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Abstract 

In this paper, a lattice Boltzmann method is employed to simulate the conjugate radiation-forced 

convection heat transfer in a porous medium. The absorbing, emitting, and scattering 

phenomena are fully included in the model. The effects of different parameters of a silicon 

carbide porous medium including porosity, pore size, conduction-radiation ratio, extinction 

coefficient and kinematic viscosity ratio on the temperature and velocity distributions are 

investigated. This shows that there is a good agreement between the results obtained by the 

current LBM and the existing analytical solutions. The convergence times of modified and 

regular LBMs for this problem are 15s and 94s, respectively, indicating a considerable 

reduction in the solution time through using the modified LBM. Further, the thermal plume 

formed behind the porous cylinder elongates as the porosity and pore size increase. This result 

reveals that the thermal penetration of the porous cylinder increases with increasing the porosity 

and pore size. Finally, the mean temperature at the channel output increases by about 22% as 

the extinction coefficient of fluid increases in the range of 0 to 0.03. 

Keywords: Lattice Boltzmann; Conjugate radiation-forced convection; Porous medium; 

Porosity, Conduction radiation ratio 
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cL Speed of Light 

c Lattice streaming speed 

c0 Parameter defined  

c1 Parameter defined  

cs Speed of sound 

ck Lattice speed discreted in the main directions of the Lattice 

cp Specific heat capacity 

Da Darcy number, = K/H2 

Data Amount of each data per each mesh size 

dp Pore size diameter 

ei Discrete particle velocity in LBE model 

e𝑎
21 Approximate relative error 

𝑒𝑒𝑥𝑡
21  Extrapolated relative error 

F Total body force vector 

fk Density distribution function in LBE model 

fk
eq

 Equilibrium density distribution function in LBE model 

Fk Discrete body force in LBE model 

Fε Geometric function  

gk Temperature distribution function in LBE model 

gk
eq

 Equilibrium temperature distribution function in LBE model 

G Incident radiation  

𝐺𝐶𝐼𝑓𝑖𝑛𝑒
21  Fine-grid convergence index 

H Channel height 

i Direction index in LBE model ( D2Q8 model) 
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I Unit matrix 

Ib Radiation intensity of the black body 

Ii Radiation distribution function in LBE model 

Ii
eq

 Equilibrium  radiation distribution function in LBE model 

j Kinematic viscosity ratio 

k Direction index in LBE model ( D2Q9 model) 

Ka Absorbing coefficient 

L Channel Length 

M Number of node 

�̇�𝑖𝑛 Mass flow rate at the inlet of the channel 

�̇�𝑠𝑒𝑐𝑡𝑖𝑜𝑛 Mass flow rate at each section of the channel 

N Conduction radiation ratio =
keβe

4σ(Tw−Tin)
3 

Nu Nusselt number 

p Pressure 

P Apparent order 

Pf Scattering phase function 

Pr Prandtl number,=
υe

αe
 

qr Dimensionless radiative heat flux 

r Ratio of the number of nodes  

r⃗n Position vector 

RP Radiation parameter=
βf
2(1−ω)H2

4N
 

Re Reynolds number =
UinH

υf
 

s Constant parameter 
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𝑠 Geometric distance 

t Time 

T Temperature 

Tin Inlet temperature 

Tw Wall temperature 

u Fluid velocity vector 

u Fluid velocity in x direction 

uo Velocity at outlet 

U Non-dimensional fluid velocity, = u/Uin  

Uin Inlet fluid velocity 

𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛 Local velocity in each section 

𝑈𝑅𝐹 Under relaxation factor 

𝛥𝑢+ Velocity difference with inlet section of the channel 

𝐯 Temporal velocity vector defined in Eq. (20) 

v Fluid velocity in y direction 

wgi Weighting coefficient for radiation 

wk Weighting coefficient for energy and momentum 

x Axial coordinate 

X Non-dimensional axial coordinat, = x/H 

y Transversal coordinate 

Y Non-dimensional transversal coordinat, = y/H 

Greek symbols 

αf Thermal diffusivity coefficient for fluid 

αs Thermal diffusivity coefficient for solid 

αe Effective Thermal diffusivity coefficient 
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Δt Time step 

Δx Space step 

ε Porosity 

𝜖 Difference of data 

βe Effective Extinction coefficient 

βs Extinction coefficient for solid  

βf Extinction coefficient for fluid 

υe Effective kinematical viscosity 

ταe Effective relaxation time for temperature 

distribution 

τυe Effective relaxation time for velocity distribution 

υf Kinematical viscosity for fluid 

γ Thermal diffusivity ratio 

σ Stefan–Boltzmann constant 

σs Scattering coefficient 

εe Emissivity coefficient 

ω Scattering albedo 

θ Dimensionless temperature, =
T−Tin

Tw−Tin
 

𝜃𝑚 Non-dimensional mean temperature 

𝜃𝑤 Non-dimensional temperature on the channel wall 

Ka Absorbing coefficient 

ρin Density at inlet 

ρo Density at outlet 

Ω space angle 
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𝛄 polar angle 

δ horizon angle 

φ𝑒𝑥𝑡
21  extrapolated values 

1. Introduction 

Over the last two decades, the applications of lattice Boltzmann method (LBM) to the 

simulations of fluid flow and heat transfer have increased significantly. The reason for the 

popularity of this method with the research communities is the simplicity of algorithms and 

boundary conditions, as well as ability to model the problems with complex geometries [1-3].  

Porous materials and foams are widely used in different thermal systems such as heat 

exchangers [4], building energy systems [5] and solar thermal systems [6]. Accordingly, 

investigating the influences of different parameters of these materials on fluid flow and heat 

transfer is imperative for these applications. So far, researchers have used lattice Boltzmann 

method in different problems of porous media such as boiling mechanism [7], deposition of 

particles [8], oscillating flow and heat transfer [9], thermal non-Newtonian fluid flows [10].  Ma 

et al. [11] used the lattice Boltzmann method to simulate the gas diffusion in isotropic and 

anisotropic fractal porous media. They concluded that the differences of effective diffusion 

coefficients for various diffusion directions augment considerably as the anisotropic strength 

increases. Yun et al. [12] employed the lattice Boltzmann method for Mesoscopic pore-scale 

simulating the free convection in porous media. They found that the Reynolds number has a 

considerable effect on free convection in porous media.   

Simulation of combined radiation-force convection heat transfer in porous media is of 

importance in several engineering applications including oil and gas extraction, nuclear reactor, 

gas storage, chemical reactions, and thermal energy storage [13]. Researchers have already used 

different numerical, analytical, and experimental methods to investigate this problem. Thakur 

et al. [14] performed an experimental work to study the solar air heater enhanced with a packed 
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bed. They found that the volumetric heat transfer coefficient enhances with decreasing the 

porosity of the packed bed. Dehghan et al. [15] used Homotopy perturbation technique to 

simulate the combined radiation-force convection heat transfer in a duct as a heat exchanger, 

filled with porous material. Their results indicated that the Homotopy perturbation as semi-

analytical technique is capable of simulating the radiation heat transfer in porous media. In 

another investigation, Bovand et al. [16] used computational fluid dynamics (CFD) to simulate 

the combined radiation-force convection heat transfer in a duct both partially and fully filled 

with porous material. Their results showed that the heat transfer coefficient reduces by 

increasing the porous layer thickness for smaller values of Darcy number. Parmananda et al. 

[17] used CFD to simulate the compound influences of convection and radiation in cubical 

cavities. These authors studied the effects of partitioning on heat transfer and concluded that 

partitioning along the front and back surfaces provide larger values of radiation and convective 

heat transfer coefficients in comparison with the top-bottom partitioning. Hosseini et al. [1] 

used LBM to model the compound radiation-force convection heat transfer inside a clear duct. 

Their results showed that the entrance length to develop the temperature field reduces as the 

radiation parameter increases. 

There are a number of studies about the applications of LBM in simulation of single-mode heat 

transfer in porous media. Gao et al. [18] used a new LBM to simulate conjugate convective heat 

transfer between a porous medium and other media including fluid, solid, and porous media. In 

their LBM, the volumetric heat capacity and a new parameter were defined for the equilibrium 

temperature distribution function to satisfy the temperature and heat flux continuities at the 

interface between the two media. It further does not need any correction of distribution 

functions around the interface. Vijaybabu et al. [19] used LBM to model the mixed convection 

heat transfer around a porous square obstacle. They found that for smaller Darcy numbers, e.g. 

10-6, the porous obstacle acts as a solid one exerts a larger resistance against the flow. 
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The literature review showed that currently there is no study on simulating the conjugate 

radiation-forced convection heat transfer in a porous medium by using lattice Boltzmann 

method. As stated earlier, the problem of conjugate radiation-forced convection heat transfer in 

a porous medium is practically important. Beside this, lattice Boltzmann method is a highly 

capable tool and generally thermal radiation can be readily simulated through using LBM. 

Further, in this paper, the lattice Boltzmann method is modified to improve the convergence 

speed and reduce the solution time in this problem. The procedure of this modification is 

presented in Appendix A. 

2. Problem description 

A schematic view of the problem under investigation is shown in Fig. 1. In this study, a two-

dimensional channel with height H and length L=10H is considered. A circular porous obstacle 

with diameter H/2 and constant temperature Tw is placed at the distances L/4 and H/2 from the 

inlet and lower walls of the channel, respectively. Air flows through the channel with uniform 

inlet velocity Uin and inlet temperature Tin.  

 

Fig. 1. The schematic view of the problem  

3. Mathematical models 

3.1. Governing equations 

Momentum, energy, and radiation transfer equations are solved by using a Lattice Boltzmann's 

method (BGK-SRT) [20-21]. The D2Q9 model is used to solve the momentum and energy 

equations. This model is shown in Fig. 2. 
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Fig. 2. Schematic of the lattice speed and weighting coefficient for momentum and energy 

equations. 

It should be noted that in this figure, 𝑤𝑘 and 𝑐𝑘 are the weighting coefficient and lattice speed, 

respectively. These parameters can be defined as 

𝑐𝑘 =

{
 
 

 
 

0,                                                                 𝑘 = 0

(cos [
(𝑘 − 1)𝜋

4
] , sin [

(𝑘 − 1)𝜋

4
]) 𝑐,             𝑘 = 1,… ,4

√2(cos [
(𝑘 − 1)𝜋

4
] , sin [

(𝑘 − 1)𝜋

4
]) 𝑐        𝑘 = 5,… ,8

 (1) 

𝑤𝑘 =

{
 
 

 
 
4

9
,                     𝑘 = 0

1

9
,            𝑘 = 1,… ,4

1

36
,          𝑘 = 5,… ,8

 (2) 

where 𝑐𝑠 denotes the speed of sound (c) and can be related to flow speed by: 

𝑐s =
𝑐

√3
, 𝑐 =

∆𝑥

∆𝑡
, (3) 

where 𝛥𝑥 and 𝛥𝑡 are the lattice space and the time steps, respectively. In this paper, isotropic 

and equilibrium radiation conditions in an absorbing, emitting, and scattering medium are 
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assumed. The D2Q8 model is used to solve the radiation equation. This model is shown in Fig.  

3. 

 
Fig. 3. Schematic of the lattice speed and weighting coefficient for radiation 

In this figure, 𝑤𝑔𝑖 and 𝑒𝑖 are the weighting coefficient and velocity along the lattice link i, 

respectively. These parameters are defined by: 

𝑤𝑔𝑖 =
1

8
, (4) 

𝑒1,3 = (±1,0) ∙ 𝑐 ,  𝑒2,4 = (0,±1) ∙ 𝑐 ,  𝑒5,6,7,8 = (±1,±1) ∙ 𝑐. (5) 

3.1.1. Momentum equation 

The generalised model proposed by Nithiarasu et al. [22] is used to simulate the incompressible 

fluid flows through stationary porous media. In this approach, the flow is governed by the 

following Navier-Stokes equation: 

𝜕𝒖

𝜕𝑡
 +  (𝑢 . 𝛻) (

𝑢

𝜀
) =  −

1

𝜌
𝛻(𝜀𝑝) + 𝜈𝑒𝛻

2𝑢 +  𝐹,  
(6) 

where 𝜌, 𝑢, 𝑝, and 𝜈𝑒 are the fluid density, the volume-averaged velocity, pressure, and the 

effective kinematic viscosity, respectively. Further, 𝐹 is the total force due to the existence of 

porous medium and other external forces, which are directly introduced as an external force in 

Lattice Boltzmann's equations [23-24]. 

The lattice equation for flow in a porous medium can be solved in two steps including collision 

and streaming stages. These stages are [25, 26]: 
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𝑓𝑘(𝑟𝑛 + 𝑐𝑘 ∙ ∆𝑡, 𝑡 + ∆𝑡) − 𝑓𝑘(𝑟𝑛, 𝑡) =
1

𝜏𝜐𝑒
(𝑓𝑘

𝑒𝑞(𝑟𝑛, 𝑡) − 𝑓𝑘(𝑟𝑛, 𝑡)) + ∆𝑡𝐹𝑘, (7) 

where Fk is the discrete body force in lattice Boltzmann model and can be defined as follows. 

𝐹𝑘 = 𝑤𝑘𝜌 (1 −
1

2𝜏𝜐𝑒
) [
𝑐𝑘 ∙ 𝐹

𝑐𝑠2
+
𝑢𝐹 ∶ (𝑐𝑘𝑐𝑘 − 𝑐𝑠

2𝐼)

𝜀𝑐𝑠4
], (8) 

in which 𝑓𝑘 and 𝑓𝑘
𝑒𝑞 are the distribution function and the equilibrium distribution function, 

respectively. Further, 𝜏𝜐𝑒 is an effective relaxation time and can be calculated by 

𝜐𝑒 =
∆𝑋2

3∆𝑡
(𝜏𝜐𝑒 − 0.5), 

(9) 

where 𝜐𝑒 is the effective kinematic viscosity. This parameter can be related to the fluid 

kinematic viscosity 𝜐𝑓 by defining the following kinematic viscosity ratio: 

𝑗 =
𝜐𝑒
𝜐𝑓
. (10) 

The equilibrium distribution function can be defined by [25] 

𝑓𝑘
𝑒𝑞 = 𝑤𝑘𝜌  [1 +

𝑐𝑘 ∙ 𝑢

𝑐𝑠2
+
𝑢𝑢 ∶ (𝑐𝑘𝑐𝑘 − 𝑐𝑠

2𝐼)

2𝜀𝑐𝑠4
]. (11) 

In Eq. 8, 𝐹 is the total body force induced by the porous medium and other external forces 

without buoyancy. This parameter can be expressed by [27]: 

𝐹 = −
𝜀𝜐𝑒
𝐾
𝑢 −

𝜀𝐹𝜀

√𝐾
|𝑢|𝑢, (12) 

where |𝑢| is  

|𝑢| = √𝑢2 + 𝑣2. (13) 

The first and second terms in the right-hand side of Eq. 12 denote Darcy and Forchheimer 

forces, respectively. Further, 𝐾 and 𝐹𝜀 are the permeability of the porous medium and geometric 

function, respectively.  According to Ergun’s experimental investigations [28], the geometric 

function and the permeability K are given by [29]: 
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𝐹𝜀 =
1.75

√150𝜀3
, (14) 

𝐾 =
𝜀3𝑑𝑝

2

150(1 − 𝜀)2
. (15) 

The macroscopic fluid density and pressure are determined by: 

𝜌 =∑𝑓𝑘 ,

𝑘

 (16) 

𝑝 =
𝑐𝑠
2𝜌

𝜀
. (17) 

The velocity in the porous medium can be determined by using the following nonlinear 

equation: 

𝜌𝑢 =∑ 𝑐𝑘𝑓𝑘 +
Δ𝑡

2
𝜌𝐹,

𝑘
 (18) 

Solving the above equation yields the following relationship: 

𝑢 =
𝒗

𝑐0 +√𝑐0
2 + 𝑐1|𝒗|

, (19) 

Note that the procedure for converting Eq. 18 into Eq. 19 is fully presented in Appendix B. 

Moreover, in Eq. 19, the temporary velocity 𝒗 and constant parameters c0 and c1 are expressed 

by: 

𝒗 =
∑ 𝑐𝑘𝑓𝑘𝑘

𝜌
, (20) 

𝑐0 =
1

2
(1 + 𝜀

Δ𝑡

2

𝜐𝑓

𝐾
), (21) 

𝑐1 = 𝜀
Δ𝑡

2

𝐹𝜀

√𝐾
, (22) 

in which the temporary velocity, 𝒗, is a non-corrected velocity vector, which the exact velocity 

in the porous medium can be determined by placing the temporary velocity in Eq. 19. 
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The governing equations for the flow inside the porous medium can be used for the flow outside 

the porous medium by considering ε=1 and F=0. Also, the velocity of the flow outside the 

porous medium is calculated from Eq. 20. 

3.1.2. Energy equation 

The energy equation, similar to momentum equation, can be solved in two stages of collision 

and streaming as follows [30-33]: 

𝑔𝑘(𝑟𝑛 + 𝑐𝑘 ∙ ∆𝑡, 𝑡 + ∆𝑡) − 𝑔𝑘(𝑟𝑛, 𝑡)

=
1

𝜏𝛼𝑒
(𝑔𝑘

𝑒𝑞(𝑟𝑛, 𝑡) − 𝑔𝑘(𝑟𝑛, 𝑡)) − 𝑤𝑘 (
∆𝑡

𝜌𝑐𝑝
) (∇ ∙ 𝑞𝑟), 

(23) 

where 𝑔𝑘 and 𝑔𝑘
𝑒𝑞

are the distribution function and the equilibrium distribution function, 

respectively. 𝜏𝛼𝑒  is an effective relaxation time which can be defined as 

𝛼𝑒 =
∆𝑋2

3∆𝑡
(𝜏𝛼𝑒 − 0.5), 

(24) 

in which 𝛼𝑒 is the effective thermal diffusivity calculated by 

𝛼𝑒 = 𝜀𝛼𝑓 + (1 − 𝜀)𝛼𝑠, (25) 

where 𝛼𝑠 and 𝛼𝑓 are the solid and fluid thermal diffusivities, respectively. They can be related 

to the effective thermal diffusivity by defining the following thermal diffusivity ratio: 

𝛾 =
𝛼𝑒
𝛼𝑓
. (26) 

In Eq. 24, the equilibrium distribution function can be calculated by [25]: 

𝑔𝑘
𝑒𝑞 = 𝑤𝑘𝜃 [1 +

3

𝑐2
𝑐𝑘 ∙ 𝑢], (27) 

where in dimensionless temperature of fluid 𝜃 is given by 

𝜃 =∑ 𝑔𝑘.
𝑘

 (28) 

In Eq. 23, 𝛻. 𝑞𝑟 is the radiative source term and is defined as [34]     

∇. 𝑞𝑟 = 𝐾𝑎(4𝜎𝜃
4 − 𝐺), (29) 
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𝐾𝑎 = 𝛽𝑒(1 − 𝜔), (30) 

where 𝛽𝑒, 𝐾𝑎 ,𝜎 ,𝐺 and 𝜔 are the effective extinction coefficient, absorption coefficient, Stefan–

Boltzmann constant, incident radiation, and scattering albedo, respectively. The relationship 

between the effective extinction coefficient and the scattering albedo can be found through the 

following equation: 

𝜔 =
𝜎𝑠
𝛽𝑒
, (31) 

where 𝜎𝑠 and 𝐺 are the scattering coefficient and incident radiation, respectively.  

3.1.3. Radiation equations 

The transmission equation for the radiation in the desired direction of 𝑠 can be presented in the 

following form [35]: 

𝑑𝐼

𝑑𝑠
= 𝑠. ∇𝐼 = −𝛽𝑒𝐼 + 𝑘𝑎𝐼𝑏 +

𝜎𝑠
4𝜋
∫ 𝐼𝑃𝑓(Ω, Ώ)
4𝜋

𝑑Ώ (32) 

where I, 𝛽𝑒, Ω, σs, 𝑠, ka are the radiation intensity, extinction coefficient, space angle, scattering 

coefficient, the geometric distance in the specified direction, and the absorption coefficient, 

respectively. Moreover, 𝐼𝑏 =
𝜎𝑇4

𝜋⁄  and p are the radiation intensity of the black body and the 

scattering phase function, respectively. For 𝑃𝑓(Ω, Ώ) = 1, the equilibrium radiation conditions 

are set and as a result, the volume distribution, 4𝜋𝐼𝑏 , is equal to the volume absorption, G, for 

this problem and the equation can be rewritten in the following form [36]: 

𝑑𝐼

𝑑𝑠
+ 𝑠. ∇𝐼 = 𝛽𝑒 (

𝐺

4𝜋
− 𝐼)  (33) 

The unsteady equation for Ii, the radiation intensity in the specified direction I, is similarly 

presented by [36]: 

1

𝑐𝐿

𝜕𝐼𝑖

𝜕𝑡
+ 𝑠. ∇𝐼𝑖 = 𝛽𝑒 (

𝐺

4𝜋
− 𝐼𝑖)  (34) 
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The radiation equations are similar for the two areas, and only the effective parameters are used 

for the equations in the porous medium. 

Since the geometry is two-dimensional and the lattice Boltzmann method is used, it is necessary 

to produce a two-dimensional grid that includes the entire plate of the desired domain. Figure 

4 shows the employed grid on a plate. In addition, since a two-dimensional radiation heat 

transfer is considered, all defined radiation directions must be solved. At each point, the 

radiation takes place in the spherical space of 4π and accordingly, the polar angle, 0≤γ≤π, is 

assumed to be isotropic. Therefore, the angular dependence of the radiation intensity can be 

assumed to be only in the direction of the angle from the horizon (0≤ δ≤2π). 

 
Fig. 4. The grid on a plate to solve the radiation equation.  

The details of solving of the radiation equation through LBM are presented in Refs. [37-39]. In 

lattice Boltzmann method, thermal radiation can be simulated using the following equation. 

𝐼𝑖(𝑟𝑛 + 𝑒𝑖 ∙ ∆𝑡, 𝑡 + ∆𝑡) − 𝐼𝑖(𝑟𝑛, 𝑡) =
∆𝑡

𝜏𝑖
[𝐼𝑖
𝑒𝑞(𝑟𝑛, 𝑡) − 𝐼𝑖(𝑟𝑛, 𝑡)], (35) 

where 𝐼𝑖 and 𝐼𝑖
𝑒𝑞

 are the distribution function and the equilibrium distribution function, 

respectively. 𝜏𝑖 is the radiative relaxation time and is given by [37]: 
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𝜏𝑖 =
1

𝑒𝑖𝛽𝑒
. (36) 

In Eq. 35, the equilibrium distribution function 𝐼𝑒𝑞 is determined by: 

𝐼𝑖
𝑒𝑞 =∑𝐼𝑖𝑤𝑔𝑖

8

𝑖=1

. (37) 

In Eq. 29, the source term of energy equation can be calculated by the following expression 

[40]: 

𝐼𝑒𝑞 =
𝐺

4𝜋
. (38) 

3.2. Boundary conditions 

The boundary conditions for the fluid flow are presented in this section [41]: 

 At the inlet section of the channel: 

𝜌𝑖𝑛 =
𝑓0 + 𝑓2 + 𝑓4 + 2(𝑓3 + 𝑓6 + 𝑓7)

1 − 𝑢𝑖𝑛
 (39) 

𝑓1 = 𝑓3 +
2

3
(𝜌𝑢)𝑖𝑛 (40) 

𝑓5 = 𝑓7 +
1

6
(𝜌𝑢)𝑖𝑛 (41) 

𝑓8 = 𝑓6 +
1

6
(𝜌𝑢)𝑖𝑛 (42) 

 At the outlet section of the channel: 

𝑢𝑜 = −1 +
(𝑓0 + 𝑓2 + 𝑓4 + 2 × (𝑓1 + 𝑓5 + 𝑓8))

𝜌𝑜
 (43) 

𝑓3 = 𝑓1 −
2

3
𝜌0𝑢𝑜 (44) 

𝑓7 = 𝑓5 −
1

6
𝜌0𝑢𝑜 + 0.5 × (𝑓2 − 𝑓4) (45) 

𝑓6 = 𝑓8 −
1

6
𝜌0𝑢𝑜 + 0.5 × (𝑓4 − 𝑓2) (46) 

 Over the channel walls: 
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The bounce back boundary conditions are used for the channel walls. This boundary is defined 

by [41]: 

 The bounce back boundary condition for the upper wall: 

𝑓4 = 𝑓2 (47) 

𝑓8 = 𝑓6 + 0.5 × (𝑓3 − 𝑓1) (48) 

𝑓7 = 𝑓5 + 0.5 × (𝑓1 − 𝑓3)                                                                                                                (49) 

 The bounce back boundary condition for the lower wall: 

𝑓2 = 𝑓4 (50) 

𝑓6 = 𝑓8 − 0.5 × (𝑓3 − 𝑓1) (51) 

𝑓5 = 𝑓7 − 0.5 × (𝑓1 − 𝑓3) (52) 

Moreover, the following thermal boundary conditions are used [41]: 

 At the inlet section of the channel: 

𝑔𝑘 = 𝜃𝑖𝑛(𝑤𝑘 + 𝑤�̂�) − 𝑔�̂� (53) 

 At the outlet section of the channel: 

𝑔𝑘,𝑛 = 2 × 𝑔𝑘,𝑛−1 − 𝑔𝑘,𝑛−2 (54) 

where n is the number of nodes in x direction. 

 At the channel walls: 

𝑔𝑘 = 𝜃𝑤(𝑤𝑘 + 𝑤�̂�) − 𝑔�̂� (55) 

where �̂� is the opposite direction of 𝑘. 

By considering the condition of diffusive and grey walls and using the value of one for the 

emissivity coefficient 𝜀𝑒 [1], the boundary conditions of the radiative distribution function can 

be presented in the following forms: 

 At the inlet section of the channel: 

𝐼𝑖 =
𝜎

𝜋
𝜃𝑖𝑛
4  (56) 
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 Over the channel wall: 

𝐼𝑖 =
𝜎

𝜋
𝜃𝑤
4  (57) 

 At the outlet section of the channel: 

𝐼𝑖 =
𝜎

𝜋
𝜃𝑜
4 (58) 

3.3.  Extinction coefficient of porous medium 

In this research, Silicon Carbide (SiC) is selected as the porous material. The extinction 

coefficient for the solid phase in the porous medium, presented by Guo and Zaho [42], can be 

evaluated by 

𝛽𝑠 = 12.64(1 − 𝜀)
0.7 𝑑𝑝

0.79⁄ , (59) 

where 𝜀 and 𝑑𝑝 are the porosity and the pore size, respectively. The effective extinction 

coefficient for the porous medium, containing solid and fluid phases, can be written in the 

following form 

𝛽𝑒 = 𝜀𝛽𝑓 + (1 − 𝜀)𝛽𝑠, (60) 

where 𝛽𝑓 and 𝛽𝑠 is the extinction coefficients of the fluid and solid phases, respectively. 

3.4. Calculation of Nusselt number 

To calculate the Nusselt number, the average temperature is used, which is defined by: 

𝜃𝑚 = ∫ 𝜌𝑢𝜃𝑑𝐴/∫ 𝜌𝑢𝑑𝐴
𝐴𝐴

,  (61) 

where 𝜃𝑚 is the mean temperature and u and θ are the local velocity and temperature, 

respectively. The Nusselt number on the wall of the channel can be calculated by: 

𝑁𝑢 = (
𝐻

𝜃𝑤−𝜃𝑚
)(−

𝜕𝜃

𝜕𝑦
), (62) 

In this equation, 𝜃𝑤 and H are the wall temperature and the channel width, respectively. 

3.5. Grid‑ independency study       
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The sample grid used in the channel is shown in Fig. 5. As shown in this figure, the structured 

and square grids are used in this problem.  

 
Fig. 5. The sample grid used in the channel. 

In this paper, the GCI convergence criterion is also used to ensure about the grid‑ independency 

of this problem [43-44]. In order to examine this criterion, it is assumed that the channel width 

is 10 mm. The velocity in x direction and the temperature at the centre of the porous medium 

for three grid numbers, including 20×200, 40×400, and 80×800, are calculated. The results of 

application of this criterion to this problem are presented in Table 1 for Re=10, Pr=0.744, 

ε=0.85, Da=0.1, N=0.03, and the radiation absorption coefficient of 0.1. According to Table 1, 

the GCI convergence criterion for the grid size of 40×400 has a negligible error and hence, this 

grid is used in the rest of this paper. 

Table 1. The results of GCI convergence criterion for Re=10, Pr=0.744, ε=0.85, Da=0.1, 

N=0.03, and the radiation absorption coefficient of 0.1. 

 U(2.5,0.5) θ(2.5,0.5) 

M1,M2,M3 64000,16000,4000 64000,16000,4000 

r21 2 2 

r32 2 2 

Data1 1.417 0.906 

Data2 1.419 0.906 

Data3 1.423 0.893 

P 1 2.459 

φ𝑒𝑥𝑡
21  1.415 0.90644 

e𝑎
21(%) 0.1411 0.2207 

𝑒𝑒𝑥𝑡
21 (%) 0.1413 0.04854 

GCI𝑓𝑖𝑛𝑒
21 (%) 0.1763 0.061341 

 

Note that in this table M is the number of nodes in the computational domain, U and θ are the 

dimensionless velocity and the dimensionless temperature, respectively. Data indicates the 
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local values of each parameter and r is the ratio of the space step of each mesh size to the space 

step of previous mesh. The apparent order P of the technique can be calculated by: 

𝑷 =
1

𝑙𝑛(𝑟21)
 (𝑙𝑛 (

𝜖32

𝜖21
) + ln (

𝑟21
𝐏 − 𝑠

𝑟32
𝐏 − 𝑠

)), (63) 

𝑠 = 1 . 𝑠𝑔𝑛(𝜖32/𝜖21), (64) 

where 𝜖21 = 𝐷𝑎𝑡𝑎2 − 𝐷𝑎𝑡𝑎1 and 𝜖32 = 𝐷𝑎𝑡𝑎3 − 𝐷𝑎𝑡𝑎2 

The extrapolated values can be calculated by the following relation 

∅𝑒𝑥𝑡
21 =

𝑟21
𝑷 𝐷𝑎𝑡𝑎1 − 𝐷𝑎𝑡𝑎2

𝑟21
𝑷 − 1

. (65) 

The approximate relative error is defined by: 

𝑒𝑎
21 = |

𝐷𝑎𝑡𝑎1 − 𝐷𝑎𝑡𝑎2

𝐷𝑎𝑡𝑎1
|, (66) 

and the extrapolated relative error is calculated through the following expression 

𝑒𝑒𝑥𝑡
21 = |

∅𝑒𝑥𝑡
21 − 𝐷𝑎𝑡𝑎1

∅𝑒𝑥𝑡
21 |. (67) 

Finally, the fine-grid convergence index is given by: 

𝐺𝐶𝐼𝑓𝑖𝑛𝑒
21 =

1.25𝑒𝑎
21

𝑟21
𝑷 − 1

. (68) 

3.6. Validation       

To evaluate the accuracy of the numerical results, the current results obtained by LBM is 

compared against the analytical data. Figure 6 shows the comparison of the results of the 

distributions of the dimensionless temperature obtained by the current LBM and an analytical 

solution presented by Talukdar et al. [45] for the combined radiation and convection heat 

transfer in a porous duct. It is noted that in this figure, the dimensionless temperature 

distribution has been plotted along the vertical line at the horizontal distance of X=0.05 from 

the channel inlet. As shown in this figure, there is a good agreement between the results 

obtained by the current LBM and the analytical solution.  
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The differences between the results of the present work and the analytical results are due to the 

simplifying assumptions made in the analytical paper [45]. These assumptions are: 

1. In the analytical paper, the flow is fully developed from the inlet of the channel, while 

in the present work, a developing flow is considered. 

2. The convection heat transfer along the channel height is ignored in the analytical paper. 

3. In the analytical paper, the conduction heat transfer along the length of the channel is 

ignored. 

4. Finally, the radiation heat transfer along the channel axis is also neglected in the 

analytical paper, while it has a significant contribution with heat transfer. 

 

Fig. 6. A comparison between the results obtained by the current LBM and the analytical 

solution of Talukdar et al. [45] for the dimensionless temperature distribution along the 

vertical line at the X=0.05, ω=0.35, N=0.01, εg=1, Pe=8, and β=2. 

For further validation, the fully developed velocity distribution inside a two-dimensional 

rectangular channel fully filled with a porous material is calculated by current LBM and 

compared with the numerical results of Mahmud and Fraser [46]. The results of this comparison 
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are plotted in Fig. 7 at different values of Darcy number and Re=100. An excellent agreement 

between the two set of numerical results is evident in this figure. 

 

Fig. 7. A comparison between the results obtained by the current LBM and the numerical 

results of Mahmud and Fraser [46] for the fully developed velocity distribution inside a two-

dimensional, rectangular channel fully filled with a porous material at different values of 

Darcy number and Re=100. 

4. Result and discussion 

The results of numerical simulations are presented in this section. The effects of different 

parameters including porosity and pore size of the porous medium and conduction radiation 

ratio on the flow and temperature fields are investigated. 

Figure 8 shows the streamlines for different values of porosity. It is recalled that ε=1 indicates 

that there is no cylinder inside the channel. The streamlines are parallel and there is no deviation 

for the case of ε=1. For this trivial case, the flow is fully attached to the cylinder wall and there 

is no flow separation and recirculating wake developed downstream of the cylinder. The amount 

of fluid penetrated inside the porous cylinder is related to the porosity. A more permeable 

cylinder allows the fluid to flow inside it to experience a low resistance. This minimises the 
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deviation of streamlines around the cylinder wall. Figure 8 shows that the streamlines deviation 

increases as the porosity of the porous cylinder decreases. For the lower values of porosity (e.g. 

0.85), two recirculation wakes are created at the downstream of the cylinder as the pressure is 

increased in the rear region of the cylinder and the flow receives the adverse pressure gradient 

and separates from the cylinder wall. By further decrease in porosity, the recirculation wakes 

are elongated. 

 
Fig. 8. Streamlines for different values of porosity  𝑅𝑒 = 100, 𝑑𝑝 = 0.9𝑚𝑚, 𝑗 = 1.  

Figure 9 shows the dimensionless temperature contour for different values of porosity at 𝑅𝑒 =

100, 𝑃𝑒 = 74.4, 𝑑𝑝 = 0.9𝑚𝑚, 𝑁 = 0.03 , 𝑗 = 1 , 𝛾 = 1, 𝜔 = 0,  𝜀𝑒 = 1. As shown in this 

figure, the thermal plume is formed behind the porous cylinder. The thermal plume elongates 

as the porosity increases. As mentioned earlier, a more permeable cylinder allows more fluid to 

flow inside it and thus, the fluid carries away more heat from the cylinder surfaces. Moreover, 

this figure shows that as porosity decreases, the thermal development length around the walls 

of the channel reduces. 
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Fig. 9. The dimensionless temperature contour for different values of porosity at 𝑅𝑒 = 100,

𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑁 = 0.03 , 𝑗 = 1, 𝛾 = 1, 𝜔 = 0, 𝜀𝑒 = 1. 

Figure 10 shows the local Nusselt number on the channel wall for different values of porosity 

at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑁 = 0.03 , 𝑗 = 1, 𝛾 = 1, 𝜔 = 0, 𝜀𝑒 = 1. As 

shown in this figure, the Nusselt number decreases on the channel wall by decreasing the 

porosity, which indicates the reduction of heat transfer along the channel length. 

The local Nusselt number, on the part of the channel wall that the porous cylinder is placed, 

enhances dramatically for all values of porosity. This indicates that the presence of porous 

cylinder enhances the heat transfer on the channel wall.  
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Fig. 10. The local Nusselt number on the channel wall for different values of porosity at 𝑅𝑒 =

100, 𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑁 = 0.03 , 𝑗 = 1, 𝛾 = 1, 𝜔 = 0, 𝜀𝑒 = 1. 

Figure 11 shows the streamlines for different values of pore size. The permeability of the porous 

medium decreases with reducing the pore size. Accordingly, the streamlines deviations around 

the cylinder wall increase with decreasing the pore sizes. Further, for a very low pore size, two 

recirculation wakes are formed downstream of the cylinder due to the flow separation. 

 
Fig. 11. Streamlines for different values of pore size at 𝑅𝑒 = 100 , 𝑗 = 1, 𝜀 = 0.85. 

Figure 12 shows the dimensionless temperature distribution for different values of pore sizes. 

As shown in this figure, the thermal plume formed behind the porous cylinder elongates as the 

pore size increases. This means that the thermal penetration of porous cylinder increases with 

increasing the pore size. It is emphasised that the transport of heat is enhanced with increasing 

the pore size because the fluid flows faster through the internal pores of the porous cylinder.  

mm 

mm 

mm 

mm 
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Fig. 12. The dimensionless temperature contour for different values of pore size at 𝑅𝑒 = 100,

𝑃𝑒 =  74.4 , 𝑁 = 0.03 , 𝑗 = 1 , 𝛾 = 1, 𝜀 = 0.85, 𝜔 = 0,  𝜀𝑒 = 1. 

Figure 13 shows the local Nusselt number on the channel wall for different values of pore size 

at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑁 = 0.03 , 𝑗 = 1, 𝛾 = 1, 𝜔 = 0, 𝜀𝑒 = 1.  It can 

be seen that the Nusselt number decreases on the channel wall by increasing the pore size. 

Further, as the pore size increases, the values of Nusselt number converge, indicating a 

nonlinear relationship between the Nusselt number and the pore size.  

 

Fig. 13. The local Nusselt number on the channel wall for different values of pore size at 

𝑅𝑒 = 100, 𝑃𝑒 =  74.4 , 𝑁 = 0.03 , 𝑗 = 1 , 𝛾 = 1, 𝜀 = 0.85, 𝜔 = 0,  𝜀𝑒 = 1. 

Figure 14 shows the dimensionless temperature distribution for different values of conduction-

radiation ratio at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4, 𝑑𝑝 = 0.9𝑚𝑚, 𝑗 = 1, 𝛾 = 1, 𝜀 = 0.85, 𝜔 =

mm 

mm 

mm 

mm 
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0,  and 𝜀𝑒 = 1. It can be seen that the temperature increases in the porous cylinder and 

downstream regions of the cylinder as the conduction-radiation ratio decreases. This provides 

smoother temperature gradients in the flow field. It is also noted that the radiation contribution 

increases as the conduction-radiation ratio decreases. The medium will absorb more radiation 

energy as the radiation contribution increases. 

 
Fig. 14. The dimensionless temperature distribution for different values of conduction-

radiation ratio at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4, 𝑑𝑝 = 0.9𝑚𝑚, 𝑗 = 1, 𝛾 = 1, 𝜀 = 0.85, 𝜔 =

0,  and 𝜀𝑒 = 1.  

Figure 15 shows the mean temperature distribution along the channel length for different values 

of conduction - radiation ratio. In this figure, X=2.5 indicates the location of the centre of the 

cylinder. The mean temperature decreases with increasing the values of conduction - radiation 

ratio for X>2.5. As already discussed, the radiation contribution decreases as the conduction 

radiation ratio increases. This leads to the absorption of a lower radiation energy and therefore, 

a reduction in the temperature.  
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Fig. 15. Mean temperature distribution along the channel length for different values of 

conduction - radiation ratio at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑗 = 1 , 𝛾 = 1, 𝜀 =

0.85, 𝜔 = 0,  𝜀𝑒 = 1. 

Figure 16 discloses the local Nusselt number on the channel wall for different values of 

conduction-radiation ratio at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑗 = 1 , 𝛾 = 1, 𝜀 =

0.85, 𝜔 = 0,  𝜀𝑒 = 1. As shown in this figure, the Nusselt number decreases on the channel 

wall by increasing the conduction-radiation ratio. It is noted that the variations of the Nusselt 

number with the conduction-radiation ratio are very small. The maximum variations of the 

Nusselt number with the conduction-radiation ratio occurs on the part of the channel wall that 

the porous cylinder is placed on. In other parts of the channel length, the conduction-radiation 

ratio has a negligible effect on the Nusselt number.  
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Fig. 16. The local Nusselt number on the channel wall for different values of conduction - 

radiation ratio at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4,  𝑑𝑝 = 0.9𝑚𝑚 , 𝑗 = 1 , 𝛾 = 1, 𝜀 = 0.85, 𝜔 =

0,  𝜀𝑒 = 1. 

Figure 17 depicts the streamlines for different values of kinematic viscosity ratio. The kinematic 

viscosity ratio represents the ratio of the effective kinematic viscosity of the porous medium to 

the kinematic viscosity of the fluid. This parameter directly affects the flow inside and outside 

of the porous cylinder and ultimately affects the heat transfer. As shown in Fig. 17, the 

penetration of flow inside the porous cylinder decreases as the kinematic viscosity ratio 

increases. This leads to the passage of the flow around the cylinder instead of penetrating inside 

it. As a result, the flow separation from the cylinder surface takes place and recirculation regions 

are formed for larger values of the effective kinematic viscosity. Finally, the lengths of wakes 

increase with increasing the kinematic viscosity ratio. 
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Fig. 17. Streamlines for different values of kinematic viscosity ratio at  𝑅𝑒 = 100, 𝑃𝑒 =

 74.4, 𝛾 = 1,  𝜔 = 0, 𝜀 = 0.85, and 𝑁 = 0.03. 

The effects of kinematic viscosity ratio on the dimensionless temperature distribution are 

disclosed in Fig. 18. This figure shows that the thermal plume formed behind the porous 

cylinder shrinks and the thermal penetration of porous cylinder reduces with increasing the 

kinematic viscosity ratio. This could be due to the reduction of fluid penetration into the porous 

medium for larger values of kinematic viscosity ratio.  

 
Fig. 18. The dimensionless temperature distribution for different values of kinematic viscosity 

ratio at  Re = 100, 𝑃𝑒 =  74.4, 𝛾 = 1,  𝜔 = 0, 𝜀 = 0.85, and 𝑁 = 0.03. 

The effects of kinematic viscosity ratio on the mean temperature distribution along the channel 

length are shown in Fig. 19. These effects are due to the reduction of fluid penetration into the 

porous medium. It is noted that the temperature of porous medium is higher than the inlet fluid 

temperature. Moreover, the reduction of fluid penetration into the porous medium reduces the 

heat transfer and the fluid contact with the inner surfaces of the porous medium. Consequently, 

the fluid flow only contacts with the outer surface of the porous cylinder and thus absorbs less 

heat from the porous cylinder. The mean temperature at the channel output decreases by about 

19% as the kinematic viscosity ratio increases in the range of 0.1 to 10.  
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Fig. 19. Mean temperature distribution along the channel length for different values of 

kinematic viscosity ratio at  Re = 100, 𝑃𝑒 =  74.4, 𝛾 = 1,  𝜔 = 0, 𝜀 = 0.85, and 𝑁 = 0.03. 

The effects of kinematic viscosity ratio on the local Nusselt number on the channel wall at 

 Re = 100, 𝑃𝑒 =  74.4, 𝛾 = 1,  𝜔 = 0, 𝜀 = 0.85, and 𝑁 = 0.03 are shown in Fig. 20. As 

shown in this figure, the Nusselt number decreases on the channel wall by increasing the 

kinematic viscosity ratio. Further, as the kinematic viscosity ratio decreases, the values of 

Nusselt number converge, indicating a nonlinear relationship between the Nusselt number and 

the kinematic viscosity ratio. The maximum variations of the Nusselt number with the 

kinematic viscosity ratio occurs on the part of the channel wall that the porous cylinder is placed 

on. In other parts of the channel length, the kinematic viscosity ratio has a negligible effect on 

the Nusselt number.  
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Fig. 20. The local Nusselt number on the channel wall for different values of kinematic 

viscosity ratio at  Re = 100, 𝑃𝑒 =  74.4, 𝛾 = 1,  𝜔 = 0, 𝜀 = 0.85, and 𝑁 = 0.03. 

Figure 21 discloses the dimensionless temperature distribution for different values of extinction 

coefficient of fluid. This figure shows that the thermal entrance length of the channel decreases 

as the extinction coefficient of fluid increases. Accordingly, the extinction coefficient of fluid 

strongly affects the channel temperature. As a result, for the processes in which the fluid is 

unable to absorb thermal radiation, the porous medium can recover this defect. However, the 

role of the porous medium in this regard decreases for the cases in which the fluid is capable of 

absorbing radiation. 

 
Fig. 21. The dimensionless temperature distribution for different values of extinction 

coefficient of fluid at 𝑅𝑒 = 100, 𝑃𝑒 = 74.4, 𝑗 = 1, 𝜔 = 0, 𝜀 = 0.85,  and 𝛾 = 1. 
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Figure 22 shows the mean temperature distribution along the channel length for different values 

of extinction coefficient of fluid. It is inferred from this figure that the thermal entrance length 

of the channel decreases with increasing the extinction coefficient of fluid. It is recalled that the 

effective extinction coefficient of the porous medium is a function of the extinction coefficient 

of fluid. Hence, change of the the extinction coefficient of fluid directly affects the absorption 

of porous media, which is clearly seen in this figure. The mean temperature at the channel 

output increases by about 22% as the extinction coefficient of fluid increases in the range of 0 

to 0.03. 

 
Fig. 22. Mean temperature distribution along the channel length for different values of 

extinction coefficient of fluid at 𝑅𝑒 = 100, 𝑃𝑒 =  74.4,  𝑗 = 1, 𝜔 = 0, 𝜀 = 0.85, and 𝛾 =

1.  

The effects of extinction coefficient of the fluid upon the local Nusselt number on the channel 

wall at 𝑅𝑒 = 100, 𝑃𝑒 =  74.4,  𝑗 = 1, 𝜔 = 0, 𝜀 = 0.85, and 𝛾 = 1 are shown in Fig. 23. 

As shown in this figure, the Nusselt number on the part of the channel wall upstream of the 

porous cylinder decreases by increasing the extinction coefficient of fluid. However, a reverse 

procedure happens on the part of the channel located downstream of the porous cylinder. For 

the part of the channel wall that the porous cylinder is placed, the extinction coefficient of fluid 

has a negligible effect on the Nusselt number. Moreover, as the extinction coefficient of fluid 
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decreases, the values of Nusselt number converge, indicating a nonlinear relationship between 

the Nusselt number and the extinction coefficient of fluid. 

 

Fig. 23. The local Nusselt number on the channel wall for different values of extinction 

coefficient of fluid at 𝑅𝑒 = 100, 𝑃𝑒 =  74.4,  𝑗 = 1, 𝜔 = 0, 𝜀 = 0.85, and 𝛾 = 1. 

Finally, it was observed that the Nusselt number and the average temperature reduce by 

increasing the conduction-radiation ratio. The same procedure was reported by McCulloch [47]. 

Further, it was concluded that the average temperature increases with increasing the extinction 

coefficient of fluid,  in agreement with that reported by Talukdar et al. [48]. Similar to the work 

of Talukdar et al. [48], it was observed that the Nusselt number decreases on the channel wall 

by increasing the pore size. 

5. Conclusions  

In this paper, a lattice Boltzmann method was used to simulate the conjugate radiation-forced 

convection heat transfer in a porous medium. The main findings of this work are summarized 

in the followings. 

 There is a good agreement between the results obtained by the current LBM and the 

analytical solution for this problem. 
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 The streamlines deviation increases as the porosity of the porous cylinder decrease. For 

lower values of porosity (e.g. 0.85), two recirculation wakes are formed downstream of 

the cylinder. 

 Increasing the pore size results in decreasing the Nusselt number on the channel wall.  

 The Nusselt number decreases on the channel wall by decreasing the porosity and by 

increasing the kinematic viscosity ratio.  

 The temperature increases in the porous cylinder and downstream regions of the 

cylinder as the conduction-radiation ratio decreases. 

 The mean temperature at the channel output decreases by about 19% as the kinematic 

viscosity ratio increases in the range of 0.1 to 10. 

 The mean temperature at the channel output increases by about 22% as the extinction 

coefficient of the fluid increases in the range of 0 to 0.03. 

Appendix A 

The descriptions about the procedure of mass flow rate control in LBM are provided in this 

Appendix. The mass flow rate at the entrance of the channel is calculated as follows: 

�̇�𝑖𝑛 = ∫ 𝜌𝑢𝑖𝑛𝑑𝐴
𝐻

0
                                                                                                                 (A1) 

where, 𝜌, �̇�𝑖𝑛, 𝑢𝑖𝑛, and 𝑑𝐴 are the fluid density, the mass flow rate at the entrance of the 

channel, fluid velocity at entrance of the channel, and the surface element normal to the channel 

axis, respectively.  

Further, the mass flow rate at each cross section of the channel is defined as follows: 

�̇�𝑠𝑒𝑐𝑡𝑖𝑜𝑛 = ∫ 𝜌𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑑𝐴
𝐻

0
                                                                                                  (A2) 

𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛
𝑛𝑒𝑤

𝑢𝑖𝑛
=

𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛
𝑜𝑙𝑑

𝑢𝑖𝑛
+𝑈𝑅𝐹 ×

(�̇�𝑖𝑛−�̇�𝑠𝑒𝑐𝑡𝑖𝑜𝑛)

𝜌

𝑢𝑖𝑛×𝐻×𝑅𝑒
2                                                                               (A3) 

𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛
𝑛𝑒𝑤

𝑢𝑖𝑛
=

𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛
𝑜𝑙𝑑

𝑢𝑖𝑛
+𝑈𝑅𝐹 × 𝛥𝑢+                                                                                            (A4) 
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𝛥𝑢+ =
(�̇�𝑖𝑛−�̇�𝑠𝑒𝑐𝑡𝑖𝑜𝑛)

𝜌×𝑢𝑖𝑛×𝐻×𝑅𝑒
2                                                                                                              (A5) 

where 𝑢𝑠𝑒𝑐𝑡𝑖𝑜𝑛, �̇�𝑠𝑒𝑐𝑡𝑖𝑜𝑛, and 𝑈𝑅𝐹 are the local velocity distribution at each cross section of the 

channel, the mass flow rate at each cross section of the channel, and the under relaxation factor, 

respectively. Eventually, the difference between the flow rates at the entrance of the channel 

and an arbitrary cross section is positive if the flow rate at that cross section to be lower than 

the flow rate of the entrance. This causes an increment in the velocity of that cross section and 

also leads to a significant improvement in the convergence speed.  

Appendix B 

The following equation is used to calculate the velocity in the porous medium [49]: 

𝜌𝑢 =∑ 𝑐𝑘𝑓𝑘 +
Δ𝑡

2
𝜌𝐹

𝑘
 (B1) 

where 𝐹 = −
𝜀𝜐𝑒

𝐾
𝑢 −

𝜀𝐹𝜀

√𝐾
|𝑢|𝑢 is the external force exerted by the porous medium. By placing 

the value of this force in Eq. B1, the following equation can be derived:   

𝜌𝑢 =∑ 𝑐𝑘𝑓𝑘 +
Δ𝑡

2
𝜌(−

𝜀𝜐𝑒
𝐾
𝑢 −

𝜀𝐹𝜀

√𝐾
|𝑢|𝑢)

𝑘
 (B2) 

The Eq. B2 is a nonlinear relation. By rewriting this equation, the following equation can be 

obtained: 

𝜌
Δ𝑡

2

𝜀𝐹𝜀

√𝐾
|𝑢|𝑢 + 𝜌 (1 +

Δ𝑡

2

𝜀𝜐𝑒
𝐾
)𝑢 − 𝜌 (

∑ 𝑐𝑘𝑓𝑘𝑘

𝜌
) = 0 (B3) 

By considering 𝑐1 =
𝛥𝑡

2

𝜀𝐹𝜀

√𝐾
, 𝑐0 =

1

2
(1 + 𝜀

𝛥𝑡

2

𝜐𝑓

𝐾
), and 𝒗 =

∑ 𝑐𝑘𝑓𝑘𝑘

𝜌
, Eq. B3 can be rewritten in the 

following form:  

𝜌𝑐1|𝑢|𝑢 + 2𝜌𝑐0𝑢 − 𝜌𝒗 = 0 (B4) 

By assuming non-zero density, Eq. B4 can be simplified as follows: 

𝑐1|𝑢|𝑢 + 2𝑐0𝑢 − 𝒗 = 0  → 𝑢 =
𝒗

𝑐1|𝑢|+2𝑐0
 (B5) 
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The denominator of this equation is a scalar. The following quadratic equation with respect to 

|u| can be achieved: 

|𝑢| =
|𝒗|

𝑐1|𝑢|+2𝑐0
  → 𝑐1|𝑢|

2 + 2𝑐0|𝑢| − |𝒗| = 0 (B6) 

The roots of this equation are: 

|𝑢| = −
1

𝑐1
(𝑐0 ±√𝑐0

2 + 𝑐1|𝒗|)                                                                                                (B7) 

|𝑢| is a positive value and accordingly, the second root is acceptable. By placing it into Eq. B5, 

the velocity in the porous medium can be obtained as follows: 

𝑢 =
𝒗

𝑐0+√𝑐0
2+𝑐1|𝒗|

                                                                                                
(B8) 
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