should be noted that, although not shown here, a three 

dimensional solution of the problem clearly shows that the numerical values of G (𝜂𝜂,𝜑𝜑) are 

negligibly small [5]. Thus, in the rest of the analysis it is assumed that ( , ) 0G η ϕ = . 

 

( ) [ ]
21 2.5 2 2. Re. . 1 1 ( ) . 1 0124

ff f A ff f fε η φ ε λ
η ϕ

 ′∂  ′′′ ′′ ′′ ′ ′ + + + − + − + − =   ∂ 

, (26) 
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( )

( )

2 21 1 1 1
1 10 2 2.5 2 2Re 4 Re Re2 . . 11

2
1 1

2 2 2.5 Re. 11

f f f f
P P d d

A

z

aA

λη ηη η
η ηε η ϕε φ

λ

ε φ

′ ∂
− = − − − +∫ ∫

∂−

− +
−

    
            

          

, 

(27) 

 

 

( )
21 2Re.Pr . . 024 3

A
f

A

θ
ηθ θ θ

η ϕ

∂
′′ ′ ′+ + + =

∂
. (28) 

 

 

2.3 Shear stress and Nusselt number 

The shear-stress induced by the nanofluid flow on the external surface of the cylinder is given 

by [5, 34] 

nf
r a

w
r

σ µ
=

∂ =  ∂ 
, (29) 

 

Where nfµ  is the nanofluid viscosity. Employing Eq. (12), a semi-similar solution for the shear 

stress on the surface of the cylinder can be developed. This reads: 

( )2 2.52 (1, ) 1 (1, )
4

akzf fnf a kzf

σσ µ ϕ φ ϕ
µ

− ′′  ′′= ⇒ = − 
. (30) 

 

For the current problem with iso-thermal boundaries, the local heat transfer coefficient and rate 

of heat transfer are defined as 

( )2 1,
Tk knfq rw r a nfh

T T T T aw w

θ ϕ
η

∂ −   ∂∂  == = = −
− − ∂∞ ∞

, 
(31) 

 

and 

( ) ( )
2 1,k nfq T Tw wa

θ ϕ
η

∂
= − − ∞∂

. (32) 

 

Hence,Nusselt number can be written as 
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( ) ( )1, . 1,32

kha nfNu A
k kf f

θ ϕ θ ϕ′ ′= = − = − . (33) 

 

2.4 Entropy generation 

Considering the assumption stated in section 2.1, the volumetric rate of local entropy 

generation in the problem is given by[40, 41]: 

22 2 2 221
2

2 22
1 1 2 2

.1

k T T u u wnf nfS gen r r T r r zT WW

w w unf nf u w
T r r r k TW W

µ

ϕ

µ µ

ϕ ϕ

∂ ∂ ∂ ∂
′′′ = + + + +

∂ ∂ ∂ ∂

∂ ∂ ∂
+ + + + +

∂ ∂ ∂

                                   
                    

&

 

 

(34) 

 

Using the similarly variables given in Eqs. (12) and (34), the local entropy generation becomes: 

( )2 24 12
2 2 24

2 2 22 2 224 2 1 12 2 24 42 24 1

k T TWnfS gen
a TW

k k af ff f f fnf nff f f
T k TW W

θ
ηθ

ϕη

µ µ
η

η η ϕ ϕ ηη η

− ∂∞′′′ ′= +
∂

′ ′∂ ∂
′′ ′ ′+ + + − + + + +

∂ ∂

    
   

                
           

&

 

 
 

(35) 

 

in which 
0

S genNG S

′′′
=

′′′

&
 and ( )4

0 2
k T TWfS

a TW
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Where ( )T TW
TW

− ∞
Λ =  is the dimensionless temperature difference, and ( )

( )
2
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k T TWf

µ
=

− ∞

 is the 

Brinkman number. The Bejan number, defined as the ratio of entropy generation due to heat 

transfer to the total entropy generation, is used to facilitate understanding the mechanisms of 

entropy generation. Bejan number for thecurrent problem can be expressed as 
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2.5Grid independency and validation 

To establish grid independency of the developed numerical solution, Fig. 2 plots 𝑓𝑓′(𝜂𝜂,𝜑𝜑) as a 

function of 𝜂𝜂with varying mesh sizes of 51 × 18, 102 × 36, 204 × 72, 408 × 144 and 

816 × 288. It is clear from Fig. 2a that there are no considerable changes of 𝑓𝑓′(𝜂𝜂,𝜑𝜑) for (𝜂𝜂,𝜑𝜑) 

mesh sizes of (204 × 72), (408 × 144)and (816 × 288). Hence, a (408 × 144) grid in 𝜂𝜂 − 𝜑𝜑 

directionswas used for the computational domain reported in this work. A non-uniform grid 

was applied in 𝜂𝜂-direction to capture the sharp gradients around the external surface of the 

cylinder, and a uniform mesh was implemented in 𝜑𝜑 direction. The computational domain 

extends over 𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚 = 360° and 𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚 = 15. In this expression,𝜂𝜂𝑚𝑚𝑚𝑚𝑚𝑚corresponds to 𝜂𝜂 →∞, 

which for all investigated cases, is located outside the momentum and thermal boundary layers. 

Figure 2b shows the computational mesh utilised in the current study. A convergence criterion 

was employed in the numerical simulations. This was such that when the difference between 

the two consecutive iterations became less than10−7, the solution was assumed to have 

converged and hence the iterative process was terminated. On the basis of the implemented 

numerical scheme, the numerical error is of  𝑂𝑂(∆𝜂𝜂)2[37, 38]. The solutions developed in 

sections 2.2 and 2.3 were validated by comparing the Nusselt number calculated by Eq. (33) 

with those from the literature for flows over cylinders with no transpiration and large 

permeability (no porous layer). Table 2 shows the outcomes of this comparison. The close 

agreement between the two sets of Nusselt number ensures the validity of the numerical 

simulations. Further, at 𝜙𝜙 = 0 the temperature and Nusselt numbers reported in this work 

reduce to those in Ref.[5]for an ordinary fluid flow on a cylinder embedded in porous media.  
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3. Results and discussion 

Table 3 summarises the default values of parameters that the results presented in this section 

are based on. Any changes to these default values have been explicitly stated in the figures and 

tables. Further, three types of transpiration functions including 𝑆𝑆=0, S=const., S=cos(φ) (see 

Fig. 1) have been used in this section.   

3.1Temperature field, Nusselt number and friction coefficient  

Numerical solution of the equations of section 2.2 results in calculating the non-dimensional 

velocity and temperature fields. For conciseness reasons, however, only temperature results are 

presented here.  Figure 3 shows the radial and angular variations of the dimensionless 

temperature for different values of volumetric concentration of nanoparticles. This figure also 

includes temperature fields corresponding to uniform transpiration in the form of suction and 

injection as well as a non-uniform transpiration. It is clear from Fig. 3a that by increasing 𝜂𝜂, the 

dimensionless temperature drops rapidly. The radial region over which the dimensionless 

temperature has a finite value, denotes thickness of the thermal boundary layer developed 

around the cylinder.  Figure 3a shows that this thickness varies considerably with the type of 

transpiration function and also the concentration of nanoparticles. Addition of nanoparticles 

boosts the thermal conductivity of the nanofluid and consequently makes the thermal boundary 

layer thicker. Figure 3b shows that under uniform transpiration the angular distribution of the 

temperature is nearly uniform and invariant. However, introduction of non-uniform 

transpiration, in the form of s = cos(φ),causes significant angular variations in which 

temperature rises between 0° and 180°. Interestingly, increasing the concentration of 

nanoparticles tends to reduce the maximum temperature, while it sharpens the angular 

temperature gradient near 𝜑𝜑 = 0°. 

Figure 4 indicates that Reynolds number of the impinging flow and the type of transpiration 

function can strongly influence the temperature field. As expected, increasing the Reynolds 
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number results in reducing the thickness of the thermal boundary layer (see Fig. 4a). Further, 

it is clear from Fig. 4a that for the same Reynolds number and under uniform suction the radial 

temperature distribution is quite similar to that under non-uniform transpiration. Blowing, 

however, leads to major restructuring of the thermal boundary layer in which the temperature 

is generally higher in comparison with other cases and the boundary layer is thicker. Figure 4b 

shows that for the given value of 𝜂𝜂  in Table 3 and under Re=0.1 and Re=1 the thermal 

boundary layer exists for all value of𝜑𝜑 (i.e. around the entire cylinder). However, by increasing 

the Reynolds number to Re=10, the thermal boundary layer becomes detectable only after 𝜑𝜑 =

60°, reflecting the pronounced effects of Reynolds number on the boundary layer thickness.  

Figures 5-8 depict the effects of various parameters on the Nusselt number and dimensionless 

shear stress. Figure 5 shows the influences of the functional form of transpiration upon the 

angular distribution of Nusselt number for a given concentration of nanoparticles. It is evident 

from this figure that regardless of the type of transpiration, at 𝜑𝜑 = 0 the numerical value of 

Nusselt number is quite large. This is a commonly observed behaviour in impinging flows upon 

curved objects [5, 33, 34] and is related to the development of the boundary layers at 𝜑𝜑 = 0°, 

which involves small thickness and therefore, magnifies the convection coefficient. Increasing 

the value of 𝜑𝜑 leads to a sharp decline of the Nusselt number and for uniform transpiration, the 

Nusselt number takes a constant value for  𝜑𝜑 ≳ 20°. However, the angular variation of Nusselt 

number is more involved under non-uniform transpiration, as such for 𝑆𝑆(𝜑𝜑) = cos(𝜑𝜑),the 

Nusselt number decreases monotonically as 𝜑𝜑 decreases,featuring extremum points for 𝑆𝑆(𝜑𝜑) =

sin (𝜑𝜑) and 𝑆𝑆(𝜑𝜑) = − sin(𝜑𝜑). The observed trend for the dimensionless shear stress, shown in 

Fig. 5b, is considerably simpler and includes a monotonic increase with respect to 𝜑𝜑  for all 

investigated transpiration functions. Nonetheless, Fig. 5b indicates that the numerical value of 

dimensionless shear stress is altered by variations in the transpiration function.  
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It is inferred from Fig. 6a that the permeability of the porous medium has marginal effects upon 

the Nusselt number, while as already discussed the type of transpiration function is by far more 

influential. According to this figure, increasing the permeability parameter from 10 to 1000 

results in a small increase in the Nusselt number. However, Fig. 6b shows that such increase in 

the permeability parameter substantially increases the induced shear stress on the surface of the 

cylinder. It is concluded from this figure that for most values of 𝜑𝜑,  the numerical value of the 

dimensionless shear stress for 𝜆𝜆 = 100 is more than twice of those for 𝜆𝜆 = 10. However, by 

increasing the permeability parameter to 1000 a smaller increase in the value of dimensionless 

shear stress is observed. 

         Variations in the concentration of nanoparticles affects the thermal conductivity and 

viscosity of the nanofluid and hence can alter the values of Nusselt number and shear stress. 

Figure 7a shows that increasing the volumetric concentration of nanoparticles has an angle-

dependent effect on the Nusselt number. For 𝜑𝜑 < 90°, increasing the concentration of 

nanoparticles reduces the Nusselt number. This peculiar behaviour is quite noticeable for 

10° < 𝜑𝜑 < 80°, and can be attributed to the growth of the boundary layer thickness in this 

region. However, for 𝜑𝜑 > 90° the nanofluids with higher concentration of nanoparticles feature 

higher Nusselt number. This is consistent with the previously reported Nusselt number trend 

for forced convection of nanofluids through porous media [6, 7]. The observed angular 

dependency of Nusselt number under different concentrations of nanoparticles is expected to 

be related to the scaling of the convection coefficient with thermal conductivity and thickness 

of thermal boundary layer (i.e. ℎ~𝑘𝑘𝑓𝑓/𝛿𝛿𝑡𝑡[42, 43] ). Addition of nanoparticles directly affects 

the thermal conductivity and as discussed earlier can also considerably increase the thickness 

of the boundary layer.  Interaction of these with the complex hydrodynamics of the current 

problem [5] renders the behaviour of Nusselt number depicted in Fig. 7a. Similar to those 

discussed in earlier figures, the angular variation of the dimensionless shear stress with 
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concentration of nanoparticles is quite straight forward.  Increasing the concentration of 

nanoparticles results in a relatively small augmentation of the shear stress as a result of the 

boosted viscosity of the nanofluid.  

        Figure 8 depicts the effects of Reynolds number of the impinging flow on the Nusselt 

number and induced shear stress. It is clear from Fig. 8a that Reynolds number can strongly 

influence the rate of heat transfer. For all investigated Reynolds numbers in this figure, as the 

value of 𝜑𝜑  increases the Nusselt number decreases. This decrease is to be expected and is 

related to the growth of the boundary layer thickness at higher values of 𝜑𝜑. Yet, rate of the 

decline appears to be very strongly dependent upon Reynolds number. According to Fig. 8a, 

for Re=0.1 there is a gradual drop of Nusselt number around most of the cylinder (20° < 𝜑𝜑 <

180°). This decline becomes considerably stronger for Re=1 and then very sharp at Re=10. 

These drops correspond to the growth of the thermal boundary layer for the same Reynolds 

numbersas depicted in Fig. 4. Strong dependency upon the Reynolds number can be also seen 

in the dimensionless shear stress shown in Fig. 8b. As expected, increasing Reynolds number 

results in the magnification of the induced shear stress. A common feature in Figs. 8a and 8b, 

is the non-uniformity of the Reynolds number effects. Increasing the Reynolds number from 

0.1 to 1 (a factor of ten) results in a relatively small change in the Nusselt number and shear 

stress modifications. Nonetheless, increasing the Reynolds number again for ten time (Re=10) 

leads to a very significant increase in the Nusselt number and shear stress.   

  Further quantitative information about the effects of Reynolds number and permeability 

parameter upon the dimensionless shear stress can be found in Table 4. This table clearly 

reflects the significant strengthening effects of Reynolds number and permeability parameter 

on the induced shear stress over the surface of the cylinder. Also, Table 4 shows the influences 

of the type of nanoparticles on the average Nusselt number for a given value of volumetric 

concentration of nanoparticles. An interesting qualitative agreement is observed between the 
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Nusselt numbers reported in Table 4 and those extracted from literature for a non-porous 

configuration and presented in Table 2 [35]. In both of these tables, the Nusselt numbers 

corresponding to Cu and Al2O3 are quite close to each other, while those of Al2O3 are very 

slightly larger. However, the Nusselt numbers associated with TiO2 are noticeably larger than 

all other Nusselt numbers.  

 

3.2 Thermodynamic irreversibilities 

Figure 9 shows the radial and angular distribution of the entropy generation number for three 

different values of Brinkman number. Examination of the radial distribution of entropy 

generation, shown in Fig. 9a, reveals an interesting behaviour of entropy generation process. 

In case of low Brinkman number there is a drop of entropy generation close to the surface of 

the cylinder, while, for higher values of Brinkman number the entropy generation number 

grows radially and reaches an almost asymptotic value. This is due to the dominance of viscous 

entropy generation at higher Brinkman numbers and will be discussed later in the context of 

Bejan number. Angular distribution of entropy generation number (Fig. 9b) includes a sharp 

decrease of entropy in the vicinity of 𝜑𝜑 = 0°  followed by mild fluctuations for non-uniform 

transpirations and constant values for uniform transpirations. Similar to that discussed for Fig. 

9a, high Brinkman number results in larger values of entropy generation number. 

Figure 10 shows Bejan number distributions under the conditions investigated in Fig. 9. This 

figures shows that the radial (Fig. 9a) distributions of Bejan number include a sharp decrease 

at small values of 𝜂𝜂 and almost zero Bejan number for larger radii. This reflects the fact that 

contribution of the thermal irreversibility is limited to the thermal boundary layer. Figure 10a 

shows that the largest value of Bejan number correspond to the lowest value of Brinkman 

number. This, once again, represents the dominance of thermal irreversibility in the boundary 

layer for low strain rate flows. Angular distributions of Bejan number, shown in Fig. 10b, all 



21 
  

include a value close to zero at 𝜑𝜑 = 0 followed by an increase at small values of 𝜑𝜑. This is due 

to the fact that at 𝜑𝜑 = 0 the stagnant flow is in thermal equilibrium with the surface of the 

cylinder and hence the thermal irreversibility is zero. Such equilibrium does not exists at other 

angles and thus the Bejan number grows for non-zero angles.  

        The effects of increasing the concentration of nanoparticles upon entropy generation have 

been depicted in Figs. 11 and 12.  It is clear from Fig. 11 that entropy generation is intensified 

by increasing the concentration of nanoparticles. This figure further shows that transpiration 

can majorly affect the thermodynamic irreversibilities. For instance, Figure 11a shows that for 

large radii the entropy generation number for uniform transpiration and for𝜙𝜙 = 0.05 becomes 

similar to the non-uniform transpiration with the base fluid.  Radial distributions of Bejan 

number, shown in Fig.12a, shows that this parameter is almost unresponsive to changes in 

nanoparticles concentration.  It is inferred from this observation that as the concentration of 

nanoparticles increases, the contribution of thermal irreversibility with the total entropy 

generation remains nearly constant. Thus, the main cause of increase in the entropy generation 

number at higher values 𝜙𝜙 (as shown Fig. 11) is the boosted viscosity of the nanofluid, which 

reinforces flow irreversibility. The negligible contribution of concentration alterations with 

Bejan number is also reflected in Fig. 12b, which has been plotted for a small range of Bejan 

number.  

         Figures 13 and 14 depict the influences of Reynolds number on the entropy generation 

number and Bejan number. As expected, higher Reynolds number of the impinging flows 

render higher irreversibility. Figure 13 shows that for high Reynolds numbers the entropy 

generation drops sharply very close to the surface of the cylinder, reaches a minimum value 

and then grows fast before reaching a plateau. Decreasing the Reynolds number reduces the 

intensity of the sharp drop at near surface and completely eliminates that for the smallest 

investigated Reynolds number. It further pushes the location of plateau development towards 
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higher radii, which is due to the thickening of the hydrodynamic boundary layer at lower values 

of Reynolds number. In Fig. 13a, the extremum behaviour of entropy generation at high 

Reynolds number can be attributed to two important factors. First, as shown previously, 

thermal boundary layer is limited to small radii around the surface of the cylinder and larger 

radial distances from the cylinder fall outside the thermal boundary layer. Thus, the thermal 

irreversibility does not exist at these radii (see Fig. 14a) and the total entropy generation drops 

significantly. Second, the same series of events occur for the hydrodynamic boundary layer 

and majorly reduces the flow irreversibility by taking a small radial distance from the surface 

of the cylinder. However, since hydrodynamic boundary layer is thicker than the thermal 

boundary layer (Pr> 1) the flow irreversibility continues to be generated at higher values of 𝜂𝜂. 

This generates the minimum point and the following increase in the total entropy plot of Re=10. 

At lower values of Reynolds number, the boundary layers are thicker and therefore the drop of 

entropy generation close to the surface is much small. 

 An interesting behaviour is observed in Fig. 14b in which the angular distribution of Bejan 

number for the high Reynolds number flow is nonzero only for 80° ≲ 𝜑𝜑 ≲ 120°. Yet, for the 

lower Reynolds numbers the Bejan number is nonzero for all values of 𝜑𝜑. This is due to the 

fact that, as shown in Fig. 4, for 80° ≲ 𝜑𝜑 the thermal boundary layer does not reach the radial 

location for which Fig. 14b has been generated (see Table 3). For 80° ≲ 𝜑𝜑 ≲ 120° a thermal 

boundary layer exists and hence thermal irreversibilities are nonzero. Beyond 𝜑𝜑~120°, a 

thermal equilibrium has been reached and hence there is no thermal entropy generation.  

      Figures 9-14 all demonstrated that the functional form of transpiration rate can considerably 

affect the entropy generation and Bejan number. To further investigate these effects, Fig. 15 

shows the radial and angular distribution of entropy generation number for different non-

uniform transpiration functions. It is clear from this figure that in general, irreversibilities 

associated with blowing are smaller than those of suction. It was shown in section 3.1 that 
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boundary layers are thicker and hotter for blowing cases. Thus, the velocity and temperature 

gradients are not as sharp as the suction boundary layers and the value of entropy generation 

becomes smaller. This finding, once again, highlights the significance of boundary layer 

thickness as a key parameter determining the intensity of thermodynamic irreversibility in the 

current problem. 

 

4. Conclusions 

Semi-similar solutions were developed for the velocity and temperature fields induced by the 

impingement of nanofluid flows on the surface of a cylinder embedded in a porous medium. 

The cylinder was assumed to have a higher temperature compared to the incoming nanofluid 

flow and can include uniform and non-uniform mass transpiration. The temperature and flow 

solutions were used to find the Nusselt number and shear stress on the surface of the cylinder. 

Further, entropy generation in the flow through viscous and thermal mechanisms were 

calculated. An extensive parametric study was conducted and the most important outcomes can 

be summarised as follows. 

• Increasing the concentration of nanoparticles results in thickening the thermal boundary 

layer around the cylinder. However, thermal boundary layer was observed to become 

significantly thinner by increasing the Reynolds number. 

• It was shown that the functional form of transpiration rate can majorly change the radial 

and angular distributions of nanofluid flow temperature and hence can modify the 

Nusselt number and entropy generation distributions significantly. 

• Non-uniform transpirations were found to be highly influential upon the value of the 

local Nusselt number. However, their effects on the dimensionless shear stress is 

considerably smaller. 
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• Nusselt number was found to be mostly indifferent to the type of nanoparticles. 

However, the use of TiO2 nanoparticles was shown to produce a noticeably higher 

Nusselt number. 

• Increasing the concentration of nanoparticles intensifies the irreversibilities noticeably. 

However, its effect on Bejan number is significantly smaller, indicating that the 

observed increase in entropy generation is majorly due to the flow irreversibilities.  

• Reynolds number and the resultant changes in the thickness of the thermal and 

hydrodynamic boundary layers were shown to impart strong effects upon the total 

entropy generation and Bejan number. 

In addition to offering physical insight, the results of this study can be used for the validation 

of future computational and theoretical works. 
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