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Discrete-vortex methods are a class of low-order methods widely used to study unsteady

aerodynamic phenomena. However, these methods demand high computational cost when

subject to large number of vortices in the flowfield. This calls for model reduction in discrete-

vortex methods. A model reduction technique is applied to a discrete-vortex method called the

LESP-modulated Discrete-Vortex Method (LDVM) that was developed in earlier research to

study unsteady airfoil flows with leading-edge vortex (LEV) shedding. The criticality of the

Leading Edge Suction Parameter (LESP), controls the initiation and termination of LEVs. In

this research, model reduction in LDVM is achieved by amalgamating suitable pairs of discrete

vortices identified through a condition which requires that the velocity at the airfoil leading

edge is not affected by amalgamation. The amalgamated vortex is placed at an optimal location

to ensure that the bound circulation and the leading-edge suction are conserved. The reduced-

order model is able to predict the flow features and the force and moment coefficients in good

agreement with the full model while having significantly lower run times. Use of physical

quantities like leading-edge suction and bound circulation enables the easy implementation

of this model reduction strategy in other computational methods based on discrete-vortex

elements.

Nomenclature
Variables used in the discrete-vortex method

A0 leading Fourier coefficient
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An Fourier coefficients

Bxz body frame

c airfoil chord, m

Cl,Cd,Cm airfoil lift, drag, and moment coefficients

CN ,CS airfoil normal and suction force coefficients

DV Discrete Vortex

f frequency of sinusoidal oscillations of the airfoil, Hz

FN ,FS normal and suction forces per unit span of the airfoil, N/m

h plunge displacement, m

hmax plunge amplitude of sinusoidal oscillations of the airfoil, m

K non-dimensional pitch rate, Ûαc2U

LESP leading-edge suction parameter

M airfoil moment per unit span, N

OX Z inertial frame

Re Reynolds number

rcore core radius of discrete-vortex blobs, m

ρ freestream density, kg/m3

T time period of sinusoidal oscillations of the airfoil, s

t time, s

t∗ nondimensional time = tU
c

U freestream velocity, m/s

uk
ind
,wk

ind
components of velocity induced on k th discrete vortex, m/s

W downwash on the airfoil, m/s

x, z chordwise and chord-normal coordinates in body fixed frame, m
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xp pivot location, from 0 − c, m

xre f reference point for moment calculation, from 0 − c, m

α pitch angle, rad

Ûα pitch rate, rad/s

∆p pressure difference across the airfoil, N/m2

δt, δt∗ dimensional and nondimensional time steps

η airfoil camber distribution, m

γ bound circulation distribution, m/s

Γb bound circulation, m2/s

Γlev,p strength of the latest LEV, m2/s

φB, φlev, φtev velocity potential for bound circulation, LEVs, and TEVs, m2/s

θ Glauert transformation variable of chordwise distance, rad

Variables used in the amalgamation algorithm

D0 length parameter, m

dj, dk distance of discrete vortices from leading edge, m

djk, dlk distance between discrete-vortex pairs, m

Nlev,Ntev total number of LEVs and TEVs

V0 tolerance on error in induced velocity, m/s

X̄j, X̄k position of two discrete vortices considered for amalgamation

(xopt, zopt ) optimal location of amalgamated discrete vortices

∆A0,∆A1 change in A0 and A1 due to amalgamation

Γtevi ,Γlevj strengths of ith TEV and j th LEV, m2/s
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I. Introduction
Unsteady aerodynamics is a topic of current research interest in a variety of engineering applications such as

dynamic stall in wind turbines and helicopter rotors, design of flapping-wing MAVs, wind-energy harvesting, flow

control, and gust handling. They are characterized by apparent-mass effects, flow separation, and leading-edge vortex

(LEV) formation and shedding [1–4]. Experimental studies that led to the discovery of the critical role of LEVs in

insect flight have aided in the development of flapping-wing MAVs [5–8]. The understanding gained from the abundant

research on unsteady flappers is currently used in related fields such as in the development of flapping-wing propulsors

and aeroelastic wind-energy harvesters[9–12].

Theoretical approaches to study the physics and effects of unsteady aerodynamic phenomena date back to the

classical works of Wagner [13] and Theodorsen [14]. The scope of application of many theoretical methods are

limited by conventional assumptions like attached flow, small-amplitude motions and planar wakes. Recent interest in

high-intensity oscillatory motions of airfoils has shed light on the underlying phenomena in high-intensity unsteady

flows that exhibit vortex shedding such as those considered in this paper. Results from parametric studies to characterize

the forces and flowfields for such unsteady motions were provided by McGowan et al. [15], Ol et al. [16], Garmann &

Visbal [17], and Granlund et al. [18] using both experimental and computational methods. Pitt Ford & Babinsky [19],

Baik et al. [20] and Rival et al. [21] have studied the dynamics of leading-edge vortices using experimental techniques

while numerical studies on the same have been presented by authors like Visbal and Shang [22] and Ghosh Choudhuri

et al. [23].

The cost and time considerations in experimental and computational methods pose a problem in employing them for

preliminary design phases where wide range of parameter sweeps might be necessary. This, along with the inherent

limitations of purely-theoretical methods, calls for the development of fast low-order models that are based on theory

and augmented with the essential physics. Discrete-vortex methods based on potential-flow theory have been popular

tools for simulating two dimensional unsteady aerodynamic flows. In these methods, the wake behind the body under

consideration and the shear layers representing separated flow are shed from the surface in the form of discrete vortices.

A significant advantage of these class of methods over semi-empirical methods is that they are based on the modeled

physics and provide a means to study the flow features besides allowing for the calculation of the force coefficients on

the airfoil, whereas the latter only allow determination of the force coefficients through empirical fitting [24–26] .

Clements & Maull [27] and Saffman & Baker[28] have reviewed the historical development of discrete-vortex

methods. Katz [24] developed a discrete-vortex method for unsteady separated flow past an airfoil to study post-stall

aerodynamic behavior of airfoils. Researchers like Sarpkaya [29], Clements [30], Kiya & Arie [31] have applied

discrete-vortex methods to other classes of problems like flow past inclined plates and bluff bodies. A review of

the applications of vortex methods for flow simulation is given by Leonard [32]. Some of the later efforts to model

leading-edge vortices in unsteady flows using discrete vortices for insect flight and MAV-aerodynamics applications
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include the low-order methods developed by Ansari et al.[33], Wang & Eldredge[26], Hammer et al.[34], and Ramesh

et al. [25] .

Many of the methods mentioned above assume some ad-hoc start and stop criteria for vorticity shedding. For

example, some methods assume continuous vorticity shedding from the leading edge, which is valid only for a sharp

leading edge. A critical value of the local angle of attack controls vorticity shedding in some other methods. This

assumption is valid only for a small range of motions. A more general criterion for vortex shedding is required for the

application of discrete-vortex methods to a broad class of problems involving different geometries including airfoils

with rounded leading edges and arbitrary unsteady motions. Ramesh et al. [25] have developed such a criterion and a

discrete-vortex method to model unsteady aerodynamic flows with intermittent LEV shedding. In this method, LEV

shedding is modulated using the criticality of a leading-edge suction parameter (LESP). When LESP is higher than a

critical value, discrete vortices are shed from the leading edge of the airfoil so as to maintain the LESP at the critical

value. This physics-based approach uses only a single empirical constant, the critical LESP, which is largely motion

independent and needs to be determined only once for a given airfoil and a given Reynolds number. This method (called

the LESP-modulated Discrete-Vortex Method, or LDVM) is, therefore, ideally suited for modeling oscillatory airfoil

flows in which intermittent LEV shedding is a key feature.

While low-order discrete-vortex methods deliver the results in a fraction of the time required by high-fidelity

simulations, there is a common limitation. The computational cost of this class of methods is dependent on the number

of discrete vortices present in the flowfield. Situations with large number of discrete vortices arise when there is

significant vorticity shedding, and in cases where the airfoil undergoes multiple oscillatory cycles. The computational

complexity increases as O(n2), where n is the number of vortices in the flowfield. Fast summation methods are typically

used in vortex-particle methods where the number of vortices is in the order of millions. Potential-flow-based prediction

methods like those of interest in the current work, where the count is in the order of thousands, calls for an inexpensive

approach like physics-based model reduction.

Insights gained from experimental studies about the evolution of the vortex structures help in phenomenological

augmentation of low-order models, especially in modeling leading-edge vorticity. The shear layer emanating from the

leading edge rolls up into a core, which grows in strength and size as vorticity is fed into this structure by the shear layer.

An early attempt in model reduction in discrete-vortex methods is the Brown-Michael model [35] that approximates the

vorticity shed from a delta wing by a single concentrated vortex of time-varying strength, thus reducing the complexity

to a great extent. The leading-edge vortex pinches off from the shear layer in case of prolonged vorticity shedding and is

convected downstream. Meanwhile, a new vortex rollup is initiated near the leading edge [36–38]. A similar approach

is used to release matured vortices from the shedding edges in the phenomenological models in [26] and [39]. Antonini

et al.[40] use a semi-empirical model for the time-variation of vortex core in a 2D unsteady discrete-vortex method.

Sureshbabu et al. [41] present a model-reduction attempt by predicting the phenomena of rollup, growth, and pinch-off
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of leading-edge vortices using kinematic conditions.

Inspired by the Brown-Michael model, many researchers have come up with point-vortex models with time-varying

vortex strength to represent growing vortex cores. Howe[42] uses the Brown-Michael model with a generalized

correction to study the effect of a translating vortex of time-varying strength on a rigid half-plane. Cortelezzi and

Leonard [43] model the shear-layer rollup of a semi-infinite plate using a single vortex with time-dependent strength.

Wang and Eldredge[26] apply impulse matching for a flat plate to improve on the Brown-Michael model for application

in 2D unsteady vortex shedding. Their model has been further revised to obtain a hybrid model that can accommodate a

shear layer feeding vorticity into a variable-strength point vortex[39].

A major drawback of representing a concentrated vortex structure by one discrete vortex is that the velocity field

inside the structure cannot be accurately replicated without modifying the core radius of the equivalent discrete vortex.

The large strength of the discrete vortex will result in substantially high velocities induced in its vicinity. Modeling the

variation of core radius of vortices is an area of research that is still being explored. Also, a single discrete vortex cannot

represent the flowfield inside a non-circular vortex structure. Due to these problems, the interaction of two large vortical

structures cannot be emulated if the structures are replaced by two equivalent discrete vortices. This limitation becomes

especially critical in cases where vortex interactions take place close to the airfoil, as noted by [41].

An alternative approach to address the problem of model reduction in discrete-vortex methods is to control the vortex

count in the flowfield. A widely used technique for this approach is the amalgamation of discrete vortices [29, 44, 45].

Vortices are amalgamated based on the condition that they are far away from the body and that the flowfield far from the

location of the vortices and near the body is not affected significantly [46, 47]. It is important to identify key interactions

among vortices to identify vortices for amalgamation. Combining suitable vortices into a single equivalent vortex results

in a reduced-order representation of the flowfield. For example, Nair and Taira [48] obtain a sparsified model based

on a network-theoretic approach to identify vortex clusters and combine a cluster at its centroid. Xia and Mohseni

[49] achieve model reduction by amalgamating discrete-vortex pairs at their centroid. Ramesh et al.[50] controlled the

discrete-vortex count in aeroelastic case studies by deleting vortices that crossed a certain distance downstream of the

airfoil. Absorption of vortices [47] upon hitting a solid boundary is yet another technique to reduce vortex count, but

this approach is not very useful in external flows.

In general, amalgamation, deletion or absorption of discrete vortices require that the vortices be far from the body

under consideration if the velocity field near the body is not to be altered. However, it will be advantageous in terms of

computational cost to represent the vortical structures near the body with reduced-count discrete vortices, especially for

cases that involve intermittent vortex shedding. In this work, a model-reduction strategy is developed for amalgamating

discrete vortices including the ones in the vicinity of the body, while preserving bound circulation and flowfield near

the leading edge which is an important location on the airfoil with regard to LEV shedding. Discrete-vortex pairs are

identified as suitable for amalgamation based on pairwise interactions. Amalgamation of vortices based on such criteria
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leads to a natural clustering of vortices so as to exhibit the phenomena like vortex rollup, growth of vortex core through

a feeding shear layer, and pinch-off. Representing a vortex core using a finite number of discrete vortices as opposed to

using a single point vortex helps to replicate distorted vortex structures like the ones that result from the interaction of

two vortex cores. Conventionally, the resulting vortex of an amalgamation process is placed at the centroid. However,

this may disturb the flowfield if performed close to the airfoil. The model-reduction strategy presented here finds an

optimal location for the amalgamated vortex to minimize the impact of the amalgamation on the flowfield near the

airfoil.

The remainder of the paper is organized as follows. The necessary theoretical background for the unsteady

aerodynamic model is outlined in Section II. The model reduction strategy applied to the discrete-vortex method is

presented in Section III. A comparison of the results and runtime of the reduced-order model with the full model is

given in Section IV.

II. Full Aerodynamic Model: Discrete-Vortex Method for Unsteady Airfoil Flows with
Leading-Edge Vortex Shedding

The aerodynamic framework used in this study is a potential-flow-based discrete-vortex method developed by

Ramesh et al. [25] that is capable of predicting the initiation, shedding, and termination of leading-edge vorticity on

airfoils undergoing arbitrary unsteady motions. The backbone of this method is an unsteady thin airfoil theory that

can account for large angles and non-planar wakes and that is hence suitable for studying arbitrary unsteady motions

with pitch/plunge kinematics. It is built on the time-stepping method outlined by Katz and Plotkin [51]. The essential

components of this method are described below. More details can be found in references [25] and [52].

A. Problem setup

The kinematics of the airfoil is depicted in Fig. 1. OX Z represents a stationary inertial frame, while Bxz represents

a body-fixed frame attached to the airfoil. The origin B of the body-fixed frame coincides with the leading edge of the

airfoil, and the axes x and z are defined to be along the chordwise and the chord-normal directions respectively. At

t = 0, the body-fixed frame coincides with the inertial frame. For t > 0, the airfoil translates to the −X direction (left)

with a velocity U, while rotating about the pivot point, xp, by the pitch angle α. The translational velocity in the Z

direction is Ûh. At any time step, the airfoil is represented by a continuous bound-vortex sheet of strength, γ(θ, t), along

its chord given by a Fourier series:

γ(θ, t) = 2U

[
A0(t)

1 + cos θ
sin θ

+

∞∑
n=1

An(t) sin(nθ)

]
(1)

Here, θ is a variable of transformation relating the airfoil chord, c, to the chordwise coordinate, x, as x = c
2 (1 − cos θ).

Recent research articles have shown that the unsteady Kutta condition requires that the vortex sheet strength is continuous
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trailing edge vortices

.
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Body-fixed frame

t=0time 't'

Fig. 1 Illustration of the inertial frame and the body-fixed frame. Airfoil shown at two time instants of 0 and t
to illustrate the airfoil kinematics and the schematic representation of discrete-vortex shedding. Translational
velocity of the airfoil along X and Z directions are U and Ûh, respectively.

at the trailing edge [53–55]. However, the current formulation, which is based on the approach of Katz and Plotkin

and assumes zero vortex sheet strength at the trailing edge, implicitly enforces the Kutta condition by imposing a zero

vortex strength at each time step at the trailing edge which corresponds to x = c and θ = π. The time-dependent Fourier

coefficients, An(t), are calculated from the downwash, W(x, t), which is the normal component of velocity induced on

the airfoil surface due to its motion as well as by the discrete vortices in the flow field.

A0(t) = −
1
π

∫ π

0

W(x, t)
U

dθ (2)

An(t) =
2
π

∫ π

0

W(x, t)
U

cos nθdθ (3)

If φB, φlev, and φtev are the velocity potentials associated with the bound vorticity, leading-edge vortices and trailing-edge

vortices, respectively, the downwash on an airfoil with camberline distribution, η(x), can be obtained [25] by imposing

the zero-normal-flow boundary condition on the airfoil chord line:

W(x, t) ≡
∂φB
∂z
=
∂η

∂x
(U cosα + Ûh sinα +

∂φlev
∂x

+
∂φtev
∂x
) −U sinα − Ûα(x − xp) + Ûh cosα −

∂φtev
∂z
−
∂φlev
∂z

(4)

B. Discrete-vortex shedding

At every time step, a discrete vortex is shed from the trailing edge of the airfoil (referred to as TEVs henceforth). If

there is no LEV shedding, the unknown strength of the latest TEV is calculated iteratively so as to satisfy Kelvin’s

condition.

Γb(t) +
Nt ev∑
i=1
Γtevi +

Nlev∑
j=1
Γlev j = 0 (5)
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where Γb is the bound circulation of the airfoil.

Γb = πcU
[
A0 +

A1
2

]
(6)

LEV shedding is modulated by the Leading-Edge Suction Parameter (LESP). Ramesh et al.[25] defined LESP as the

nondimensional value of the suction peak created at the leading edge:

LESP(t) = A0(t) (7)

Ramesh et al.[25] observed that the onset of LEV formation occurs at the same value of LESP for a given airfoil at a

given Reynolds number, for any motion kinematics that results in LEV formation without being preceded by extensive

trailing-edge flow separation. Thus, this value, LESPcrit , represents the maximum suction that an airfoil can support

before LEV formation is initiated during an unsteady motion. Once the value of LESPcrit is determined for an airfoil at

a given Re using CFD/experimental data, LDVM can predict the onset and termination of LEV shedding for arbitrary

motion kinematics of the same airfoil at that Re.

Discrete vortices are shed from the leading edge of the airfoil for those time steps during which LESP is above

LESPcrit . The strength of the LEV shed at a time step is determined such that the value of LESP during that time step,

which would have been above LESPcrit , is maintained at the critical value by shedding a discrete LEV. This condition

and the Kelvin condition are used to determine the strengths of the TEV and LEV shed when LEV shedding is ’on’.

LEV shedding is terminated when LESP falls below LESPcrit .

It is worth mentioning that LESP is a generalization of the local flow angle at the leading edge. In steady flow, LESP

and angle of attack are related by A0 = sinα. In the current unsteady thin-airfoil theory, the LESP value accounts not

only for the instantaneous angle of attack, but also for the motion kinematics and the effect of vorticity in the flowfield

through the zero-normal-flow boundary conditions in (4).

C. Pressure distribution, forces and moment

The unsteady Bernoulli’s equation gives the chordwise distribution of the pressure difference between the lower and

upper surface as:

∆p(x) = pl(x) − pu(x) =
ρ

2
(V2

tu
− V2

tl
) + ρ

∂(φu − φl)

∂t
(8)

As derived in [25], the first term on the right side of (8) can be written as:

ρ

2
(V2

tu
− V2

tl
) = ρ

(
U cosα + Ûh sinα +

∂φlev
∂x

+
∂φtev
∂x

)
γ(x) (9)
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In calculating the second term on the right side of (8), the expression for the velocity potentials on either side of the

bound-vortex sheet is used:
∂φ

∂x
(x,0±) = ±

γ(x)
2

(10)

For the time instants when there is no active LEV shedding, the potential difference between the upper and lower

surfaces at a location x on the airfoil can be obtained by integration of the bound-vortex sheet strength, using a dummy

variable x ′ to denote the distance along the chord, from the start of the vortex sheet at the airfoil leading edge to x:

φu − φl =

∫ x

x′=0
γ(x ′)dx ′ (11)

For time instants when there is LEV shedding, because the vortex sheet starts at the edge of the LEV sheet, the potential

difference will have an additional term∗ containing the integral of the leading-edge vortex-sheet strength from the start

of the sheet to the airfoil leading edge, as shown in Fig. 2. This additional term, which is equivalent to the sum of the

strengths of the discrete LEVs constituting the LEV sheet, results in:

φu − φl =

∫ x

x′=0
γ(x ′)dx ′ +

∫ s=sl

s=0
γlev(s) =

∫ x

x′=0
γ(x ′)dx ′ +

∑
Γlev (12)

s
l

s

x

l

u

�lev,p

lev

�(x)

�(s)

Fig. 2 Schematic for integration of vortex-sheet strength when LEV shedding is active.

The second term on the right side of (8) is then obtained by taking the time derivative of both sides of (12), in

which the time derivative of
∑
Γlev in the time-stepping approach is simply the strength of the discrete LEV shed in the

previous time step, denoted by Γlev,p , divided by ∆t:

ρ
∂(φu − φl)

∂t
= ρ

(
∂

∂t

∫ x

x′=0
γ(x ′)dx ′ +

∂

∂t

∑
Γlev

)
= ρ

(
∂

∂t

∫ x

x′=0
γ(x ′)dx ′ +

Γlev,p

∆t

)
(13)

∗This was pointed out by Prof. Brenden Epps of the Thayer School of Engineering at Dartmouth in a personal communication with the authors.
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The normal force per unit span of the airfoil, obtained by integration of ∆p(x) over the chord, is given by,

FN = ρπcU
[(

U cosα + Ûh sinα
) (

A0(t) +
1
2

A1(t)
)
+ c

(
3
4
ÛA0(t) +

1
4
ÛA1(t) +

1
8
ÛA2(t)

)]
+ ρ

∫ c

0

((
∂φlev
∂x

)
+

(
∂φtev
∂x

))
γ(x, t)dx + ρc

Γlev,p

∆t

(14)

and the suction force per unit span of the airfoil is given by,

FS = ρπcU2 A2
0 (15)

The aerodynamic moment about any reference point xre f on the airfoil is given by:

M = xre f FN − ρπc2U
[(

U cosα + Ûh sinα
) (

1
4

A0(t) +
1
4

A1(t) −
1
8

A2(t)
)

+c
(

7
16
ÛA0(t) +

11
64
ÛA1(t) +

1
16
ÛA2(t) −

1
64
ÛA3(t)

)]
− ρ

∫ c

0

((
∂φlev
∂x

)
+

(
∂φtev
∂x

))
γ(x, t)xdx − ρ

c2Γlev,p

2∆t

(16)

The detailed derivation of these expressions are given in Ramesh et al.[25].

The forces can be nondimensionalized using the quantity 1
2 ρU2c to obtain the normal and suction force coefficients

CN and CS . The coefficients of lift and drag (Cl and Cd) can then be obtained as the force components in the inertial X

and Z directions. The moment coefficient (Cm) is obtained as M/ 1
2 ρU2c2.

D. Numerical aspects of the discrete-vortex method

The discrete vortices are represented as vortex blobs using the vortex-core model proposed by Vatistas et al. [56],

which closely approximates the Lamb-Oseen vortex. The components of velocity induced at a point (x, z) by the j th

discrete vortex are given by,

u =
Γj

2π
z − zj√[

(x − xj)2 + (z − zj)2
]2
+ r4

core

(17)

w =
Γj

2π
xj − x√[

(x − xj)2 + (z − zj)2
]2
+ r4

core

(18)

A nondimensional time step δt∗ = δtU/c = 0.015 is used in LDVM, and the core radius rcore of 0.02c has been used,

which is approximately 1.3 times the average spacing between vortices according to the suggestion by [32]. Each

discrete vortex is convected using the total velocity induced at its center by the bound vorticity, the LEVs and the TEVs.

For example, the components of velocity induced on the k th LEV at any time step when there are a total of Nlev LEVs
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and Ntev TEVs in the flowfield is given by,

uk
ind =

Nbound∑
m=1

Γm

2π
(zk − zm)√
d4
mk
+ r4

core

+

Nlev∑
j=1

Γj

2π
zk − zj√

d4
jk
+ r4

core

+

Nt ev∑
l=1

Γl

2π
zk − zl√

d4
lk
+ r4

core

(19)

wk
ind =

Nbound∑
m=1

Γm

2π
(xm − xk)√
d4
mk
+ r4

core

−

Nlev∑
j=1

Γj

2π
zk − zj√

d4
jk
+ r4

core

−

Nt ev∑
l=1

Γl

2π
zk − zl√

d4
lk
+ r4

core

(20)

where dmk =
[
(xm − xk)2 + (zm − zk)2

]1/2, and djk and dlk are the distances between the corresponding pairs of discrete

vortices.

III. Reduced-Order Model
The focus of the current study is to develop a model-reduction strategy for the LDVM framework that can also be

easily applied to other discrete-vortex methods. In this paper, a discrete-vortex amalgamation approach is presented to

obtain a reduced-order representation of LDVM. Specifically, the challenge is to amalgamate discrete-vortex pairs that

are in the vicinity of the airfoil with minimum effect on the flowfield near the airfoil. The vortical structures shed from

the edges of the airfoil are represented by a reduced number of discrete vortices, thus retaining the capability of the

model to represent distorted structures or interaction of large-scale vortical structures, as explained in Sec. III.B.

A. Identification of vortex pairs for amalgamation

A slightly modified version of Spalart’s criterion [47] is used to identify discrete-vortex pairs for amalgamation at

every time step. Spalart obtained an expression for the error in velocity at a distant point in the flowfield caused due

to the amalgamation of a pair of discrete vortices at their centroid. An amalgamation criterion based on this quantity

identifies a pair of discrete vortices to be suitable for amalgamation if the error is smaller than a specified tolerance. The

criterion is given by, ��ΓjΓk ����Γj + Γk ��
��X̄j − X̄k

��2
(D0 + dj)

3/2(D0 + dk)3/2
< V0. (21)

The left side of (21) represents the error in velocity at a point due to amalgamation of two vortices of strengths Γj and

Γk located at X̄j and X̄k into a single vortex of strength Γj + Γk located at the centroid of the vortices. The distances of

the two vortices from the point are denoted by dj and dk . D0 is a length parameter which is set as 10 percent chord. V0

has the units of velocity, and is set as the maximum allowed value for the LHS for amalgamation to occur.

In this work, a nondimensional version of Spalart’s criterion is used to identify suitable pairs of discrete vortices for

amalgamation. The vortex strengths are compared to the quantity cU∞ and the distances are compared to the chord c.

D0 is retained as 0.1c. dj and dk are taken as the distances of the two vortices from the leading edge of the airfoil. The

leading edge of the airfoil is the most sensitive point on the airfoil since the induced velocity at the leading edge is a
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major contributor to the suction and hence to the LEV shedding. Hence, it is critical to ensure that the flowfield near the

leading edge is not altered due to amalgamation.

The strength factor
��ΓjΓk �� /��Γj + Γk �� of the amalgamation criterion primarily encourages amalgamation of vortices

with smaller strengths and same signs, and the distance factor
��X̄j − X̄k

��2 /[(D0 + dj)
3/2(D0 + dk)3/2] encourages the

amalgamation of vortices that are close to each other, and, at the same time, are adequately far away from the airfoil

leading edge. Spalart set a tolerance for the left side of (21). However, setting a tolerance to the product of the two

factors can lead to selection of vortex pairs for amalgamation because of one of the factors being extremely small

even when the other factor is high. For example, a pair of vortices that are far apart might be identified suitable for

amalgamation if the corresponding strength factor is small enough so that the product of the factors satisfies the specified

tolerance. In the current work, separate tolerances for the strength factor and the distance factor are used to avoid such

unrealistic amalgamations.

In the proposed amalgamation strategy, at most one pair of LEVs and one pair of TEVs are identified for amalgamation

at every time step. Further, it is ensured that the selected vortices are approaching each other by imposing a requirement

that their relative velocity be negative, i.e., toward each other. Among all the pairs that satisfy these tolerance and

kinematic requirements, the best pair is chosen as the one with the smallest value for the product of the two factors. The

requirements on the strength factor and the distance factor are summarized as:��ΓjΓk ����Γj + Γk �� × 1
cU∞

< 2.5 × 10−3 (22)

c ×

��X̄j − X̄k

��2
(D0 + dj)

3/2(D0 + dk)3/2
< 5.0 × 10−3 (23)

The tolerance on the distance factor is set such that it permits vortices close to the airfoil to be amalgamated if the pairs

are sufficiently close to each other.

B. Placement of the amalgamated vortices

The condition given in (21) is based on the assumption that the amalgamated vortex is placed at the centroid of

the pair. Alhough the total momentum of the two vortices is conserved by placing the resultant vortex at the centroid,

amalgamation of vortices in the vicinity of the airfoil will inevitably disturb the velocity field surrounding the airfoil.

The ensuing error in velocity field will eventually affect the predictions of the model in the future time steps. This will

cause the force and flowfield predictions of the reduced-order model to deviate significantly from those of the original

model without amalgamation.

Prediction of the flow features at the leading edge like LEV shedding is a key capability of the LDVM method.

Therefore, care has to be taken to ensure that the reduced-order model performs well with respect to this capability.
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Additionally, the airfoil bound circulation, which is obtained by integrating the circulation distribution, represents the

airfoil lift, which is also important to preserve after amalgamation. A heuristic approach is proposed to address these

concerns by placing the amalgamated vortex at an ’optimal’ location that is, in general, different from the centroid so as

to conserve the airfoil bound circulation as well as the leading-edge suction of the airfoil.

In the light of (6) and (7), conserving the bound circulation and the leading-edge suction is equivalent to conserving

the two leading Fourier coefficients A0 and A1 in the bound-vortex-sheet strength distribution. Thus, in the current

amalgamation scheme, each suitable pair of discrete vortices is amalgamated at an optimal location such that A0 and A1

are not affected. The strength of the amalgamated vortex is the sum of the strengths of the individual ones.

The errors in A0 and A1 due to amalgamation of the vortices at a location (x ′, z′) are given by:

∆A0(t) = −
1
π

∫ π

0

W(x, t) −W ′(x, t)
U

dθ (24)

∆A1(t) =
2
π

∫ π

0

W(x, t) −W ′(x, t)
U

cos θdθ (25)

where W ′(x, t) is the downwash distribution on the airfoil due to the flowfield with the two discrete vortices replaced by

a single vortex at the location (x ′, z′). The optimal location can then be defined as:

(xopt, zopt ) = (x ′, z′)|∆A0=0, ∆A1=0 (26)

A two-variable Newton-Raphson iterative scheme is employed to determine the location of the amalgamated vortex

(xopt, zopt ) such that the errors, ∆A0 and ∆A1, are less than the tolerance value of 1 × 10−6. The centroid is used as the

starting point for the search. This process typically converges in 5 iterations.

It can be noted that, by considering A0 and A1, this amalgamation scheme attempts to take into account the integrated

effect of the error in downwash (due to amalgamation) over the entire airfoil, as opposed to the error at a single

point. Also, since this approach is based on conserving leading-edge suction and bound circulation, the concept can

be extended to other discrete-vortex formulations. The strategy can be translated to other frameworks by obtaining

equivalent quantities for leading-edge suction and bound circulation in those frameworks. For example, the equivalent

quantity for leading-edge suction has been obtained by Aggarwal [57] for a lumped-vortex-element formulation, and by

Darakananda and Eldredge [39] for a conformal-mapping-based model.

IV. Results
The full model, LDVM, was validated against experiment and computation by Ramesh et al. [25] for various

motion kinematics and different Reynolds numbers. The LDVM was found to be effective in predicting the intermittent

LEV shedding and the resulting fluid-dynamic loads in complex, unsteady airfoil flows. The performance of the

14



current reduced-order model is compared with that of the full model for three case studies in this section. Force- and

moment-coefficient predictions of the reduced-order model are compared with those of LDVM. Also, the flowfield

predictions of the two models are compared against each other using streamline plots and discrete-vortex distributions in

the region around the airfoil. Comparison with experimental and/or CFD results are also included for completeness.

The runtimes of the two models averaged over several executions are reported to show the effect of model reduction.

The cases are chosen to present the capability of the reduced-order model to reproduce different flow features observed

in the low-Reynolds-number flow regime dominated by LEV shedding. The LESPcrit values for all the cases considered

in this section were determined by Ramesh et al. [25].

A. Case 1: Pitch-up-hold motion of a flat plate

A pitch-up-hold motion of a flat plate at Re=1,000 is considered in this subsection. The plate is pitched up about its

leading edge at a nondimensional pitch rate of K = Ûαc/2U = 0.4 to an angle of 45 degrees. It is held at that position

until the end of the motion at a nondimensional time of t∗ = 9.0. This type of motion kinematics has been of recent

interest to the AIAA Fluid Dynamics Technical Committee Low Reynolds Number Discussion Group. The LDVM was

validated by Ramesh et al. [25] for this case against CFD results from a viscous vortex particle method by Eldredge

[58]. These CFD results are also included in the current discussion for completeness.

The variations with t∗ of the pitch angle, α, and various aerodynamic coefficients are shown in Fig. 3. The flowfields

predicted by the full model and the reduced-order model are compared against each other and against the CFD-predicted

flowfields in Fig. 4 for four time instants. The discrete-vortex distributions representing the vortex structures and the

wake are also co-plotted on the corresponding streamline plots.

Figure 3(a) shows the variations of LESP = A0 from the full and the reduced-order discrete-vortex methods. The

LESPcrit value for a flat-plate geometry at Re=1,000 was determined in [25] to be 0.11, and is shown in Fig. 3(a). The

LESP history predicted by the reduced-order model is seen to be in excellent agreement with that of the full model. It is

seen that the LESP reaches the critical value of 0.11 soon after the plate starts pitching up. It stays at LESPcrit until the

motion ends, indicating continuous LEV shedding from the upper surface of the flat plate. As a consequence, clockwise

discrete vortices are shed at every time step from early in the upstroke to the end of the motion, as seen from the flowfield

images in Fig. 4. As seen from the flow images in Fig. 4, the LEV builds up in strength until approximately t∗ = 4. At

this time, the LEV is of a size large enough to induce the trailing-edge shed vortices to roll up into a concentrated TEV

over the aft portion of the upper surface of the airfoil. When the TEV grows sufficiently large, it causes a detachment of

the LEV from the feeding sheet emanating from the leading edge. The flow physics of the LEV detachment has been

explained by [38], in which the authors show that LEV detachment is initiated when the rear stagnation point aft of the

LEV on the upper surface of the airfoil (half saddle point), reaches the trailing edge. This process alternates, resulting in

a von Kármán vortex street. The flow-visualization snapshots from the reduced-order model are seen to be in excellent
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agreement with those from the full LDVM. Vorticity plots from CFD are shown in Fig. 4 for qualitative comparison

with the flowfields predicted by the discrete-vortex models. The results of the vortex models are seen to compare well

with the vorticity plots from CFD, with minor discrepancies seen in the timing of the pinch-off of the LEV at t∗ = 4 and

the locations and sizes of the vortex structures in the subsequent time instants. The discrepancies between LDVM and

CFD results can be attributed to the fact that the viscous effects like formation of thick boundary layers on the airfoil are

not modeled in the LDVM theory. Interested readers can refer to [25] for a more detailed discussion of discrepancies

between LDVM and CFD.
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Fig. 3 Case 1: Comparison of predictions of the reduced-order model, the full model, and CFD results of
Eldredge [58]. Variations with t∗ = tU/c of: (a) LESP, (b) lift coefficient, (c) drag coefficient (d) pitching-
moment coefficient about the mid chord, (e) bound circulation, and (f) Fourier coefficient A1.

The lift, drag and moment coefficients predicted by the full model, the reduced-order model, and CFD are co-plotted

in the subfigures (b)–(d) of Fig. 3. Comparison between the predictions from the full and the reduced-order models is

seen to be excellent for the entire motion. As seen in Figs. 3(e) and (f), the variations of the bound circulation, Γ, and

the Fourier coefficient, A1, predicted by the full and the reduced-order models are seen to be in excellent agreement with

each other. It is seen that the reduced-order model exhibits some high-frequency noise in the force results, which is

attributed to the rather small, but nevertheless abrupt, force changes between successive time steps due to amalgamation

of the vortices. The lift and drag results from the two discrete-vortex methods are seen to agree well with the CFD results

16



until approximately t∗ = 4, when the pinch-off of the first LEV occurs followed by alternate LEV/TEV shedding. After

this time, although the results from the two methods have some discrepancies, their time histories have similar behavior.

Total DV count = 164 Total DV count = 386 Total DV count = 608 Total DV count = 830

Total DV count = 117 Total DV count = 199 Total DV count = 326 Total DV count = 481

t∗ = 2.0 t∗ = 4.0 t∗ = 6.0 t∗ = 8.0
Fig. 4 Case 1: Comparison of flowfield results from CFD (top) of Eldredge [58], full model (middle), and the
reduced-order model (bottom) at four time instants. In the discrete-vortex images, clockwise vortices are shown
in blue and counterclockwise in red.

Overall, the predictions from the reduced-order model for both the forces and the flowfields are seen to be in excellent

agreement with those from the full LDVM. As seen from Fig. 4, this prediction is achieved with a significantly smaller

number of discrete vortices in the reduced-order model. The motion sequence comprises of 500 discrete time steps, at

the end of which the full model has 940 discrete vortices in the flowfield, while the reduced-order model has only 561

discrete vortices. The smaller discrete-vortex count, achieved through model reduction, results in a reduction in runtime

from 25.8 seconds to 13.4 seconds.

Effect of the length parameter D0 on the performance of the reduced-order model

The parameter D0 controls the number of amalgamations occurring near the airfoil surface relative to that occuring

in the wake. For large values of D0, the term (D0 + dj) encourages amalgamations very close to the airfoil surface, i.e.,

for even small values of dj . Thus, larger values of D0 encourage more amalgamations, and also result in uniform vortex

density in the entire flowfield since (D0 + dj) does not vary much for small dj . For smaller values of D0, (D0 + dj) is

small near the airfoil, and hence amalgamations very close to the airfoil are discouraged. The effect of varying D0
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on the performance of the reduced-order model for case 1 is demonstrated in Fig. 5. When D0 = 1.0c, the reduction

in discrete vortex count is enhanced, with more amalgamations taking place near the airfoil. The computational time

saving achieved, however, comes at a cost in accuracy of the force and flowfield predictions, as can be seen from Fig. 5.

The results do not seem to vary significantly for smaller values of D0, in agreement with the observation of Spalart

reported in [47]. Spalart suggests a typical value of 0.1c for D0. Hence, this value is chosen for the reduced-order

model presented here.
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Fig. 5 Effect of D0 on the predictions of the reduced-order model for case 1. The flowfield predictions for
three values of D0 are shown in subfigures (a), (b), and (c). The corresponding Cl predictions are co-plotted in
subfigure (d).

B. Case 2: Pitch-up-hold-return motion of SD7003 airfoil

In this subsection, the pitch-up-hold-return motion of the cambered SD7003 airfoil at Re = 30,000 is studied. The

airfoil is pitched up about its leading edge to a pitch angle of 25 degrees at a nondimensional pitch rate of K = 0.11,

held at this angle for a short duration, and is then pitched down at the same rate to the initial value of 0 degrees. This

motion kinematics is generated using Eldredge function [59]. In earlier work [25], the LDVM predictions for this

motion were validated against experimental and CFD results. The experimental lift and drag coefficient data and

dye-flow visualization images were obtained from tests performed at the US Air Force Research Laboratory (AFRL)

Horizontal Free-surface Water Tunnel. The CFD results for the force and moment coefficients as well as the flowfield

were generated using NCSU’s REACTMB-INS unsteady RANS code. In earlier work ([25],[60]), the results from the

RANS CFD analysis using the Spalart-Allmaras turbulence model, as implemented in REACTMB-INS flow solver, have

been shown to agree reasonably well with experimental results for LEV initiation and formation on airfoils operating at

Reynolds numbers between 10,000 and 40,000. More details about the experimental and CFD results for this case can

be found in [25]. In the current work, results from the reduced-order model are compared against the full LDVM and

experimental and CFD results.
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Fig. 6 Case 2: Comparison of predictions of the reduced-order model, the full model, CFD, and experiment.
Variations with t∗ = tU/c of: (a) LESP, (b) lift coefficient, (c) drag coefficient (d) pitching-moment coefficient
about the quarter-chord, (e) bound circulation, and (f) Fourier coefficient A1. Experimental and CFD results
are from [25].

The kinematics and time variations of various aerodynamic coefficients are shown in Fig. 6, in which the predictions

from the reduced-order model are compared with those from the full LDVM as well as experimental and CFD results.

The flowfields predicted by the full and the reduced-order models are compared against each other and qualitatively

against the CFD-predicted vorticity-distributions and experimental dye-flow visualizations in Fig. 7 for four time instants.

It must be noted that the dye-flow visualization tracks the evolution of a passive scalar (dye concentration) and not the

vorticity field. For this reason, the comparison of the dye visualization with the CFD vorticity plots and discrete-vortex

flowfields is at best qualitative. In the present situation, it can be argued that the qualitative comparison is appropriate

because, first, the diffusion of the dye can be assumed to be small in the present case since the flow visualization is for

the initial stage of the vortical flow development over the chord (rather than in the wake), and second, the advection

term is the dominant term in the transport equations for the nominally two-dimensional flow in this case [61]. As was

done for the earlier case study, the discrete-vortex distributions representing the vortex structures and the wake are also

co-plotted on the corresponding streamline plots.

Figure 6(a) shows the variations of LESP = A0 from the full and the reduced-order discrete-vortex models. The
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LESPcrit value of 0.18 for the SD7003 airfoil at this Reynolds number, taken from the earlier study [25], is also shown

in the figure. As seen in the earlier case, the LESP history predicted by the reduced-order model is seen to be in excellent

agreement with that of the full model. The small deviation in the LESP value from that predicted by the full model in

the terminal phase of the motion, as well as the spikes in the moment curve can be attributed to amalgamations taking

place too close to the airfoil surface. For the motion kinematics used in this case study, the LESP increases as the

airfoil is pitched up. It reaches the critical value of 0.18 at t∗ = 2, remains constant before it starts decreasing soon

after the airfoil starts pitching down at t∗ = 4. During the time when the LESP is held at the critical value, clockwise

LEVs are shed from the leading edge, as seen in the flow images for the full and the reduced-order discrete-vortex

models in Fig. 7 for t∗ = 3 and 4. For these time instants, the LEV structure and position from the two discrete-vortex

methods agree well with the flow images from CFD and experiment. When the LESP falls below the critical value, LEV

shedding in the two discrete-vortex methods stops, and the already-shed LEV convects down the chord, interacting with

the vortices shed from the trailing edge at t∗ = 6. The flow images from the discrete-vortex methods for t∗ = 5 are in

general agreement with that from experiment. The lack of clarity in the dye-flow image for t∗ = 6 makes it difficult to

assess the comparison with experiment for that time instant. On the other hand, there is some discrepancy between the

discrete-vortex and CFD flow images for t∗ = 5 and 6. The CFD shows a second, but smaller, LEV being shed at t∗ = 5,

which is not seen in the discrete-vortex methods. For all time instants, however, it is seen that the flowfield images from

the reduced-order model agree well with those from the full LDVM.

The lift and drag coefficients from the full model, the reduced-order model, CFD, and experiment are co-plotted in

the subfigures (b) and (c) of Fig. 6. Comparison between the predictions from the full and the reduced-order models

is seen to be excellent for the entire motion. As with case 1, it is seen that the reduced-order model exhibits some

high-frequency noise in the force results. Comparing the results from CFD and experiment, it can be observed that thatCl

from experiment is lower than that from CFD during the hold and downstroke, i.e., from t∗ of 3 to 6; Cd from experiment

is lower than that from CFD for most of the motion. Second, the two discrete-vortex methods correctly capture the

locations and the intensities of the spikes in the Cl and Cd time histories. These spikes are due to apparent-mass effects.

From the start of the motion until the end of the hold, i.e., from t∗ = 0 to 4, Cl from the discrete-vortex methods match

reasonably well with CFD predictions. During the downstroke, the discrete-vortex methods over-predict Cl compared to

CFD by approximately the same amount by which experiment under-predicts CFD. From subfigure (d) of Fig. 6, it is

seen that Cm from the discrete-vortex methods compare excellently with each other and reasonably well with CFD

except in the downstroke region, where Cm predictions from the full LDVM and the reduced-order model are noticeably

more negative than the CFD prediction. Some of this discrepancy in Cm prediction is again attributed to the formation

of thick boundary layers on the upper surface, which is not modeled in the discrete-vortex methods. Pitching moment

measurements are not available from experiment. It can be seen from Figs. 6(e) and (f) that the bound circulation and

the Fourier coefficient (A1) histories from the reduced-order model match well with the full-model predictions.
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Total DV count = 285 Total DV count = 429 Total DV count = 512 Total DV count = 583

Total DV count = 107 Total DV count = 119 Total DV count = 105 Total DV count = 136

t∗ = 3.0 t∗ = 4.0 t∗ = 5.0 t∗ = 6.0
Fig. 7 Case 2: Comparison of flowfield results from experiment (first row), CFD (second row), full model (third
row), and the reduced-order model (fourth row) at four time instants. Experimental and CFD images are from
[25]. In the discrete-vortex images, clockwise vortices are shown in blue and counterclockwise in red.

As with case 1, the predictions from the reduced-order model for both the forces and the flowfields are seen to be in

excellent agreement with those from the full LDVM. This case study shows that the reduced-order model can predict the

initiation and termination of LEV shedding in a complex unsteady flow with the same accuracy as the full LDVM. It

also showcases the ability of the reduced-order model to replicate the effect of a vortical structure very close to the

airfoil surface using a reduced number of discrete vortices without affecting the force/moment predictions, and also to

reproduce the interaction of vortical structures without deviations in the flowfield predictions. The number of discrete

vortices in a 500-time-step simulation reduces from 655 to 149 as a result of model reduction, causing a significant

runtime reduction from 12.6 seconds to 2.7 seconds.
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C. Case 3: Sinusoidal pitch-plunge oscillations of a NACA0015 airfoil

In this case study, the sinusoidal pitch-plunge oscillations of a NACA0015 airfoil at a Reynolds number of 1,100 [62]

is considered. The airfoil oscillates with a frequency, f = ωc/(2U), of 0.14 about the pivot point located at one third of

its chord. The pitch motion has an amplitude of 76.3 degrees with zero mean. This pitch motion is combined with a

sinusoidal plunge oscillation of the same frequency and an amplitude of hmax/c = 1. Plunge leads pitch by a phase

difference of 90 degrees, so that when the pitch angle is zero and decreasing, the plunge displacement is at maximum

bottom displacement . This motion was among the several sinusoidal motions analyzed using CFD by Kinsey and

Dumas [62] for studying power extraction from oscillating airfoils. LDVM was validated using their results in earlier

work [25], in which the LESPcrit for a NACA0015 airfoil at a Reynolds number of 1,100 was determined to be ±0.19.

An oscillatory motion, such as the one considered here, leads to periodic LEV shedding from both the surfaces

of the airfoil, and a discrete-vortex simulation typically has to be carried out for multiple cycles for cycle-to-cycle

convergence to be achieved. For these reasons, such simulations result in a large number of discrete vortices in the

flowfield of the full model, and thus require longer computation times. Hence, this case is a good candidate for studying

the ability of the reduced-order model to modulate alternate LEV shedding from the two surfaces of the airfoil, and for

highlighting the effectiveness of model reduction in scenarios with large discrete-vortex count.

For this case study, three cycles of oscillations are studied using 1,500 discrete time steps for both the full and the

reduced-order discrete-vortex methods. The kinematics and time variations of various aerodynamic coefficients are

shown in Fig. 8 for the third cycle, in which the predictions from the reduced-order model are compared with those

from the full LDVM as well as the CFD results from [62]. The results are plotted against a non-dimensional time, t/T ,

where T is the time period of the sinusoidal oscillations. The flowfields predicted by the full and reduced-order models

are compared against each other in Fig. 9 for four time instants in the third cycle of the motion. As was done for the

earlier cases, the discrete-vortex distributions representing the vortex structures and the wake are also co-plotted on the

corresponding streamline plots.

Figure 8(a) shows the variations of LESP = A0 from the full and the reduced-order discrete-vortex methods. As in

earlier cases, the LESP variation predicted by the reduced-order model is seen to compare excellently with that from the

full LDVM. It is seen that, at t/T = 0, the LESP decreases, then reaches and stays constrained at the negative critical

value of LESP from t/T of approximately 0.1 to 0.4. During this time, counterclockwise vortices are shed from the

leading edge in the discrete-vortex methods, which convect to the lower surface of the airfoil, as seen from the flow

images for t/T = 0.25 in Fig. 9. Between t/T of approximately 0.4 and 0.65, the LESP increases from the lower critical

value to the upper critical value. During this time, as seen from the flow visualization for t/T of 0.5 and 0.75 in Fig. 9,

LEV shedding briefly stops before resuming with shedding of clockwise discrete vortices which convect over the upper

surface of the airfoil. At approximately t/T of 0.9, the LESP falls below the positive critical value and start decreasing,

resulting in another pause in the LEV shedding, as seen from the flow visualization for t/T of 1.0 in Fig. 9. Thus, in
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every cycle of the sinusoidal motion, the LESP variation gets alternately constrained at the negative and positive critical

values and results in alternate shedding of counterclockwise and clockwise vortices, which then convect along the

lower and upper surfaces of the airfoil, respectively. It is seen from the flow-visualization results in Fig. 9 that the flow

predictions from the reduced-order model compare excellently with those from the full LDVM even for the intermittent

and alternate LEV shedding seen in this case study. Figures 8(b)–(d) compare the variations of Cl , Cd , and Cm from the

reduced-order model with those from the full LESP and CFD. Figures 8(e)–(f) compare the variations of Γ and A1

from the two discrete-vortex methods with each other. In all these plots, it is seen that the results of the reduced-order

method compare excellently with those of the full LDVM. When comparing the results from the two discrete-vortex

methods with those from CFD, it is seen that the comparison in lift is seen to be very good and the comparison in drag

is excellent. As with the other cases, pitching-moment prediction from the discrete-vortex methods is seen to have some

discrepancies compared to the CFD result, but the general behaviour is similar to that seen in the CFD results.
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Fig. 8 Case 3: Comparison of predictions of the reduced-order model, the full model, and the CFD results
from [62]. Variations with t∗ = tU/c of: (a) LESP, (b) lift coefficient, (c) drag coefficient (d) pitching-moment
coefficient about one-third chord, (e) bound circulation, and (f) Fourier coefficient A1.
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Total DV count = 1823 Total DV count = 2028 Total DV count = 2226 Total DV count = 2433

Total DV count = 660 Total DV count = 699 Total DV count = 784 Total DV count = 809

t/T = 0.25 t/T = 0.5 t/T = 0.75 t/T = 1.0
Fig. 9 Case 3: Comparison of flowfield results from full model (top) and the reduced-order model (bottom) at
four time instants. Clockwise vortices are shown in blue and counterclockwise in red.

This case study demonstrates that the initiation and termination of the LEV structures as well as the alternating

pattern of LEV shedding are accurately captured by the reduced-order model. Additionally, the convection of the LEV

structures and their interactions with the airfoil and the TEV structures, as well as the vortex-structure interactions in the

wake are replicated correctly as well. This is evident from the streamline patterns predicted by the reduced-order model,

which are in good agreement with those predicted by the full model. The forces predicted by the two discrete-vortex

methods agree excellently with each other and are in good agreement with the CFD results. It is to be highlighted that,

compared to the full LDVM, the reduced-order model achieves results of comparable accuracy in a much smaller runtime

of 120.2 seconds compared to a runtime of 490.7 seconds of the full model owing to a decrease in the discrete-vortex

count from 2433 for the full model to 809 for the reduced-order model.

Summary of comparison of the two models

The evolution of execution time of the two models for the three cases is presented in Fig. 10. As the simulation

advances, the discrete-vortex count in the flowfield of the full model increases linearly and the runtime per time step

increases exponentially. On the other hand, the vortex count and the runtime per time step for the reduced-order model

increases at a significantly slower rate. The difference between runtimes of the two models becomes significant for

cases with larger number of discrete time steps, for instance case 3.
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Fig. 10 Evolution of runtime and discrete-vortex count of the two models for the three cases.

Table 1 summarizes the discrete-vortex count in the final time step along with the percentage reductions in vortex

count and runtime for each case. The runtimes reported have been averaged over several executions. It can be easily

observed that the reduction in runtime is related to the reduction in discrete vortex count. For all cases, the time

savings is slightly higher than the reduction in vortex count. Case 3 with a significant reduction in the discrete vortex

count gives a higher reduction in runtime. It is clear that the reduction in vortex count is relatively small in case 1

and correspondingly the savings in runtime is smaller. At any time step, factors like separation between vortex pairs,

the distance of the pairs from the airfoil, and their relative strengths collectively determine the vortices selected for

amalgamation. Amalgamations are not guaranteed at every time step. This impacts the efficiency of model reduction

because the computational cost involved in performing the search adversely affects the time saving.

More interestingly, Table 1 brings out the increasing effectiveness of model reduction with increasing number of

cycles for the sinusoidal motion in case 3. To demonstrate this, a comparison of the discrete-vortex count and runtime

of the two models is given in Table 1 for different number of cycles for the sinusoidal motion in case 3. It can be noticed

that the runtime increases significantly for each additional cycle simulated. The savings in runtime obtained through

model reduction become significant in such situations. Thus, the model reduction strategy presented in this paper will

be highly advantageous for simulating motion kinematics for longer durations, especially for cases with significant

vorticity shedding.
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Case no.
vortex count average runtime (s) percentage reduction

LDVM Reduced order LDVM Reduced order vortex count runtime

1 940 561 25.8 13.4 40.3 48.1

2 655 149 12.6 2.7 77.3 78.6

3

1 cycle 817 339 19.4 7.8 58.5 59.8

2 cycles 1628 623 150.3 45.1 61.7 69.9

3 cycles 2433 809 490.7 120.2 66.8 75.5

Table 1 Comparison of performance of the two models for the three cases.

V. Conclusions
In this paper, a model reduction strategy to improve the runtime of discrete-vortex methods was presented.

Specifically, discrete-vortex pairs were amalgamated to reduce the number of vortices in the flowfield, thereby reducing

the computational cost. Suitable vortex pairs were identified for amalgamation at each time step using a modified

version of Spalart’s criterion. Amalgamation was performed by placing the resultant vortex at an optimal location

to ensure that the airfoil bound circulation and the leading-edge suction were not affected. This model reduction

strategy was implemented in the discrete-vortex method called LDVM that was developed in earlier research for

low-Reynolds-number airfoil flows dominated by LEV shedding.

Performance of the reduced-order model was compared against that of the full model for three case studies. The

results from the reduced-order model were seen to be in good agreement with those of the full model, but with

significantly smaller computation time compared to the latter. The case studies were chosen to demonstrate the capability

of the reduced-order model to capture different flow features like intermittent LEV shedding, shear layer rollup, LEV

pinch-off and vortex interactions. Streamline plots and discrete-vortex distributions at different time instants of motion

showed that the reduced-order model was able to replicate the flowfield accurately using reduced number of discrete

vortices. It was observed that the reduction in runtime was significant for cases with large number of discrete time

steps and more number of discrete vortices in the flowfield. Thus, this model reduction strategy is highly suitable

for simulating long-time kinematics that result in significant vorticity shedding. Aeroelastic interactions are potential

problems where the reduced-order model can be expected to achieve significant reduction in runtime.

Finally, even though the model-reduction strategy is developed for the LDVM framework, the criteria for identification

and amalgamation of vortex pairs are in terms of common kinematic and aerodynamic quantities. This formulation
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provides for the easy modification of the current strategy for application to other discrete-vortex methods.
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