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POISSON A-BRACKETS FOR DIFFERENTIAL-DIFFERENCE
EQUATIONS

ALBERTO DE SOLE!, VICTOR G. KAC?, DANIELE VALERI® AND MINORU WAKIMOTO*

ABSTRACT

We introduce the notion of a multiplicative Poisson A-bracket, which plays the same role
in the theory of Hamiltonian differential-difference equations as the usual Poisson A-bracket
plays in the theory of Hamiltonian PDE. We classify multiplicative Poisson A-brackets in
one difference variable up to order 5. As an example, we demonstrate how to apply the
Lenard-Magri scheme to a compatible pair of multiplicative Poisson A-brackets of order 1
and 2, to establish integrability of the Volterra chain.

1. INTRODUCTION

The notion of a Lie conformal algebra appeared naturally in the study of commutators

of local formal distributions. Namely, expanding the commutator in terms of derivatives

of the formal delta-function 0(z — w) = Y, ., w"z"""1,

N
(L.1) [a(2), b(w)] = Y & (w)d,8(z —w) /],
j=0

we may define the A-bracket as the Fourier transform of (1.1):
N
(1.2) [a(w)rb(w)] =)
=0
Then, letting 0 = 0, it is easy to see that the A-bracket (1.2) satisfies the following
properties [K98]:
C1 (sesquilinearity) [Daxb] = —A[axb], O[axb] = [Daxb] + [ar0b],
C2 (skewsymmetry) [baa] = ——[a_s-_nb],
C3 (Jacobi identity) [ax[buc]] — [bulaxc]] = [[arb]a+pc]-

N
ﬁcj(w).
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Here and thereafter the arrow to the left (resp. right) means that 0 should be moved to
the left (resp. right).

Recall that a Lie conformal algebra is a vector space R with an endomorphism 0, endowed
with a A-bracket R ® R — R[)], a ® b — [a)b], such that the axioms C1, C2, and C3 hold.

Subsequently, in the paper [GK98] the notion of a I'-locality was studied, where I' is a
subgroup of the group of fractional linear transformation w Zg)’is Here we consider the
simplest case when I is a cyclic group, generated by a transformation . Then, instead of
(1.1), we consider the bracket of the form

(1.3) [a(z2), b(w)] = Z d(w)d(z — 7 - w).

It is easy to see that, letting

a(w);b(w) = (w), Sa(w) =~ (w)aly - w),
the following properties hold [GK98]:

(1.5) b(j)a = —Sj(a(_j)b),
(1.6) ai) (b)) — b (agye) = (ag—5b)g)e-

Introducing, in analogy with (1.2), the A-bracket [axb] = 3_; M (a(;)b), the properties (1.4)-
(1.6) can be rewritten as follows:

M1 (sesquilinearity) [Saxb] = A~ [axb], S[axb] = [SaxSb],

M2 (skewsymmetry) [bra] = —«[a(gx)-10],

M3 (Jacobi identity) [ax[buc]] — [bularc]] = [[axb]auc]-

We thus arrive at the following definition.

Definition 1.1. A multiplicative Lie conformal algebra is a vector space R with an auto-
morphism S, endowed with a A-bracket R® R — R[A\,A7Y], a ® b~ [apb], such that the
axioms M1, M2, and M3 hold.

Note that the axioms M1-M3 are obtained from C1-C3 by replacing A+ by Ap and the
derivation 0 by the automorphism S, hence the name “multiplicative”. The multiplicative
Lie conformal algebras are classified by pairs (g,S), where g is a Lie algebra and S its
“admissible” automorphism due to the following

Remark 1.2. [GK98] A multiplicative Lie conformal algebra R carries a Lie algebra struc-
ture with the bracket [a,b] = a(g)b (the coefficient of A° in the A-bracket). Furthermore, S
is an automorphism of this Lie algebra, satisfying the following admissibility property:

(1.7) [S™a,b] = 0 for all but finitely many n € Z.
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Conversely, given a Lie algebra g with an automorphism S, satisfying (1.7), we can intro-
duce on g the associated structure of a multiplicative Lie conformal algebra, letting

(1.8) [axb] = > A"[S

neL

The purpose of the present paper is to study the multiplicative Poisson vertex algebras
(PVA) and explain their role in the theory of Hamiltonian differential difference equations.
Our main idea is that the multiplicative PVA play the same role in the theory of Hamil-
tonian differential difference equations as the usual PVA play in the theory of Hamiltonian
PDE (see [BDSKO09] for the latter). Thus, this paper may be viewed as a development of
ideas of Boris Kupershmidt [Ku85], to whom this paper is dedicated.

Definition 1.3. A multiplicative PVA is a unital commutative associative algebra V with
an automorphism S, endowed with a multiplicative Lie conformal algebra A-bracket {axb},
such that one has

L1 (left Leibniz rule) {axbc} = {axb}c + b{axc}.
Using skewsymmetry M2, we deduce

L2 (right Leibniz rule) {abxc} = {arsc}b + {brsc}a.

Remark 1.4. Remark 1.2 extends to any multiplicative PVA V. Namely, the Lie algebra
bracket on V, defined by Remark 1.2, together with the associative commutative multipli-
cation on V), is a Poisson algebra with an automorphism S, for which the Poisson bracket
satisfies (1.7).

The first main result of the paper is the classification of multiplicative PVA A-brackets
of order N < 5 on the space of functions V; in one difference variable u. Note that, due to
skewsymmetry M2, such a A-bracket of order N has the form

(1.9) {uru} = Z N fi €V, fn £0,

and, extending (1.9) to V using the sesquilinearity M1 and the Leibniz rules L1 and L2 (or
rather the master formula (2.2)), the obtained A-bracket satisfies skewsymmetry.

Let u, = S™(u), so that up = u. The first series of examples of multiplicative Poisson
A-brackets on V) (i.e., satisfying, in addition, the Jacobi identity M3) is given by

(1.10) {uru}ig = Ng(u)g(up) — X g(u)g(u_y),

where g(u) € V;. All these A-brackets are compatible, i.e. their arbitrary linear combination
Z;V:l cj{uyu}j g, where ¢;’s are constants, is again a multiplicative Poisson A-bracket, called
the multiplicative Poisson A-bracket of gemeral type.
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The second series of examples, called the complementary type multiplicative A-brackets,
is of the form (1.9) with N > 2, where

hi=f=...=fn-3=0, if N >4,
fn—2=g(u )Q(UN—2)F1(U) o Fn_1(un_2), if N> 3,
fvot = g(wglun—1)(EN 2 Fi(u) ... Fy_1(un—2) + 2 N Fi(u1) ... Fn_1(un—1)),
v =g(w)g(un)Fi(ur)... Fn—1(un-1),

g(u), Fj(u) are non-zero elements of V; and ¢ is a constant, such that

(1.11)

(1.12) g(w)Fj(u) =’ '"Fj(u), j=1,...,N—1, "1 =—1.
We denote this Poisson A-bracket by {.).}n 4. For example,

(1.13) {unutzg—1 = A=(AS)™")(g(w)g(ur) (F(w)+F(u1))+(A*~(AS) ?)g(u)g(uz) F (u1),

where F'(u)g(u) = F(u), F'(u) # 0.

Next, note that, given n € Zs1, replacing in (1.9) M by A\, S/ by S™ and f; =
fi(u,ur,ua,...) by fj(u,un,un,...), we obtain from a multiplicative Poisson A-bracket
{.).} the n-stretched multiplicative Poisson A-bracket {..}(™. Its order is n.N.

It is straightforward to check that all the above examples indeed satisfy the Jacobi
identity M3 for a = b = ¢ = u (by Proposition 2.2 it follows that these examples are
multiplicative Poisson vertex algebras). We prove that any multiplicative Poisson A-bracket
on V; of order < 5 is one of the following:

(i) general type,
(ii) constant multiple of the complementary type,
(iii) linear combination of the A\-brackets {.).} N and {.x.}1,4 where N =2 or 3,
(iv) linear combination of the complementary type A-bracket {.x.}2 4,1 and the follow—

ing A-bracket of order 4

fir =0, f2=g(u)g(uz)F(u)F(u1) ™' F(u2),
f3 = g(w)g(us) (F(u)F~" (ur) F(uz) + F(uy) F~ (u2) F(u3)),
1= g(w)g(ua) F(ur)F~ (u2) F(u3),

where g(u)F'(u) = F(u) and F(u) # 0.

(v) linear combination of the 2-stretched A-brackets {. /\'}gg),,—l and {. A.}f;,

(vi) constant multiple of the following c-deformed complementary type multiplicative
A-bracket of order 4, where g(u), Fj(u), and ¢ are as in (1.12) for N =4, € # —1:

fi = g(u)g(ur)(cFi(u)F3(ur) — ¢),

f2 = g(w)g(u2) (Fy(u) Fa(u1) F3(ug) + c(€* Fy (u) F3(u1) + €2 F1 (u1) F3(u2))),

f3 = g(uw)g(uz)(e* Fi (u) Fa(u1) F3(ug) + &> Fy (u1) Fa(ug) F3(u3) + cFy (u1) F3(uz)),
fo = g(w)g(ua) Fy (ur) Fa(uz) F5(us3)
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(vil) linear combination of the order 2 general type A-bracket {uyu}iy + {uru}ay and
the following A-bracket of order 5:

f1=9(wg(w)F(u)G(w),

fo = —g(u)g(uz)(eF (u)G(ur) + & F(u1)G(ug)),

f3 = g(u)g(uz) (e F(u)G(ur) + F(u1)G(uz) + e F (uz)G (u3)),
f1=—g(u)g(ua)(eF (u1)G(ug) + e F(u2)G(u3)),

fs = g(u)g(us) F(u2)G (us),

where € is a primitive 3rd root of 1, g(u) # 0, and g(u)F'(u) = eF(u) and
9(w)G' () = G(u).

(viii) constant multiple of the following multiplicative A-bracket of order 5, attached to
non-zero functions F(u), g(u) € V, such that g(u)F’(u) = F(u) and a constant c ,
given by

f1 = g(w)g(u1)(F(u)F(u1) + ¢(F(u) + F(u1)) + ¢?),
—g(w)g(ug) (F(u)F(u1) + F(u1)F(ug) + c(F(u) + F(u) + F(ug)) + ¢%),
(U)Q(US)(F(U)F(Ul) + F(u1)F(u2) + F(u2) F(uz) + c(F(u1) + F(uz))),
f4 = —g(u)g(ua)(F(u1)F(uz) + F(ug)F(us) + cF(u2)),
f5 = g(u)g(us) F(uz) F(us).

We give a detailed proof of this classification for N = 1,2,3 and 4 (Theorems 2.5, 8.1,
and 9.1). The proof for N = 5 (under the same assumptions on V as in Theorems 2.5, 8.1,
and 9.1) is similar, but involves much more computations, which are skipped.

Thus, we see that, in spite of many analogies, the classification of multiplicative Poisson
A-brackets is radically different from that of ordinary Poisson A-brackets, see [DSKW10].

One of the referees pointed out that without loss of generality by a point transformation
F(u) can be set to F'(u) = u, so that g(u) = u, or else one can choose g(u) = 1, so that
F(u) = e". In both cases the resulting expressions for multiplicative A-brackets are greatly
simplified.

Multiplicative PVA V gives rise to a Hamiltonian differential-difference equation as fol-
lows. Denote by

P
P

[V =V =V/(S— 1)V

the canonical quotient map. Then it is immediate to see that the following key lemma

holds.

Lemma 1.5. Formula

(1.14) {/f: ]9} = [{rg} =1

endows V with a well-defined Lie algebra structure, and the formula

(1.15) {/ 1,9} ={frg}r=1
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defines a representation of the Lie algebra V by derivations of the multiplicative PVA V,
which commute with S.

Choosing a Hamiltonian functional [h € V, we define the corresponding Hamiltonian
equation

d
(1.16) d—? = {[hul, ue V.
A Hamiltonian function [ h is called an integral of motion of this equation if [ % =0

in virtue of (1.16), i.e. {[h, [h1} = 0. The equation (1.16) is called integrable if it has
infinitely many integrals of motion in involution, i.e. if [h is contained in an infinite-
dimensional abelian subalgebra of the Lie algebra V with bracket (1.14).

The most famous example of a differential-difference equation is the Volterra chain:

d7u
dt
dun _

(applying S™ to both sides, we obtain its more traditional form %9~ = u, (up11—un—1), n €
Z). This equation can be written in a Hamiltonian form (1.16) with respect to the order 1
general type Poisson A-bracket {uyu}, 1 = Auu; —A"luu_1 by choosing J u as a Hamilton-
ian functional. Moreover, equation (1.17) is bi-Hamiltonian, i.e. it can be written in the
form (1.16) with a different, complementary type order 2 multiplicative Poisson A-bracket
{uyu}2,,—1 and the Hamiltonian functional % f log u. These two multiplicative Poisson \-
brackets are compatible, hence the Lenard-Magri type scheme could be applied. We prove
that indeed in this case the Lenard-Magri sequence can be infinitely extended, proving
thereby that the Volterra chain (1.17) has infinitely many linearly independent integrals of
motion, i.e. is integrable (this is a special case of Proposition 7.3 for F(u) = u).

In the paper we develop the related theory of the variational complex. Of course some
of it has been done already in [Ku85].

Our work was stimulated by the book [Ku85] and the paper [KMW13], from which we
learned the basics of the subject.

We are grateful to S. Carpentier for pointing out that the equations obtained from
compatible multiplicative Poisson A-brackets of higher order via the Lenard-Magri scheme
reduce to the Volterra equation. In fact, we do not know any compatible pair of (local) mul-
tiplicative Poisson A-brackets in one variable which leads to a different equation. However,
there are non-local ones.

We would like to thank the referees for very useful comments.

(1.17) =u(ug —u_q)

2. CLASSIFICATION OF MULTIPLICATIVE PVA OF ORDER < 2 IN ONE VARIABLE

Analogously to the case of ordinary PVA [BDSKO09], we shall work in the framework
of an algebra of “difference” functions V. The simplest and most important example is
the algebra of difference polynomials P, in ¢ variables u!, ..., u‘. This is the algebra of
polynomials over F (our base field) in the variables u!, where i € [ = {1,...,¢} and n € Z.
This algebra carries an automorphism S, defined by Su! = ul, 11, 1 €1, n € Z. It satisfies
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the following relation
o 0
oui,  Oul,

(2.1) S,iel,nel.

£ is a commutative

o)
oul,
extending those on Py, and an automorphism S extending that on Py, such that the following
two properties hold:

Definition 2.1. An algebra of difference functions in £ variables u', ..., u
associative unital algebra V, containing Py, and endowed with commuting derivations

(i) 8% =0 for all but finitely many pairs (i,n);
(ii) formula (2.1) holds.

Let 5
f:{fGV’aqj;:Oforall(i,n)}.

Let C = {f € V|Sf = f} be the subalgebra of constants. Note that, by (2.1) and axiom
(i), C C F and SF = F.

The proof of the following Proposition is the same as for the ordinary PVA, see [BDSK09],
Theorem 1.15.

Proposition 2.2. Let V be an algebra of difference functions in £ variables ul,...,ut. For
each pair i, j € I choose {uiu?} € VIA\,A\71]. Then
(a) The master formula

9] . 0
(22) (B} = 3 208 (whew' )5 (08) "
i,jelZ Un m
m,ne

defines a multiplicative A-bracket on V, satisfying the sesquilinearity M1 and the
Leibniz rules L1 and L2 (see introduction), which extends the given \-brackets on
the generators u', i € I.
(b) Formula (2.2) satisfies the skewsymmetry M2, iff it holds on each pair of generators.
(c) Assuming that the skewsymmetry holds on each pair of generators, the multiplica-
tive \-bracket (2.2) satisfies the Jacobi identity M3, iff it holds on any triple of
generators.

Remark 2.3. The master formula defines a unique multiplicative A-bracket on Py, satisfying
the sesquilinearity and the Leibniz rules, with the given {uf\uj}, 1,7 € I. This uniqueness
holds also if V is obtained from P, by adjoining solutions of polynomial or differential
equations with coefficients in V), like inverses of non-zero elements or exponentials.

Definition 2.4. A A-bracket, defined by the master formula (2.2), is called a multiplicative
Poisson A-bracket if it defines a structure of a multiplicative PVA on V.

Theorem 2.5. Let V be an algebra of difference functions in one variable u without zero
divisors and such that C = F is a field. Then any multiplicative Poisson A-bracket on
V of order < 2 is either of general type (= linear combination of A-brackets (1.10) with
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k <2), oris a linear combination of the A-bracket {.\.}2 4 1 of complementary type, given
by (1.13), and the A-bracket {.x.}1,4 of general type, given by (1.10).

Proof. Let {uyu} =3 ;s Nffi.. fr € V. Using the master formula, the Jacobi identity M3
(from the Introduction) for a = b = ¢ = u becomes:

Z )\z—i-k Ska Zujfj Zuz-i-k Sz 6 Z )\]fj

ik J

_ Z()\M)kakswrk(E Z )\jfj),
J

ik

(2.3)

Note that for the A-bracket, satisfying skewsymmetry, the coefficients of
AT and AT~ in (2.3) give the same equation on the f;’s. Hence all the equations
come from the coefficients of A u™ with 0 < m < n. Hence for such a pair (m,n) for the
multiplicative Poisson A-bracket of degree N the corresponding term appears in (2.3) iff
0<m < N and m <n <m+ N. The number of such pairs is N2.

We now use the following lemma.

Amun’ )\?’L m,

Lemma 2.6. Identity (2.3) and skewsymmetry imply that fr, = fi(u,u1,...,u) for k > 0.

Proof. Let N = max{i| f; # 0},ix = max{i|3 f’“ # 0}, and suppose that i > k + 1.
Computing the coefficient of ATV ;* in (2.3), we obtain: (S%* fy )8]0’C 0 = 0, hence

é‘? l{ k = (, a contradiction. Hence % =0fori>kifk>0.Ina sumlar way we prove
Zk T

that %f—;i’“ =0 for i < —k if £ > 0. The lemma follows due to the skewsymmetry relation

fr = —Skf_k, ke Z. O
By (1.9) and Lemma 2.6, the A-bracket {uju} of order N has the form
N
(2.4) {unu} = (N = (AS) ) fr(u, ua, ..y up).
k=1

Let now N < 2. Then (2.3) is equivalent to the following four equations on fi = fi(u, u1)
and fo = fo(u,u1,us), which correspond to coefficients of A2, A2u3, \u?, A2, respectively:

zan o 2 af
(2.5) f25° 5= = (5°F2 )8u2
(2.0 52+ (3052 - st
(2.7 ($£)50 = 552 4+ s,

(2.8) (Sﬁ)afl <f1>8f2—f18f2+f1 (%ﬁ) R s aﬁ
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First, consider the case N = 2, i.e. fa # 0. Note that, by (2.5),

L= 52250

Since the LHS (resp. RHS) of this equation is a function of u,u;,us (resp. ug,us, uq), we
conclude that both sides are functions of us. It follows from (2.9) that log f2 is a sum of
a function in uy and a function in u,u; (resp. a sum of a function in u and a function in
u1,uz). Hence

(2.9)

fo = pluz)p(u,u1) = g(u)y(us, ug).
It follows that fo/p(us2) is independent of ug, hence ¥ (u,ug)/p(uz) = h(uy). Thus
2)-

f2 = g(w)h(u1)p(u

It follows that

8 o= g, G278 = S og gt

Substituting this in (2.9), we obtaln, using (2.1),
9, 108 P(u2) —logg(us)) = 0.

Hence p(uz) = cg(uz), where ¢ is a non-zero constant. Absorbing this constant in h(uy),
we obtain:

(2.10) fa(u, 1, ug) = g(u)h(ur)g(us).

Note that, conversely, (2.10) implies (2.5).
Next, we analyse equation (2.6). Substituting in it (2.10) and dividing both sides by
g(u)h(uy), we obtain

e & gt S )~ gus2S,

Since the first term in the LHS and the RHS are independent of u;, we conclude that the
second term in the LHS is independent of u;. Hence

g(u) Oh(u) _
(2.12) ) au —°€C
First consider the case when h/(u) # 0. Then we can see from (2.10) that
h(u
(213) fo = ow)g(un)hun), where gfu) = ap . o 20

which is the coefficient of A? in (1.10) with F' = h. Substituting (2.12) in (2.11), we obtain
the following equation, to which S? is applied:

Of1(u, ul).

fi(u,u1)g' (u) + ag(u)h(u)g(ui) = g(u) 5
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Dividing both sides by g(u)?, we obtain:

9 fi(u,u1) — ah(u)g(ul) = I'(u)g(u1)

o g(u) 9(u)
Integrating by v and multiplying by g(u), we obtain
(2.14) Si(u,ur) = g(u)h(u)g(ur) + g(u) Aus).
Next, we use equation (2.7), in which we substitute (2.13) to get:
Ofi(u,u1) 9g(u1)
g(u1) o Ji(u, ua) o0 T ag(u)g(ur)h(ui).

Dividing both sides by g(u1)2, we obtain
f h
0 ( 1(u,u1)> (u) (u1)7

ouy g(u1) g(u1)
and, using (2.12), we get
o (P0)) — g ).
Integrating by u1, we have, after multiplying both sides by g(u1),
(2.15) fi(u,ua) = g(u)h(ur)g(ur) + g(ur) B(u).
Equating the RHS’s of (2.14) and (2.15) and dividing by g(u)g(u1), we obtain:
A(ur) — g(u)h(u1) _ B(u) — g(w)h(u)

g(u1) g(u)
It follows that both sides are equal to ¢ € C, hence

A(ur) = g(ug)h(uy) + cg(uq),
and, by (2.14), we see that

filw,ur) = g(u)g(ur) (h(u) + hur) + ¢),
completing the case when h'(u) # 0.
Finally, consider the case h'(u) = 0, i.e. h(u) € C. This case also includes the case fo =0
by letting h = 0 in (2.10). In this case (2.11) and (2.13) become:

0
Bu; (log f1) =

so that log f1 = log g(u) + C(u1) = log g(u1) + D(u). Hence f1 = c1g9(u)g(u1), ¢1 € C, and
by (2.10), fo = cag(u)g(ug),c2 € C.

It is straightforward to check that the f; and fo, obtained above, do satisfy equations
(2.5)—(2.8), completing the proof of Theorem 2.5. O

(u;) for i = 0,1,

Remark 2.7. If we drop the assumption that C = F in Theorem 2.5, the classification of
multiplicative Poisson A-brackets of order < 2 is similar, but a little different. Namely, one
has the following two possibilities:
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(i) (general type)

A 0
i =¢j95(g9), 7 =1,2, wherec; € F, g€V, 85' = 0fori > 1;
(ii) (complementary type)
S~—1(a) S(a) c 9
fi =98P+ SEDF) + ). o= aS(0)S(P),
where g, F € V,a € F,ce(C, ag #0, a%gi:()zg—iforiZL g%—i:aF.

Remark 2.8. Given a Lie algebra g, we can construct a multiplicative Lie conformal algebra
Cur g = F[S, S~!]g with the multiplicative A-bracket

[axb] = [a,b] for a,b € g,

extended by sesquilinearity M1. We conjecture that a finite rank over C[S, S~!] simple mul-
tiplicative Lie conformal algebra is isomorphic to Cur g for some simple finite-dimensional
Lie algebra g. (Added in proof: this conjecture has been proved recently by Efim Zel-
manov.) For example, it is easy to check that any rank 1 multiplicative Lie conformal
algebra is trivial. Indeed, if [uyu] = f(\, S)u for some f(\,S) € F]A\,A71,S,571], by the
sesquilinearity M1, the Jacobi identity for a = b = ¢ = u reads:

(2.16) FAS)FNS) = FO ) £ (11, S) = FOL i)™ F O, ).
Suppose that f # 0, and let n be the maximal power of S, appearing in f. Then it is

immediate to see that the maximal power of S which occurs in the LHS (resp. RHS) of
(2.16) is 2n if n # 0 and is negative if n = 0 (resp. is n), a contradiction.

The following lemma is useful.

Lemma 2.9. Let V be an algebra of difference functions, such that the subalgebra of con-
stants C is a domain and the subalgebra F contains no eigenvectors of S other than from
C. Let P(x) € Clx, 1] be such that P(—1) # 0. Then the kernel of P(S) in V is zero.

Proof. Tt suffices to show that the kernel of S 4 a is zero for any constant a # —1. Let
f €V be outside of F and such that (S + a)f = 0. Then there exists i, such that of #£0

ou
for some integer n. Take maximal such n. By (2.1) we have:
g 0
Ouy, Oupyy

of
ou?,

(S+a)—a——.
8un+1

Applying both sides to f, we obtain S = 0, a contradiction. O

3. EVOLUTION DIFFERENCE EQUATIONS AND RELATED NOTIONS

An evolution difference equation over an algebra of difference functions V in £ variables
u = {u'};cs is a system of equations of the form

d .
(3.1) di: = P, where P = (P%);c; € V.
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Applying S™ to both sides, we obtain a system of ordinary differential equations on all uf,

dul -
;;" = S"(PY),iel,neL.
Recall that elements of V = V/(S — 1)V are called Hamiltonian functionals and are

denoted by [ f, f € V. Such an element is called an integral of motion of (3.1) if 4 f f=0
in virtue of (3.1). Using the chain rule, this condition becomes

(3.2) [ Xp(f) =0,
where
(3.3) Xp=)Y_ 5" auz
neZ
i€l

is the difference evolutionary vector field, attached to P € V¢. This is a derivation of the
algebra V, commuting with the automorphism S.
Since, by definition, [ S(f) = [ f, we have integration by parts

(3-4) IS"(fg=1r5"(9), neZ

Applying integration by parts to (3.2), (3.3), we obtain that [ f is an integral of motion
of the equation (3.1) if and only if

(3.5) %{L P=0.

Here 2—5 € V! is the column vector of difference variational derivatives

(3.6) (w =) s ( e ) ,

neL

and P-Q =) ,; P'Q' stands for the dot product in V¢. In the sequel we shall also need
the difference Frechet derivative Dp(S) of F € V¢, defined as an ¢ x £ matrix difference
operator

Fi
OF" o

(3.7) (Dp(S))ijer = 2
nez Qun
Recall that the space of difference evolutionary vector fields is closed under the usual

Lie bracket (P,Q € V*):

(3.8) [Xp, Xq] = X|pq), where [P,Q] = Xp(Q) — Xq(P).
The vector field X¢ is called a symmetry of the equation (3.1) if [Xp, Xg] = 0. This
property is equivalent to the compatibility of equation (3.1) and the equation j—ﬁ =@ in

— dd
the sense that 4 5 dt1 dt di
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4. HAMILTONIAN DIFFERENCE OPERATORS

Let V be a unital associative algebra with an automorphism S. Then V[S, S~!] is a unital
Z-graded associative algebra with the product o defined by the relation
(4.1) Sof==5(f)S, feV,
and the Z-grading, defined by degV = 0, deg S = 1. The algebra V[S, S~!] is called the
algebra of difference operators over V. This algebra carries an anti-involution * defined by
ff=ffor fey, S*=5"1.

Let now V be an algebra of difference functions in ¢ variables u’, i € I = {1,...,¢} (see
Definition 2.1). Let V be endowed by a A-bracket, defined by the master formula (2.2).
The ¢ x ¢ matrix difference operator

(4.2) H(S) = ({ulu'} )i jer

is called the Hamiltonian operator (or Poisson structure), associated with the A-bracket
(2.2), provided that it satisfies the skewsymmetry and Jacobi identities.
It is immediate to see that (1.15) for g = u/, j € I, can be written as

of
4. =H(S)—
(43) {f fou} = H(S)Z
where wu is the column vector of the u'’s and —gfi is the column vector of difference variational

derivatives (3.6).
Applying integration by parts to (2.2), we obtain
of

(1.4 Urfoy =152 ms)s.

Of course, formulas (4.3)—(4.4) are completely analogous to those in the differential case
(cf. [Ku85]).

Note also that while the Hamiltonian operator H(S) is defined via the A-bracket (2.2)
by (4.2), conversely, the A-bracket (2.2) can be expressed via H(S) by

(4.5) {udu'})ijer = HOAS) L.

It follows from (4.3) that the Hamiltonian equation (1.16) with a A-bracket, corresponding
via (4.5) to the Hamiltonian operator H(S), and a Hamiltonian functional [h € V, is an
evolution difference equation

du 6[h
— =H(S)——.
dt (5) ou
Recall that, by Lemma 1.5, we have a homomorphism of the Lie algebra V with bracket
(1.14) to derivatives of V, commuting with S. By (4.3) it is given by the formula

(4.7) [ Xpgpors -

Consequently, we obtain the standard

(4.6)
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Proposition 4.1. If [ f is an integral of motion of the Hamiltonian equation (4.6), then
the evolutionary vector field XH(S)% I%; s a symmetry of this equation.

The following proposition translates the properties of the Poisson A-brackets to that of
the corresponding Hamiltonian operators. It is a “difference” analogue of Proposition 1.16
from [BDSKO09].

Proposition 4.2. (a) The multiplicative A-bracket (2.2) is skewsymmetric if and only
if the associated via (4.2) difference operator H(S) = (Hyj(S))ijer s skewadjoint:

H(S)" = —H(S), where (Hy;(S))* = (Hy(S)").

(b) If the operator H(S) is skewadjoint, then the corresponding A-bracket, defined by
(2.2) and (4.5), satisfies Jacobi identity if and only if one of the following equivalent
conditions holds:

(i) the multiplicative A-bracket on V, associated to H(S) via (4.5), satisfies the
Jacobi identity,
(ii) the following identity holds for any i,j,k € I :

3 (Wuswﬂtm - ww&”ﬂm(#))

tel ne’ Oun,
_n OHji(A
= Y Hows) ) 2
ou
telnez n

(iii) the following identity holds for any F,G € V¢ :
H(S)Dg(S)H (S)F + H(S)Dyy5yp(S)G — H(S)Dp(S)H(S)G + H(S)Dp(S)H(S)G
= Dps)c(S)H(S)F — Dy(s)r(S)H(S)G,

where Dp(S) is the difference Frechet derivative of F' € V¢, defined by (3.7).

Proof. (a) is straightforward and equivalence of (i) and (ii) in (b) is clear by (4.2). In order
to prove equivalence of (ii) and (iii), note the following identity for any F € V* :

(Dr(s)r(9))ij — (H(S)Dp(S))ij = OH(S)ik 1 gn

kelneZ Oun
Applying both sides to H(S)G, we obtain for F,G € V¢, i € I:
(4.8)
i i OH (S)ik i\ am j
(Dr(syr(S)H(S)G)' = (H(S)Dp(S)H(S)G)' = Y (——==—=F")S"((H(S)G)).

J
jkelnez dun

Denote by (4.8)* the identity, obtained from (4.8) by applying * to it,and by (4.8)p,
obtained from (4.8) by substituting G by F. Then the identity (4.8) — (4.8)" + (4.8) - shows
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that identity (iii) is equivalent to the following identity for any F,G € V*:

> S ghgnrrs)p - Y M prs (56"

jktel Oun, jiketel Oun
VA neL
(4.9) e
aH S
j : Hz] kt( )Ft)Gk)
g,ktel 8””
nGZ

Since identity (4.9) holds for every F,G € V¥, we can replace in it S, acting on F*, by A,
and S, acting on G*, by p, and write it as an identity for polynomials in A and p. This
shows that identity (4.9) is equivalent to (ii). O

Corollary 4.3. Let H(S) be a Hamiltonian operator, acting on V. Then H(S)V' is a
subalgebra of V* with respect to the bracket (3.8).

Proof. Since Dp(S)G = XqF, the RHS of (iii) in Proposition 4.2 is the bracket (3.8) of
H(S)F and H(S)G, while the LHS lies in the image of H(S). O

According to Remarks 1.2 and 1.4, there is an alternative language of Poisson brackets
on an algebra of difference functions V in «', ¢ € I, with an automorphism S.

Proposition 4.4. (a) Given a Poisson A-bracket on V, defined by the A-brackets
{up/} =D NfP ijel
kEZ

let

(4.10) Wl ul]=S8"f9  ijel, mneZ,

m? n

and extend this to the whole of V by the ordinary Leibniz rules:

of 89
ijel Ot 8“"
m,n€L

(This is the coefficient of \° in (2.2).) Then V becomes an (ordinary) Poisson
algebra with an automorphism S, and such that

(4.12) [ul, ul] = 0 for |m —n| > 0.

m> 1’L

(b) Conversely, if V has a structure of a Poisson algebra with S-invariant bracket |[., .|,
and satisfying the locality property (4.12), then, letting

{uhe’} =D Nluf, w))

keZ
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and extending by the master formula (2.2), endows V with the structure of a mul-
tiplicative PVA. The corresponding Hamiltonian operator is

H(S) = (Z[ui,u6]5k> .
keZ ijel
Proof. Straightforward verification. O

Remark 4.5. In the case of one difference variable u the multiplicative A\-bracket is defined
by {uau} = > ez fuA¥, and, by (4.10) the corresponding Poisson bracket becomes

[Um, un] = S™ frn—n, m,n € Z.

For example, in case of the general type multiplicative A-bracket of order NN, given by
fr = ckg(u)g(ug),c—x = —cx, k = 1,..., N, the corresponding Poisson bracket is

(4.13) [Uims un] = Cm—ng(um)g(un)-
In the case of the complementary multiplicative A-bracket of degree 2 we have
fr = g(w)g(u)(F(u) + F(u1)),  f2 = g(u)g(uz) F(ur),

and the corresponding Poisson bracket is

+g(tm)g(un)F (tnt1) if m—n=42,
(4.14) [ty Up] = [:)I:g(um)g(un)(F(um) + F(uy)) if }711 —n==+l1,
otherwise.

Bracket (4.13) for N =1 is compatible with bracket (4.14). A linear combination of these
brackets for g(u) = F(u) = u is the well-known Faddeev-Takhtajan-Volkov bracket [FT86].

5. THE VARIATIONAL COMPLEX

Let V be an algebra of difference functions in the variables u’, i € I = {1,...,¢}. The
basic de Rham complex Q= Q(V) is defined as a free commutative superalgebra over V
with odd generators du’, i € I,n € Z. It has the same properties as the basic de Rham
complex, studied in [BDSKO09], Section 3. We recall here the most necessary of them.

The superalgebra €2 consists of finite sums of the form

(5.1) = > e eull AL A Sk

Vlyeeey 1k my?

M1,..., Mg
fih---,ik €V,
01,0 €1
mi,....mpEZL

and has the usual (super)commutative product A. This is a Z,-graded superalgebra:
QV) = Byez, QF, where the grading is defined by letting degV = 0, degdul = 1. It
carries an odd derivation ¢ of degree 1, defined by

5(6ul) =0, of = %m; for f € V.

i€l
nel
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It is immediate to check that 2 = 0, hence we have cohomology of this complex

H(Q(V),6) = P H*QV),9).
k>0

In the same way as in [BDSK09] we show that the complex (©2(V), ) is acyclic, provided
that the algebra of difference functions V is normal, as defined below. The algebra V carries
a filtration by subspaces

Vn,i:{fEV 8f

oul,

=0 for (m,j) > (n,i)in the lexicographical order} .

The algebra V is called normal if %ani =V, foralliecl,ncZ.

Theorem 5.1.
ks | F, k=0

provided that V is normal.

Next, we extend the automorphism S of the algebra V to an automorphism of the
superalgebra Q(V), letting

S(6ul) = dulyq, i€ I,n € Z,

and denote it again by S. It is immediate to check, using (2.1), that S commutes with d,

hence (S —1)Q(V) is a d-invariant subspace, and we can define the reduced complex

(5-2) QV) = QV)/(S - HAY) = P V),

k>0

with the induced action of §. It is called the variational complex.
In the same way as in [BDSKO09], Section 3, using the long cohomology exact sequence,
we prove (cf. [Ku85])

Theorem 5.2.
F/(S—1)F, ifk=0
aiaw).o ={ /5 T

provided that V is normal.

In the same way as in [DSK09] and [BDSKO09] we have identifications of Q°(V) with
V/(S — 1)V, Q1(V) with V¢, Q*(V) with the space of skewadjoint ¢ x ¢ matrix difference
operators, and QF(V) for k > 2 with the space of skewsymmetric k-difference operators.
With these identifications we have explicit formulas for §, similar to that in the above
quoted papers. We shall need only the first two of them (f € V, F € V) :

off .
(53) 51 9) = "1 6(F) = De(s) - Dr(s)”
where Dp(S9) is the difference Frechet derivative of F' € V¢, defined by (3.7). As a result,
we obtain the following corollary of Theorem 5.2.
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Corollary 5.3. Let V be an algebra of difference functions. Then
(a) Ker % C F+ (S —1)V, and we have the equality if V is normal.
(b) If F € Im %, then F is closed, i.e. Dp(S) = Dp(S)*. IfV is normal, the converse
holds. O

Examples 5.4. (a) The algebra Py is a normal algebra of difference functions with F =
C =F. Hence Ker & =F + (S — 1)P,.
(b) The algebra Pylx] with S extended from P, by S(z) = x + 1, is normal with
F =F[z] = (S — 1)F. Hence Ker £ = (5§ — 1)P,.

(c) The algebra P;[u,*,logu, |n € Z] is a normal algebra of difference functions.

As explained in [DSK13|, Lemma 4.3. any algebra of difference functions V can be
extended to a normal one, which can be taken to be a domain if V is.
The importance of the variational complex is revealed by the following theorem.

Theorem 5.5. Let H and K € Matyy V[S, S™1] be two compatible Hamiltonian difference
operators and assume that K is non-degenerate (i.e. KM = 0 implies M = 0 for any
M € Matyxo V[S,S™Y). Let &, &1,& € QY (V) = VE be such that

(5.4) K&, = HE, forn=0,1.

If & and & are exact, then & is closed (in the variational complex).

This theorem is well known in the theory of evolutionary PDE. Its simplest proof was
given in the framework of the theory of Dirac structures [D93], [BDSK09], [DSK13]. A
parallel theory of Dirac structures in the difference case can be developed without difficulty.
In particular, this gives a proof of Theorem 5.5.

The following symmetric bilinear form is used in the definition of a Dirac structure:
(5.5) VExVES Y, (FIG)=[F-G.

A proof, similar to that in [BDSK09], Proposition 1.3(a), shows that this form is non-
degenerate.

6. THE LENARD-MAGRI SCHEME.

Let V be an algebra of difference functions in ¢ variables. Given two difference operators
H(S) and K(S) : V* — V’, a sequence of elements &, ...,&n—1 € VY, N > 2, is called a
Lenard-Magri sequence if the following Lenard-Magri relations hold

(6.1) K(S); =H(S)¢-1, j=1,...,N—1.
For a difference operator L(S) : V¢ — V! define the bilinear form
(6.2) VEXVE SV, (F,G) = (L(S)F|G).

Note that this form is skewsymmetric if the operator L(S) is skewadjoint.
The following theorem is analogous to that in the differential case, cf. [D93], [BDSK09].

Theorem 6.1. Let H(S) and K(S) be skewadjoint difference operators on V¢, and let
€o,....EN—1 € V! be a Lenard-Magri sequence. Then
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(a) For allm,n € {0,...,N — 1} one has
<§m7§n>H =0= <§m7§n>K .

(b) If&; are exact, i.e. & = % for some h; €V, j=0,...,N —1, then all the h; are
i involution with respect to both A-brackets, associated to the operators H and K
via (4.5).

(c) If the following orthogonality condition holds:

span{o, ..., En—1}" C Im K(S)

where | stands for the orthogonal complement with respect to the bilinear form
(5.5), then we can extend the sequence &o,...,En—1 to an infinite Lenard-Magri
sequence.

(d) If & and & are exact, H(S) and K(S) are compatible Hamiltonian operators and
K(S) is non-degenerate (i.e. its kernel is finite-dimensional), then §; = 5£uhj for
some hj € V, j =0,1,...,N — 1, provided that V is normal, and all these fhj
are in involution with respect to the brackets, defined by (4.4) for both H and K.
Furthermore, if N = oo and the & span an infinite-dimensional subspace of Ve,
then

du
— ={[h; ) =0,1,...
dt] {f jvu}v J s Ly )
1s a compatible integrable hierarchy of Hamiltonian difference equations.
Proof. a) goes back to Lenard and Magri, and can be found e.g. in [BDSK09], Lemma 2.6.
(b) follows from (a) and (4.4). The proof of (c) is the same as in [BDSK09], Proposition
2.9. Claim (d) follows by Theorem 5.2 for £k = 1 and Theorem 5.5. O

Remark 6.2. Usually one begins a Lenard-Magri sequence with £ € Ker K(S). If this
sequence is infinite and one has another Lenard-Magri sequence that begins with £ €
Ker K(S), then we also have (§;,&})m or k = 0 for all 4,7, provided that both H(S) and
K(S) are skewadjoint (see [BDSKO09], Proposition 2.10(c)).

Remark 6.3. Let § = 0 and & = % € Ker K(S) for some hy € V. Then, under the

assumptions on H and K of Theorem 5.5, any & € V¥, such that K(S)& = H(S)&. is
closed.

The method of constructing infinite Lenard-Magri sequences, outlined in this section,
works well in the PDE case, see [BDSK09], [DSK13]. However, it doesn’t work well for
difference equations since it is difficult to verify the orthogonality condition of Theorem
6.1(c). In the next section we use a different method, on the example of the Volterra chain.

7. INTEGRABLE BI-HAMILTONIAN DIFFERENCE EQUATIONS, ASSOCIATED TO
HAMILTONIAN OPERATORS OF ORDER < 2

It follows from Theorem 2.5 that the following two difference operators are compatible
(i.e. any their linear combination is a Hamiltonian difference operator):

(7.1) K(S) = g(u)(g(u1)S — g(u_1)S™1),
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Hy(S) =g(u) (g(u) (F(u) + F(u1))S + F(u1)g(uz)S*

(7.2) . y
— gu)(F(u) + F(u_1))S™ = Flu_1)g(u—2)S72),
where
(7.3) F'(u)g(u) = F(u), F'(u) #0.
For F' = g = u these operators are listed in [KMW13].
Let
1 /
(7.4) §o = 29(w)’ §1=F'(u).
It is straightforward to check the following:
(7.5) K(5)6 =0, K(S)&1 = Hz(5)& -
It follows from (7.5) that the difference equation
du
(7.6) o = 9 (F(u1) = Flu-1))
0

is bi-Hamiltonian (indeed the RHS is equal to H3(S)&y). For F' = u this is the Volterra
chain (1.17); for F' = u® this is the Kac-Moerbeke-Langmuir equation (see [KMW13]). The
point transformation v = F'(u) transforms (7.6) to the Volterra chain.

We have the following compatible (by Theorem 6.1 and Proposition 4.1) with equation
(7.6) difference equatlon = H3(S5)&;, explicitly:
(7.7)

;lz = g(uw)(F'(u)F(u1) +F(U1)2 + F(u1)F(ug) — F(u)F(u—1) — F(u_1)2 — F(u_1)F(u_y)).

We proceed to construct an infinite Lenard-Magri sequence, extending (7.4) and (7.5).
In fact, we shall consider a more general situation. Let )V be an algebra of difference
functions in u, and let g(u) be an invertible element of V.

Lemma 7.1. Let K(S) be a difference operator, defined by (7.1), and let H(S) = ", fxS* €
V[S, S be an arbitrary skewadjoint difference operator. Let {&;}j=0. N—1 C V,N > 2,
be a Lenard-Magri sequence, such that &y = ﬁ(u) € Ker K(S). Then

(a) %H(S)&V,l = (S —1)An, where

Ay = —g(w)g(ua) > &STHE) - Y > SUUrGSTHE)).

3,521 1,720 k>1
itj=N i+j=N—10<(<k—1

(b) If 25(AN) = (1 + S)g(uw)én for some En €V, then K(S)én = H(S)En—1.
Proof. Let £ = Z §]z 7. Since K(S)¢ = 0, we have K (S)¢ = ZN LK (S)g;279. Using
(6.1), we obtain K (S )f ZN L H(S)E 12T =27t ZN ° H(S)¢;277. Hence, multiplying
by £, we obtain

(7.8) EK(S)E = 27\ €H(S)E — €H(S)en—127 V.
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Note that, since K(S) = g(u )(S S~1) o g(u), we have

EK(5)E = £g(u)S(g(w)é) — Eg(u)S™ (g(u)€) = S(Eg(w)S™ (€g(w))) — Eg(u) S~ (g(u)g).
Thus

(7.9) EK(S)E = (S = 1)(9(w)&S™ (g(w)€))-

Similarly, since H(S) = Zk>1(fk5k — S7% 0o f1), we obtain

(7.10) S)E=> (s “F(fr8)).
k>1

Using (7.9) and (7.10), we can rewrite (7.8) as follows:
(T11) (S = Diglmg(uESTE) = -1 3 SUS1ESH(E) — EH(S)en 127,

k>1
0<0<k—1

Using that for any k € Z one has
GED DY ()]

p=0 0<i,j<N-1
i+j=p

we can rewrite (7.11) as follows:

(S—D(gwgu1)d, > &S &)™)

p>00<i,j<N—1
i+j=p

=-E-1Y > > SUESTE)T

p>10<i,j<N—-1 k>1
i+j=p—1 0<l<k—1

— Z &H(S)EN 12 —(N+j)

0<j<N-1

Looking at the coefficients of 2= of this identity, we obtain claim (a) of the lemma.
By claim (a) we have:

1
——H(S)én_1 =2(S —1)S71S(AN).
g(u)
Hence, by the assumption of claim (b), we see that TIU)H(S)éN,l = (1-S7YH)(1+9)g(u)én,
and therefore H(S)éy_1 = g(u)(S — S~ o g(u)éy = K(S)Ey, proving (b). O

Now we consider the special case of H(S) = Ha(S5), given by (7.2), (7.3). Consider the
difference operator

D(S) = (S? 0 F(u_1)+ (S —1) o F(u) — S7 o F(uy)) o g(u).

It is straightforward to check that the difference operator Ha(S), given by (7.2), (7.3), is
expressed via D(S) as follows:

(7.12) Hy(S) = g(u)(1 4+ S7 Y o D(S).
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Lemma 7.2. Let ny = 25(An), where Ayn is as in Lemma 7.1(a), let (v = D(S)En—1,
and let En = T}u)(m\f —(N). Then

(a) S(ny —Cn) =nNn +CN -
(b) 1+ S)g(u)én =nn -

Proof. By (7.12) we have:
1
g(u)
Hence, using Lemma 7.1 (a), we see that
(1= Ny = (1+5)w,
proving (a). The LHS of (b) is equal to

Hy(S)en_1 =1+ SHD(S)én_1 = (1+ 51w

S+ $) 0 — ) = 5 (v — C) + Sl — () = v

by (a), proving (b). O

Proposition 7.3. Let V be an algebra of difference functions in u, let g(u) be an invertible
function of V, and F(u) € V be such that F'(u) € V and (7.3) holds. Let K(S) and
H(S) be the difference operators, defined by (7.1) and (7.2) respectively. Let N > 2 and
let &o,&1,...,&N—1, where & and & are as in (7.4), be a Lenard-Magri sequence for these
operators, i.e. (6.1) holds. Let &y = #(u)(m\r —(N), as in Lemma 7.2. Then

(a) K(S)én = Ha(S)én—1, i.e. (6.1) holds for &, &1, ... ,&N.
(b) For each j > 0 there exists h; in an algebra of difference functions extension of V,
such that §; = % [ hj.
(¢) The hierarchy of difference equations
du

1
(7.13) din 1

:K(S)gN:HQ(S)fN_l, N = 1727"'

is an integrable system of compatible bi-Hamiltonian equations, for which [ hj, j >
0, are integrals of motion in involution.

Proof. Claim (a) follows from Lemma 7.1 (b) and Lemma 7.2 (b). Hence we have an infinite
sequence &, &1,&2,... in V, where & and & are as in (7.4), satisfying the Lenard-Magri
relation (6.1). The elements §; for j > 1 are linearly independent, since, clearly, by (6.1),
ord{;11 =ord§; +1 for j > 1 and ord§; = 0.

Since the difference operators K (S) and Hz(S) are compatible Hamiltonian operators,
K(S) is non-degenerate and obviously both &y, &; are variational derivatives, by Theorem
6.1 (b) there exists h; in a normal extension of V, such that &; = % [ h; (see Theorem 5.2
for k = 1), and all the [ h; are in involution for both K(S) and H>(S) by Theorem 6.1 (d).
Hence, by the same theorem, (7.13) is a hierarchy of compatible bi-Hamiltonian difference
equations which are linearly independent. Hence this hierarchy is integrable. O
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The first few conserved densities for the hierarchy (7.13) are as follows:

ho = J g = F(u), ha = 5F(u)f + F@F(u),
hs = %F(u)3 + F(u)?F(u1) + F(u)F(u1)? + F(u)F(u) F(ug) .

. .. . . oh;
The corresponding variational derivatives ; := > are as follows:

& = 5oy § = ), & = Fu)(Flum) + F(u) + Flu),
= F(u)(F(u-1)(F(u-2) + Flu-) + F(w)) + (F(u-1) + F)(F(u) + F(un)
+ Flun)(F(a) + F(ur) + Fluz))).

Conjecture 7.4. The hierarchy of difference evolution equations (7.13) coincides with the
following hierarchy of Lax type equations

dar
dtn
where L = S+ F(u)S™! € V[S, S~ and the subscript +, as usual, means taking terms with

non-negative powers of S. Moreover, the integrals of motion [ hy constructed in Proposition
7.3 are given by

_ 1 N N —
(7.15) /hN—2N/ResL , N=1,2,...,
where Res : V[S, S™'] — V means taking the coefficient of S°.

The fact that the Volterra equation (1.17) coincides with (7.14) for N = 0 and F'(u) = u,
along with the integrals of motion (7.15), was pointed out in [B88].

One of the referees pointed out that Conjecture 7.4 can be proved using methods of the
paper [GKS99.

(7.14) - [(L2N+2)+ ,L}  N=0,1,2,...

Remark 7.5. By Remark 2.7, given a € F, the Hamiltonian operator of order 1 with
f1 =25 () is compatible with the Hamiltonian operator of order 2 with

a5t (S5 5 (307

F+S( >> f2 = g5%(9)S(F),

where 88 9 =0= g—i for i > 1, gg—i = aF. We have a generalization of the Lenard-Magri

scheme, studied in this section with

a oF
= —— = S(a)S™(a) -
EO 29(u) ) €1 (a) (G) ou’
so that (7.5) holds. As a result, we get a bi-Hamiltonian equation, generalizing (7.6):
du

(7.16) — 9(S2()S(F) — S2(a)S ™ (F)).

dto
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The same arguments show that the Lenard-Magri sequence extends to infinity, hence equa-
tion (7.16) is integrable. Moreover, Conjecture 7.4 extends to L = aS + S(a)FS™!. It was
pointed out by one of the referees that, in the variable v = F(u)S(a)S~!(a) equation (7.16)
turnes into the usual Volterra equation (1.17).

8. CLASSIFICATION OF MULTIPLICATIVE PVA OF ORDER 3 IN ONE VARIABLE.

Theorem 8.1. Let V be an algebra of difference functions in one variable u, satisfying
the assumptions of Theorem 2.5. Then any multiplicative Poisson A-bracket on V' of order
N=3 is either of general type, or is a linear combination of the multiplicative A-bracket of
complementary type {.x.}3 4 (with non-zero coefficient) and the A-bracket of general type
{x-}1,g- Explicitly, the latter is associated to functions g(u), F(u), G(u) € V and constants
a,c € C, subject to the conditions

(8.1) g(w)F'(u) = aF(u), g
and given by {uyu} = Z L(AF—(AS

()G’ (u) = acG(u), €2 = —1, a # 0,
)"

*) fi, where
)G

g(w)g(ur)(F(u)G(ur) + ),

g(u)g(uz2) (e F(u)G(u1) + €™ F(u1)G (u2)),

g(u)g(uz) F(u1)G(ug) .

Proof. Recall that {uyu} is given by formula (2.4), where N = 4. The Jacobi identity M3

for a = b = ¢ = w is formula (2.3), which is equivalent to the following nine identities (they
are coefficients in (2.3) of A3u8, X3u®, M3ut, M2u®, A2u, Apd, A3, A2, A\u? respectively):

(8.2)

(83) g = st (52,

(8.4 SR+ (a1l = ps* (92)).
(55) (SPRGE 4 (2Rl + (sh g = ps* (1)),
(5.6) st = 15 (52 ) + £5* (52)).
(s PG+ s = hs (52) + £ (52)).

(53 s = s (52) + s (52) + 55 (52).
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()52 + (ST - h 5+ (sp T+ 120
(8.9) ;
f2 0f2 0f2
—f33<8 >+f25(8 >+f15(8u>,
(S2f1>af3 5052 - L+ (252 + (5532 + 22
(8.10)

- 2 (9h 2 (ON1
e (a )”S (%)

8f1 67f2 _f13f2 +f5<af1) f28f1 b 1S (3f1)

B11) (g . o

(Sfl)

Equation (8.3) can be rewritten as

10fs <1af3>
f3 Ous f3ou )’

The LHS of this equation is a function of u,ui,us,us, while the RHS is a function of
us, ug, us, ug. Hence both sides are equal to ¢(ug), a function in us, so

1 0fs 1 0fs

E@Tl,g = ¢(us), E% = o(u).
Hence log f3 = [ ¢(u)du+ [ ¢(us)dus+(function in uy, uz), and, letting g(u) = exp [ o(u)du
we obtain for some A(uy,us) € V:
(8.12) f3 = g(u)g(uz)A(u, uz).
Next, dividing both sides of equation (8.4) by f3, given by (8.12), we obtain:

! 814(’&1 ug) af2

8.13 §3 1) 113) g(uz) : A 3
(8.13) (5°F2) g(u3) - A(ur,ug)  Oug (Alus, ua)g(us)) = duy
The first term and the second factor in the second term of the LHS, and the RHS are

functions of ug, u4, us, while the first factor in the second term of the LHS is a function of
u1, U2, hence it is a constant:

g(uz)  O0A(uq,us2)

(814) A(ul, UQ) 8u2

=bel.

Hence log A(uy,u2) = [ ﬁduz + (function in u), and we conclude that

(8.15) A(ul, UQ) = G(uQ)F(ul)
for some functions F'(u) and G(u) in V. Substituting (8.15) in (8.14), we obtain
(8.16) g(u)G' (u) = bG(u).

By (8.12) and (8.16) we obtain:
(8.17) f3 = g(u)g(uz) F(u1)G(u2).
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Next. dividing equation (8.6) by S?f3; and substituting (8.17), we obtain
af2 g(uz)F'(uz)  g'(u2)

(8.18) 87’“2 = g(u)F(ul)G(UQ) F(U3) + g(u2) fo,
from which, as above, we conclude that
(8.19) g(u)F'(u) = aF(u) for some a € C.
Substituting (8.19) in (8.18), we obtain

o ( b > G ()

8.20 — = F .
(8:20) o (st ) = 0P ) 0
Substituting (8.14) and (8.15) in (8.13) and dividing both sides by g(u), we obtain

1 9fs  d(u) F(u)
21 _ = = =b——= .
(521 o) o~ gl =gy 90

First, consider the case a # 0. Then, using (8.19), equation (8.21) can be rewritten as

4 f2 = é "(u U U
u <g(u)> = aF( )G (u1)g(uz).

Hence we have for some Bj(up,us) € V' :
b
(8.22) f2 = —g(u)g(u2) F(u)G (ur) + g(u) Br (u1, uz).
Next, divide equation (8.5) by f3 and substitute (8.16), (8.17), and (8.19) to obtain:

! b? af
2 spydtes) (0 ) e bB =g (2L,
(8:23) (5 f1) o) + | ta) Fu2)Glus)g(ua) + bBy(us,ua) = 57| o~
Since ug appears only in the second summand of (8.23), we conclude that
b 2
8.24 — 1=0.
- o)
Then (8.23) becomes, after applying S~
g'(u) of
2 bB ==
(8.25) ) frt0Bi(u,u) = -
Next, since b # 0 by (8.24), using (8.16) and (8.22), we obtain
0 Bi(ui,u2) a ,
— = = —F(u)G
dug  g(uz) b ()G (u2),
hence for some B(u) € V we obtain
a
(8.26) Bi(us,uz) = g(us) (5 P(u1)Gluz) + B(u))

and, by (8.22), we have

(8.27) bzg@MWﬂ(SWWGWQ+2FWQGWﬁ+BWﬂ)-



POISSON A-BRACKETS FOR DIFFERENTIAL-DIFFERENCE EQUATIONS 27

Next, dividing equation (8.7) by G(u2)G(us3), we obtain, using (8.17) and (8.27),
aB(uz) — B'(u3) _ F(ug) bB(u1) — B'(u1)

(529 Glw)  Olw)  F(m)

Since, by (8.16), (8.19) and (8.24), 282) ¢ C, we conclude from (8.28) that aB(u) — B'(u)
=0 =bB(u) — B'(u), hence, by (8.24), we conclude that B(u) = 0. Hence (8.27) becomes
(5.20) 2 = a(u)g(us) (”F( )G + bF(Ul)G(U2)> .

Using (8.26) with B(u) =0, equat10 (8.25) becomes

( ) u1)g(u1),

hence, by (8.19), we obtain for some ¢(u) € V

(8.30) fi = 9(u)g(ur) F(u)G(ur) + g(u)d(ur).
Next, dividing both sides of (8.8) by S f3, and using (8.16), (8.17), (8.19), (8.24), (8.29) we

obtain
o g'(u1)
aT; = bg(u) F'(u)G(u1) + g(ull)

hence, dividing by g(u1), and using (8.16), we have

f17

0 fl o~
Hence for some ¢ (u) € V we have
s ) P@G() + ().
Therefore, using (8.30) we find that
Y(u) _ o(w)
g(u)  glu)

Hence both sides are equal to a constant ¢, and ¢(u1) = cg(uy). So, from (8.30) we obtain
the first equation in (8.2). This completes the proof when a # 0.

If a = 0, then, by (8.19), F(u) € C, and we may assume, without loss of generality that
F(u) = 1. Then (8.20) gives for some Cy(u,ui) € V

(8.31) f2 = g(u2)C1(u, uq).
Using this, equation (8.21) can be rewritten as
0 Ci(u,ur) _ bG(ul)
du  g(u) g(u) ’

hence for some C'(u) € V we have

C1(u, u1) = bg(u)®(u)G(u1) + g(u)C(u1), where ®(u) = / gc(lz)
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Hence, (8.31) becomes

(8.32) fo = g(u)g(u2) (b@(u)G(u1) + C(u1)).
Recall that, by (8.17), we have
(8.33) f3 = g(u)g(u3)G(u2).

Note that G(u) # 0, since N = 3. Using (8.32) and (8.33), equation (8.7) becomes, after
dividing by G(u3)

G (u2)
G(u3)

Since the LHS is a function in u; and the RHS is a function of uo,us, we conclude that
both sides are equal to a constant c;, in particular

g(u1)C' (u) — bC(ur) = (0°®(u2)G(us) + g(us)C’ (us)) .

G
GEZ;; (b2q)(UQ)G(U3) + g(U5)C/(U3)) =C1.
This equation can be rewritten as
C'(us)
Ra(w) L 9us) .
)" ) T Guw)

Hence each side is a constant. Hence b?®(uy) — % is a constant, and applying it to
au2 we obtain 9&22) - gé(ui) = 0, which, by (8.16) is equivalent to c1bG(ug) = b2G(uz)?.
Hence G(u) € C, and, by (8.16), b = 0. Without loss of generality we may assume that
G(u) = 1. Thus, (8.32) and (8.33) become:

(8.34) f2 = g(u)g(u2)C(u1), f3=g(u)g(us).

Next, since ng = g—f:z = 0, equations (8.5) and (8.8) become:

g = st (G0 ). Shge = s (2]

Using (8.34), this becomes

It follows that
(8.35) f1 = Bg(u)g(uy) for some S € C.

Next, equation (8.10) gives, using (8.34) and (8.35): (ng)af2 = 0. Hence g—ﬁ = 0, and,
by (8.34), C(u) = v € C. Therefore fo = vg(u)g(uz), and due to (8.34) and (8.35), we see
that the multiplicative Poisson A-bracket in question is of general type. O
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Remark 8.2. The coefficients of AN uN*t7,1 < j < N, in the Jacobi identity (2.3) for the
multiplicative A-bracket (1.9) of order N produces the following identities:

N

- fn ofi\ .
8.36 SNFTITF(fr) 2o = fn SN [ =2 =1,...,N.
Using these equations and applying arguments similar to that proof of Theorems 2.5 and
8.1, we obtain for V as in Theorems 2.5, 8.1:

N-1
(8.37) In =g(u)g(un) H Fi(u;),
i=1
where g(u), F;(u) € V satisfy the relations
(8.38) g(u)F!(u) = a;F;(u) for some a; €C, i =1,...,N — 1.

However, to compute the f; for 1 < j < N — 1 is more difficult.

9. CLASSIFICATION OF MULTIPLICATIVE PVA OF ORDER 4 IN ONE VARIABLE

Theorem 9.1. Let V be an algebra of difference functions in one variable u, satisfying the
assumptions of Theorem 2.5. Then any multiplicative Poisson A-bracket on V of order 4
is one of the types (i), (ii), (iv), (v) or (vi) (see the introduction).

Proof. Recall that the multiplicative A-bracket on V is determined by {uyu}, given by (2.4),
where N = 4. The condition on the functions f; that one has to check is (2.3), and (2.3) is
equivalent to 16 equations, which are the coefficients of A"y with 1 <m <4,m+1<n <
m + 4. By Remark 8.2, the four of these equations, corresponding to A u?*7, j=1,... 4,
give the following expression for fy :

(9.1) f1=g(u)g(us)®(u1, uz, u3),

where

(9.2) q)(ul,uQ,u;g) = Fl(Ul)FQ(UQ)F3(U3),

(9.3) g(u)F!(u) = a;F;(u) for some a; € C, i =1,2,3.

This expression for f; implies equation (8.36) for N = j = 4, however one still has to study
the remaining 15 equations. For this purpose we let

(9.4) fiu, oo ug) = g(u)g(uy)h(u, ..., uj).
By (9.1) and (9.3), we have
(9.5) hy = ®(u1, ug, u3),

Ohy

(96) g(’u,l)aiuZ = aitb(ul,uQ,u;),), 1= 1,2,3.
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Then equation (8.36) for N = 4, j = 3, becomes, using (9.6) for i = 3:

h
(9.4/7) 353 (hy) = S* <g(u)83> .
ou
It follows that, applying S~ and using (9.3), (9.5). we have
Oh
(9.7) alan = a3 F} (u) Fa(u1) Fs(us).
First, consider Case I: a3 # 0. Then using (9.7) and (9.2) we obtain
oh a
Do = 2 P Pau) Fy(uz).
Hence we have for some Aj(uy,ug,us) € V:
a
(9.8) hs = a—j@(u,ul,uQ) +A1(u1,u2,u3).

Next, equation (8.36) for N = 4,j = 2, after the substitution (9.4) and using (9.6),
becomes
on

(9.4/6 5t (w5

Applying to this equation S~2 and substituting (9.8), we obtain:

Oh 2
S (9(“)2> = <a3 +a2) D (u, u1,uz) + azAi(u1, uz, uz).

ou a1

The LHS of this equation is a function of uq,uo, ug, but g%(u, u1,u2) # 0, hence

) = a353(h3) + GQSQ(h4).

(9.9) a3 4 ajaz = 0,
and
Ohs
(9.10) g(u) = = azA1(u, u1, up).
Next, equation (8.36) for N =4,j = 1, using (9.4) and (9.6), becomes
oh
(9.4/5) 5 <g(u)8u1> = a3S%(ha) + a25%(h3) + a1S(ha).

Substituting hg and hy, given by (9.8) and (9.5), we obtain:
oh 2
52 <g(u)1> = a3S(ha) + w@(u,ul,w) + Aj(ug,ug,us).
ou a1
Since ®(u.u,u2) depends on u and all other summands do not, we obtain
(9.11) asas + a3 =0,

and

oh
(9.12) S (g(u)aul> = agha + ag A1 (u, uy, ug).
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It follows from (9.9) and (9.11) that
(9.13) aj =& lay, where £* = —1

Without loss of generality we may assume that a; = 1.

We will use the equations on hy, ha, hs, hy, obtained by the substitution (9.4) in the
coefficients of \™u™ in (2.3) for N = 4; as before, such an equation will be denoted by
(9.m/n). First we use the following two of these equations:

(93/7) S (gl G = s (s(u) 52,

03/6) S halg(u) 5" + 2 hadg(un) 52 = 1a® () it ) + has® (g 52 ).
Inserting (9.8) in (9.3/7) and using (9.3) and (9.13), we obtain for some Ag(u1,u2) € V :
(9.14) Ay (ug, ug,ug) = e 2®(ug, ug, ug) + Ag(uy, ug).

Substituting this in (9.8), we have

(9.15) hy = 2®(u, u, us) + £ 2®(uy, ug, uz) + As(uy, us).

Equation (9.3/6) along with (9.13) then gives, after some rearrangement, the following
equation

Ag(ug, us) — 9(“4)%12’%) _ Fy(ug) €° Aa(ur, up) — 9(“2)%@“2)

Fy(ua) Fs(us)  F3(u3) Fy(u1) Fa(uz2)

The LHS of this equation is a function of uy4, us, while the RHS is a product of a function,
depending non-trivially on ug if € # —1 (resp. constant if ¢ = —1) and a function of w1, us.
Hence

(9.17) both sides of (9.16) are 0 (resp. € C) if € # —1 (resp. ¢ = —1).

Consider separately two subcases of Case I, Case la: € # —1 and Case Ib: ¢ = —1.
By (9.17) we have in Case Ia:

(9.16)

o £20(i-1) .
a—ujlogAg(ul,uQ) = W for j =1,2.
By (9.3) and (9.13) it follows that
Az (uy,uz) = cFi(uy)F3(ug), for some ¢ € C.
Substituting this in (9.14), (9.15), we obtain:

(9.18) Al(ul, ug, U3) = 5724)(”1,”2,”3) + CF1(U1)F3(U2),

(9.19) h3 = 52@(u, Ui, UQ) + 6—2(13(U1, ug, U3) + cky (Ul)Fg(UQ).
By (9.18) and (9.10), and using (9.3), we obtain for some Bj(u1,u2) € V :
(9.20) ho = (I)(U, U, UQ) + C€2F1(U)F3(U1) + By (ul, UQ).
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Substituting (9.20) and (9.18) in (9.12) and using (9.13), we obtain

(9.21) 92— 038, (,n).

Next, we consider the equation
(9.2/6) 52(h4)g(uz)gzz — hyS? (g(ug)gZi) T hyS? <g(u1)g7}jj> |
Using (9.15), (9.20) and (9.3) this gives for some B(u) € V:
(9.22) Bi(u1,ug) = ce 2Fy (u1) F3(ug) + B(uy).
Substituting this in (9.20) and (9.21) we get
(9.23) ho = ®(u, uy, us) + c(?F1(u)F3(u1) 4+ e 2Fy(u1) Fs(uz)) + B(uy),
(9.24) g(u)aa};1 = cF1(u)F3(uy) + £2B(u).

Since in Case Ia we have 1 + &2 = ¢, by (9.3) and (9.13), we can choose the F;, such that
F>(u) = F1(u)F3(u). Then the following identities hold:

(9.25) O (u, uy, u2) F1(u2) F3(ug) = ®(u1, ug, ug) F1(uw)F3(uq),
(9.26) Fl(u)Fg(ul)Fl(ul)Fg(uQ) = <I>(u, ul,uQ).
Next, we consider the equation
oh oh oh
3 ons 2 a3 o3
S (h2)g(u3)8u3 +5 (ha)g(w)au2 + S(h4)g(u1)(%b1

(9:3/5) — haS3 <9(u1)ng> + h3S? <9(U)%}3> :

Substituting in this equation (9.19) and (9.23), we obtain, by making use of (9.25): B(u4) =
g(ug)B'(ug). It follows that B(u) = bFi(u), for some b € C. Substituting this in (9.22),
(9.23) and (9.24), we obtain

(9.27) By (uy,ug) = ce > Fy (u1)F3(u2) + bF (u1),

(9.28) hy = ®(u,uy,us) + c(e2Fy(u)F3(u1) + e 2Fy(u1) F3(u2)) + bF1 (u1),
(9.29) g(u)aai;1 = cFy(u1)F3(uy) + beFy (u).

Dividing (9.29) by g(u) and using (9.3) and (9.13), we obtain for some P(u) € V) :
(9.30) hi = cFy(u)F3(uy) + be?Fy(u) + P(uq).

Next, we consider the equation, coming from the coefficient of Au®, which, using that
g(uj)g%j = ajhs, j=1,2,3 (see (9.2)-(9.4)), and dividing by S(h4), becomes:

oh
(9.1/5) g(ur) 5 = e2hy + ehs + ho.
8U1
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Using (9.19) and (9.28), this can be rewritten as
Ohy
Oouy
Using (9.30), this becomes: g(ui)P’(uy) = bF1(u1), which, using (9.3), becomes P’(u;) =
bF{(u1). Hence P(uy) = bFi(u;1)+ « for some a € C. Substituting this in (9.30), we obtain
(9.31) hi = cFy(u)F3(u1) 4 be® Fy (u) + bFy (u1) + a.

Next, we consider the equation, coming from the coefficient of A2/, which is a differential
equation on hy, hs and he. Using the expressions (9.5), (9.19) and (9.28) of this functions
and making use of (9.25), after some calculations, this equation becomes

b(l — 52)(I)(UQ, us, U4)F1 (ul) =0.
Since we are in Case Ia, it follows that b = 0. Hence, by (9.31), we have

(932) hi = cFl(u)Fg(ul) + .

g(u) = ce?Fy (u)F3(uy) + bFy (uy).

In the same way, we can see that the coefficient of A\i? leads to the following equation:
(4 a)(e — €2)®(uy, uz, u3) = 0.

It follows that o = —c?. Hence the expressions (9.5), (9.19), (9.28), and (9.32), show that
Case Ia produces type (vi) from the introduction of order 4 multiplicative PVA. Note that

all the remaining five equations on the h; are equivalent to the equations o = —c2.
Now we turn to the Case Ib: a; # 0,6 = —1. Again, we may assume that a; = 1, so that
(9.33) a; = (=177 for j =1,2,3.

Hence we may assume that
(9.34) Fi(u) = F3(u) = Fy(u) ™!

Recall that, by (9.17), both sides of (9.16) are constant, which we denote by 2b;. This
gives the following equations:

;W(FQ(UI)FQ(UQ)AQ(UI,W)) _ bI;WFQ(ui)Q, i=1,2.
Hence we have for some by € C :

Fy(ur) Fa(ug) Az (ur, uz) = by (Fa(u1)® + Fa(ugz)?) + bo.
Using (9.34), we obtain from this
(9.35) Az (u,u2) = b1 (Fi(u2)Fa(u1) + Fi(u1)Fa(u2)) + baF1(u1) Fi(us2).
Substituting (9.35) in (9.14) and (9.15) and using (9.34), we obtain

(9.36) Al(ul,uQ,ug) = q)(ul,UQ,U3)+b1(F1(U1>F2(UQ) +F2(U1)F1(U2))—|—b2F1(U1)F1(U2),

hs =®(u, u1,u2) + ®(ur, uz, ug) + by (F1(u1)Fo(uz)

(9.37) + Fy(up)Fy(ug)) + baFy (u1) Fy(us).
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Substituting (9.36) in (9.10), and using (9.33), we obtain, after integrating by w, for some
By (uy,uz) :

ho :Fl(u)Fz(ul)Fg(UQ) + bl(Fl(u)Fg(ul) — Fg(u)Fl(ul)) + bgFl(u)Fl(ul)

9.38
(9.38) + Bi(u1, ug).
Substituting (9.36) and (9.38) in (9.12) we obtain
oh
(9.39) S (g(u)aul) = —2b1F2(u)F1(u1) + Bl(ul, u2).

Since only the first term in the RHS depends on wu, we deduce that b; = 0. Thus, formulas
(9.36), (9.37), (9.38), and (9.39) become:

(9.40) Ay (ul, ug, U3) = (I>(u1, ug, U3) + bo Fy (ul)Fl (UQ),

(941) hs = (I)(’LL, Ui, Ug) + @(Ul, ug, U3) + szl(ul)Fl(UQ)

(942) hy = (I)(U, Ui, UQ) + by I (u)Fl(ul) + B; (ul, UQ),
oh

(9.43) g(u)a—ul = By (u,uy).

Now we return to equation (9.2/6) . Using that g(uj)g%j = ajhy for j =1,2 (see (9.5),
(9.6)), and cancelling this equation by S?(hy), we obtain, using (9.33):

Oha
—— = —hy + ha.
g(u2) s 4t h3
Substituting in this equation (9.5), (9.41) and (9.42), and using (9.3) and (9.34), we obtain
for some B(u) € V:

(9.44) B (ul, UQ) = bgFl(ul)Fl(UQ) + B(ul)

Using this, equations (9.42) and (9.43) can be written as follows:

(945) ho = CID(u,ul,UQ) + bo (Fl(u)Fl(ul) + Fl(ul)Fl(UQ)) + B(ul),
Ohy

(9.46) g(u)% = bo 1 (u) Fi(u1) + B(u).

Next, returning to equation (9.3/6) , we obtain, using (9.5), (9.6), (9.41), (9.45):
— 2by (P (ug, uz, ug) Fy(ur) F1(ug) — ®(ug, uz, us)Fi(us) F1(ug))
= ®(u1,u2,us) (B(u4) — g(u4)B'(U4)) .
By (9.2) and (9.34) after multiplying by Fj(uz)Fi(us) this can be rewritten as
— 2b2F1(u2)3F1(U4)F1(u1)
= —2bo Fy (u1) Fi (u3)* Fi (ug) + (B(ua) — g(ua) B'(us)) Fi (u1) Fi (uz)*.
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Since the LHS of this equation depends on us and the RHS does not, it follows that by = 0
and B(u) = g(u)B'(u). Hence, by (9.3), B(u) = cFi(u) for some ¢ € C. Thus, formulas
(9.41), (9.42), and (9.43) become respectively

(9.47) hs = ®(u,u1,u2) + (ui, uz, us),
(9.48) ho = (I)(U, ui, UQ) + cF} (ul),

h
(9.49) g(u)% = cFy(u).
Furthermore, by (9.49) and (9.27) we have for some P(u;) € V:
(9.50) hi = cF1(u) + P(uy).

Next, equation (9.1/5) gives that g(ul)g% = h4 — hg + ha, hence, by (9.47)-(9.50), we
obtain that P(u1) = cFi(u1) + a for some « € C. Hence, by (9.50),

(9.51) h1 :c(Fl(u)—l—Fl(ul))—i—oz.

In order to evaluate o, we use the equation coming from the coefficient of Au*. It is
straightforward to see, using (9.47), (9.48) and (9.51), that this equation gives a®(u1, ug, uz) =
0, hence o = 0. Thus, by (9.51), (9.48), (9.47), and (9.4), the Case Ib produces type (iv)
from the introduction.

Now we turn to Case II: a; = 0. It follows from (9.3) that F|(u) = 0. Hence without loss
of generality we may assume that F; = 1, so that

(952) h4 = FQ(UQ)F3(U3).

Then g—ﬁ‘f = 0 and it follows from equation (9.3/7) that
Ohs

9.53 — =0.

(9-53) s

Recall that, by (9.2)—(9.4), we have

h .
(9.54) g(uj)a—u‘f = ajhs, j=1,2,3.

J

Hence equation (9.4/5) can be written, after applying S—2, as

oh
(9.55) azS(ha) + ashg = S* (g(u)aul)
Since in the equation only the second term in the RHS may depend on u, we have
Ohs

9.56 — =0
( ) az ou )

h
(9.57) ag # 0 implies Ohs _

ou
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Next, consider again equation (9.1/5) . Using (9.54) it gives

Oh
(9.58) g(ul)—l = asghy + aghs.
Oouy

Since hj = hj(u,u1,...,u;), by (9.52) and (9.53) we conclude from this equation that
ashy = a3F5(u2) F3(us3) is independent on us. It follows from (9.3) for ¢ = 3 that

(9.59) as = 0,
and we may assume that F3 = 1. Hence, by (9.52),
(9.60) ha = Fy(us).
By (9.58) and (9.59), we have

Ohy
T aghs.
g(u1) e az2h3
Since the LHS of this equation depends only on u and wuj, we conclude that agg—zz =
Hence
(9.61) az # 0 implies that Ohs = 0.
aUQ
By (9.55) and (9.59), we obtain
ohy
62 hs = 5 — .
(0.62) cals = 5° (0 5
Since the RHS is independent on u1, we get
oh
(9.63) as # 0 implies that —> = 0.
8u1
Next, consider equation (9.2/6) . Using (9.54) and (9.60), it can be written as
h
(9.64) g(UQ)ZUZ = asFy(us).
By equations (9.4/6), (9.54) and (9.60), we have, after applying S—4 :
h
(9.65) g(u)%j = ap Fy(u).

We proceed to consider the following two remaining cases: Case Ila: a3 = ag = 0, a9 # 0;
Case IIb: a1 = ag = a3 = 0. In Case Ila we may assume that ay = 1. By (9.53), (9.56),
(9.61), and (9.63), in Case IIa we have

(9.66) hs € C.
Then (9.62) gives

Oh
(9.67) g(u)a—u1 = hs.



POISSON A-BRACKETS FOR DIFFERENTIAL-DIFFERENCE EQUATIONS 37
Next, we consider the equation, coming from the coefficient of A\u*. By (9.66), (9.58),
(9.60), and (9.67), it gives, after applying S :
(9.68) hi1Fs(uy) + h% + h3Fa(u1) = 0.

Due to (9.66), applying to this equation %, we obtain %Fg(ul) = 0. Multiplying this by
g(u) and using (9.67), we obtain

(9.69) hs = 0.
Hence, by (9.68),
(9.70) h1 =0.

Considering again equation (9.3/5) , we have by (9.69): hyS? (g(uﬁ?—fﬁ) = 0, hence

g—:ﬁ = 0. Therefore, using (9.64) and (9.65), we obtain for some « € C,

(9.71) hy = FQ(U) + FQ(UQ) + .
Equations (9.60), (9.69), (9.71), and (9.70) show that Case ITa produces Example (v) from
the introduction.

Finally, consider Case IIb. Due to (9.3), we may assume in this case that Fy(u) = 1,
hence, by (9.60),
(9.72) hy = 1.

Then, by equation (9.4/7), we get %% = 0. Recall that we also have (9.53); (9.64) and
(9.65); (9.58) and (9.62). These together give

Oh;  0Oh; .
(9.73) o0~ o 0fori=1,2,3.
Next, equation (9.3/6) gives, using (9.72):
(0.74) )5 = 5* (gl 52 ).

Due to (9.73) for i = 3, we see that the LHS of this equation depends only on u; and wus,
while the RHS depends only on u4 and us. Hence both sides are equal to a constant b :

Ohs Ohs
9.75 — = — =b.
(0.7 oluz) 92 = glur) 3
Next, equation (9.3/5) , after using (9.72) and (9.75), and applying S~2, becomes
oh
(9.76) b(hs+1) =S <g(u1)2> .
8’[1,1

By (9.73) for ¢« = 2, the RHS of (9.76) depends only on ugy. Therefore, applying g(ul)a%1 to
both sides of (9.76), we obtain that bg(u;)22 = 0, hence, by (9.75), we have b = 0. Thus,

Ouy
by (9.73), (9.75), (9.76), we obtain that ?)% =0 for j = 1,2,3 and all 7. Since, by (9.72),
hy = 1, we see that Case IIb produces the multiplicative A-bracket of general type. This
completes the proof of Theorem 9.1. O
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