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INVARIANT MEASURES FOR THE PERIODIC DERIVATIVE NONLINEAR
SCHRODINGER EQUATION

GIUSEPPE GENOVESE, RENATO LUCA, AND DANIELE VALERI

ABsTrACT. We construct invariant measures associated to the integrals of motion of the
periodic derivative nonlinear Schrédinger equation (DNLS) for small data in L2 and we show
these measures to be absolutely continuous with respect to the Gaussian measure. The key
ingredient of the proof is the analysis of the gauge group of transformations associated to
DNLS. As an intermediate step for our main result, we prove quasi-invariance with respect to
the gauge maps of the Gaussian measure on L? with covariance (I + (—A)¥)~1! for any k > 2.

1. INTRODUCTION

In this paper we continue our studies on the periodic DNLS equation
{ 00+ = B (GlP) (L1)
P(x,0) = YPo(z), z€T,

where ¥(z,t) : TXxR — C, ¢g(z) : T — C, ¢'(z,t) denotes the derivative of 1) with respect to z,
and 8 € R is a real parameter. We denote by ®; the associated flow-map.

This is a dispersive nonlinear model describing the motion along the longitudinal direction
of a circularly polarized wave, generated in a low density plasma by an external magnetic field
[Mjo76]. It is an integrable system [KKN78| (see also [DSK13]), in the sense that there is an
infinite sequence of linearly independent quantities (integrals of motion) which are conserved by
the flow of (1.1) for sufficiently regular solutions.

In our previous work [GLV16] we constructed a family of Gibbs measures, supported on
Sobolev spaces of increasing regularity, associated to the integrals of motion of the DNLS equa-
tion. In this paper we construct a sequence of measures invariant along the flow. We prove these
measures to be absolutely continuous with respect to the Gaussian measures, however we cannot
show them to coincide with the Gibbs measures (albeit this is expected to be true).

The studies of PDEs from the perspective of statistical mechanics started with the seminal
paper by Lebowitz, Rose and Speer [LRS88|, where the periodic one dimensional NLS equation
was studied by introducing the statistical ensembles naturally associated to the Hamiltonian
functional. Successively, starting from the paper [Bou94] Bourgain gave fundamental contribu-
tions to the development of this field, for a comprehensive exposition we refer to [Bou99] and
the references therein. For integrable PDEs one can profit from an infinite number of higher
Hamiltonian functionals, in order to construct infinitely many invariant Gibbs measures. This
was originally noted by Zhidkov [Zhi0O1], in the context of Korteweg-de Vries (KdV) equation
and cubic nonlinear Schrédinger (NLS) equation on T. A similar result was achieved in the
last years for the Benjamin-Ono equation on T via a series of papers by Tzvetkov, Visciglia and
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INVARIANT MEASURES FOR THE DNLS EQUATION 2

Deng [Tzv10, TV13a, TV13b, TV14, Denl4, DTVI14]. In this case (likewise for DNLS) a more
careful construction of the (invariant) measures is required compared to KdV and NLS. Recently
a renewed interest invested the subject and numerous works treating different aspects of it for
a large class of equations appeared. However we are not attempting here to give an exhaustive
account of the literature, but we focus just on DNLS.

The construction of the Gibbs measure associated to the energy functional of the DNLS
equation

1 3i L B3
Bl = 510l + 508 [ 10Pud+ St (12)

was achieved in [TT10], while in [NOR-BS12] and [NR-BSS11] the measure was proven to be
invariant. The proof of [NOR-BS12] uses quite a sophisticated strategy, that we briefly explain.
The best local well-posedness result for the DNLS equation in Sobolev spaces is for data in
H'/2 [Her06], which falls outside the support of the Gibbs measure (for existence of weak solu-
tions below H'/? see [Tal6]). However in [GT108] local well-posedness in the Fourier-Lebesgue
spaces FL*"(T) with r € [2,00) and (s — 1)r < —1 is proven. The authors of [NOR-BS12]
showed these spaces to be of full measure or more precisely that (z, H!, FL*") is an abstract
Wiener space, where ¢+ : H* — FL*" is the inclusion map (see [Kuo75]). Then they establish
energy growth estimates for each single solution, in a localised-in-time version of the Bourgain

space X§/37’1/2, for initial data in FL?/373,

In the present paper, we opt for a more probabilistic approach, closer to the one developed
by Tzvetkov and Visciglia in the context of the Benjamin-Ono equation. As in [NOR-BS12], the
gauge transformation introduced by Herr in the periodic setting (see [Her0O6]) constitutes one
of the main ingredient of our proof, even though we make a different gauge choice. Indeed our
gauge simplifies the integrals of motion rather than the equation. More precisely we consider a
one-parameter family of gauge transformations (see (2.1) in Section 2), and for each integral of
motion we select an appropriate value of the parameter. One of the advantages of this approach
is that we can simply work in Sobolev spaces, without introducing any auxiliary functional space.

In the rest of the introduction we present the set-up in which our main Theorem 1.2 is stated
and we explain the strategy of the proof.

1.1. Set-up and Main Results. We introduce here the objects we are going to deal with.
According to a standard notation we denote by H*(T), s > 0, the completion of C°°(T) with
respect to the norm induced by the inner product

(f7 g)H“" = Z(l + nzs)f(n)g(n) )

neEZ

where f(n) is the n-th Fourier coefficient of f. For every s > 0, H*(T) is a separable Hilbert
space, with H%(T) = L?(T). A function in H*(T) is represented as a sequence {f(n)},ecz such
that >°, < (1 + n2?%)|f(n)|* converges as N — oco. We also use the homogeneous Sobolev

spaces H*(T), defined as the completion of C°°(T) with respect to the norm induced by the
inner product

(f.9) - = 3 n> f(n)(n).

ne”Z

For N > 0, we consider the canonical projections

Py : L*(T) — Ey :=spanc{e™® : |n| < N}, (1.3)
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defined as '
Pyfi= Z e™f(n), Pn=oof=1T.
In| < N
The orthogonal projections are P~y :=1— Py.

The space L?(T) can be equipped with a measurable-space structure as follows. Let A €
A(C?N*1) be a Borel subset of C2V*1. We introduce the cylindrical sets

My(A) :={f € L*(T) : (f(=N),...,f(N)) € A}. (1.4)
Hence, we define Ty := {Mn(A)} acacen+1)y and T := (Jyen Tv, namely the algebra of cylindri-
cal sets with Borel basis given by (1.4). We also denote by o(7) the smallest o-algebra generated
by 7. For any N € Ny := NU {0}, 7y is isomorphic to Z(C2N+1) therefore we can identify
o(T) with (L?(T)), namely the Borel o-algebra on L?(T). The Lebesgue measure on C2V+1

naturally induces a measure on (My (C?N*t1), Ty), which (with a little abuse) we still refer to as
Lebesgue measure, through

Mvl= ey [ (TT armason). (15)

In| < N
where cy is a suitable constant. For any k € N, let T+ (—A)* be the closure in L?(T) of the
k
operator 1+ (—%) acting on C°(T). This is a positive self-adjoint operator with a trivial

kernel and its inverse (I+ (—A)*)~! is bounded and trace class. Therefore there exists a centred
Gaussian probability measure with covariance (I 4+ (—A)*)~! (a standard reference is [[<u075]),
which we denote by v, such that

i (My(A)) := S ( H df(n)df(n))e‘éz" < v (1402 ()2 7 (1.6)

Z
NAIA N <N
where Zp is the normalisation constant.

For any k € N the triple (L?(T), (L?(T)), ) is a Gaussian probability space. It is worth to
recall that each measure ;, concentrates on functions with less than k — 1 derivatives in L?(T).

More precisely
%( N HS(T)>1, m(H’“%('ﬂ‘)>0-

s<k—%

With LP(~;) we denote the L? spaces associated to .

We can now introduce the Gibbs measures constructed in [GLV16]. Let R > 0 and let
xr(z) := x(z/R) where y : R — [0,1] is a smooth compactly supported function such that
x(xz) =1for |z] < 1/2 and x(z) = 0 for |x| > 1. For k > 2, let us fix R,,, > 0, form =0,...,k—1,
and define the k-th Gibbs measure associated to the DNLS equation by

k—1
pi(A) = /A (H XR, (Em[wD) e~ Wl (dy), AeB(LA(T)), (1.7)
m=0

where )
Qr[Y] == Ex[Y] — 5”#’”?% (1.8)

and Fy,..., F} are integrals of motion of the DNLS equation; see (2.15), (2.19). The measure
pr. must be understood as the weak limit of the following sequence of measures. Given A €
P(L*(T)), we denote

Mn(A) :={f € L*(T): Pxf € PyA} (1.9)
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the (cylindrical) set of all the L?(T) functions with base Py A. Then we define

k—1
PN (A) = /M " (H XRo (Em[PNw])> e” @Yl (dy) .

m=0

Then the main result of [GLV16] can be reformulated as follows:

Theorem 1.1 ([GLV16]). Let k > 2 and let Ry sufficiently small. Then (L?(T), Z(L?*(T)), px)
is a probability space. Moreover, there exists po = po(Ro, ..., Rik—1,k,|8|) > 1 such that, for all
1 < p < po, the Radon-Nykodim derivative % belongs to LP° (). We can take po arbitrarily
large (but not py = o0) provided we choose a sufficiently smaller Ry.

The small mass condition Ry < 1 deserves few comments. As already mentioned, the periodic
DNLS equation has been shown to be locally well-posed for initial data in H® = 1/2 in [Her06].
Then, a standard procedure allows to globalise the local H' solutions with [[1o]/z2 < 6, as
long as § is sufficiently small, by using the integral of motion F; and the Gagliardo—Nirenberg
inequality

1£1IZ0cry < Il gy 1122y + %”f“i%r)- (1.10)
However this approach does not give the best possible value for §, which is an interesting open
problem. The highest value of the mass for which global existence in H'(T) holds is § = 2+/7/|f].
This was shown for the non-periodic framework in [Wul3] and the argument was adapted to
periodic DNLS in [MO15] (similarly, for the best result in H%(T) see [Mos17]). Existence of
global solution of DNLS on R without any condition on the mass has been proven by inverse
scattering method in [LPS16]. In our approach the small mass condition is required to prove
the integrability of the Gibbs densities. However from the standpoint of integrable systems it
is reasonable to think that in the role of Ry could be replaced by any R; (once one looks at
sufficiently regular solutions).

The main contribution of the present paper follows.

Theorem 1.2. Let k > 2 and let Ry be sufficiently small. Then there exists a probability measure
pr on (L*(T), B(L*(T))) a.c. w.r.t. vy, such that the flow-map ®; associated to DNLS is measure
preserving in (L*(T), B(L*(T)), pr).

An immediate but significant corollary follows by the Poincaré recurrence Theorem:

Corollary 1.3. Let k > 2 and let ¢ be a solution of the DNLS equation with initial datum
¥(2,0) € H*(T) with s < k — 1. For py-a.e. ¢(x,0) there exists a divergent sequence {t,}nen
such that

Jim ([0, t) — (a,0) s = 0.

An analog conclusion for k = 1 follows from [NOR-BS12]. To the best of our knowledge, these
are the sole known results on the long-time behaviour of the DNLS equation.

1.2. Strategy of the Proof. An alternative formulation of our main Theorem 1.2 is that for
any k > 2 (in fact k > 1 considering also the result of [NOR-BS12]) the DNLS equation has the
structure of an infinite-dimensional (Hamiltonian) dynamical system. Since the earlier works of
Bourgain and Zhidkov it has revealed useful to approximate the infinite dimensional problem
with a finite dimensional one, by counsidering the evolution of the first |n| < N Fourier modes
of the solutions. These systems are actually Hamiltonian, but in general they do not preserve
all the integrals of motion. This is often a major issue to cope with in this class of problems.
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However one expects the integrals of motion to be conserved in the limit N — oo. Following
an approach developed by Tzvetkov and Visciglia for the Benjamin-Ono equation, we will show
that the derivative of the integrals of motion along the flow of the truncated systems vanishes
in the L2(y;) mean. Actually, as first observed in [TV 13b], one can reduce to consider only the
derivative at the initial time, which is a crucial simplification.

It is helpful to recall that the integrals of motion of DNLS have the following form

1
Ex[y] = *H’(/J” - (2k+ 1)Im /'L/) Mep=Dy)|? 4 remainders k>2, (1.11)

where we consider as remainders all the terms that are bounded in the support of ;. The
difficulty to show the asymptotic (w.r.t. ) conservation of Fj comes form the second addendum
in the r.h.s. of equation (1.11). Notably the integrals of motion of the Benjamin-Ono equation
have an analog structure. However in that case a convenient cancellation coming from the
symmetries of the problem simplifies substantially the computations. We cannot find a similar
cancellation here. Nevertheless it is possible to eliminate the troubling term using a suitable
gauge transformation. As already mentioned, these gauge transformations form a one-parameter
group ¥, indexed by a € R (see (2.1)). A generic gauge choice yields the following expression
for the integrals of motion of the gauged equation

1
Exlp] = §||g0||%[k+ika,u/ 5(F) (k= n_1 ((2k +2)a+ (2k+1)8) Im / @* Vo2 4 remainders
where ¢ = 9,1 is the solution of the gauged equation and we shortened

R 1 2 _ 1 2
pi= o llelBe = 5 I9ls

In general we will use the notation p[f] := 5=| f||2. and we will simply write y if there will be
no ambiguity. We recover (1.11) as a = 0. Setting
2k +1
=—— 1.12
= okal (1.12)

we reduce to 2k‘
+1
Exle) = el — s

This form of the integrals of motion is much more suitable in order to prove the asymptotic
conservation property and such a reduction is the crux of our proof. Of course also the flow
of DNLS changes accordingly to the gauge transformation: indeed our gauge choice leads to
a somewhat more involved form for the equation (see (2.8)). However this does not introduce
significant difficulties, as the form of the nonlinearity is essentially the same and we are working
with rather regular solutions (at least in H s>5/ 4). Tt is worthy to point out the difference with
what is usually done in the low regularity theory for DNLS, where the choice of the gauge
parameter a« = —f aims to simplify the equation; see also Remark 1.5.

ﬁu/ 5(k) (k U+ remainders .

The next step is to define for any k£ > 2 a gauged Gibbs measure starting from the gauge-
transformed (or gauged) integrals of motion and to prove its invariance w.r.t. the gauged flow.
This requires some groundwork, namely a careful analysis of the DNLS-flow and gauge-flow
maps, in order to adapt the strategy of [TV13b].

The invariance of the gauged Gibbs measure under the gauged flow easily implies the invariance
of the push-forward of it through ¥, under the DNLS flow. This will be our invariant measure
pr- We stress that in principle one expects pr = pr. The missing step to show the invariance of
the Gibbs measures is the proof of absolute continuity of the pull-back v 0¥, w.r.t. v with the
explicit density. So far what we can prove is the following theorem:
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Theorem 1.4. Let Ry > 0 small enough and

(A) = w(AN{f € L : u[f] < Ro}).
Then for any k > 2 and o € R the measure Jy, 0 9, is absolutely continuous w.r.t. .

The absolute continuity of pp w.r.t. -~ is then a direct consequence of Theorem 1.4; see
Remark 7.1.

The change of variable formula for &k = 1 was established in [NR-BSS11]. This is however a very
special case, as the typical trajectories for v; are complex Brownian bridges, whose properties
are crucially employed in the argument of [NR-BSS11]. For more regular processes one cannot
expect to reproduce the same proof and some new idea is needed. Since the work of Ramer
[R74], much attention has been given to the transformation properties of Gaussian measures
under anticipative transformations (as the DNLS gauge is). However the gauge group does not
match the typology of transformations studied by Ramer onward. For this reason the study of
the quasi-invariance of «; under the gauge map is of independent interest.

Recently Tzvetkov [Tzv15] proposed a strategy for proving quasi-invariance of the Gaussian
measure under a one-parameter group of transformations via a soft argument, which does not
provide the explicit density. The method has been successively refined in [OT16, OT17, OST17].
We use this approach to prove Theorem 1.4, from which we deduce the absolutely continuity
of pr w.r.t. ;. To prove that the Gibbs measures are invariant, one should known the exact
form of the densities after the change of variables given by the gauge also for £ > 2. As in the
case k = 1, these densities should complete exactly the part of the integrals of motion missing
in the gauged Gibbs measure. We do not give here further details, leaving the discussion of this
problem to future works.

Remark 1.5. Finally we come back briefly to the case & = 1. As we have noted, the gauge
transformation relative to the choice (1.12) introduces a significant simplification in the form of
the conservation laws. This allows us to obtain the key Proposition 4.1, which can be easily
extended to the case k = 1. In [NOR-BS12, Theorem4.2] they prove a (deterministic) analogous
of this proposition, which is again the main step in the proof of the invariance of the measure,
but their choice a = —f does not give any simplification in this part. Our argument does not
immediately cover the case k = 1, since the missing step is to extend the stability Proposition 3.4
to low regularity. In particular, the works of Herr [[Her06] and Griinrock—Herr [GT08] suggest
that such a result should be harder to achieve under our choice (1.12) of « in place of the usual

a=—p.

1.3. Organisation of the paper. The paper is organised as follows. In Section 2 we introduce
the gauge transformation used throughout the paper and we analyse the way the DNLS equation
and its integrals of motion change according to it. This leads to the gauged DNLS equation (2.8),
which we refer to as GDNLS, and to the gauged integrals of motion &, ¢ € Ny, defined in (2.16).
The main results of this section are Corollary 2.11 and 2.12 where the explicit representation of
the gauged integrals of motion &, is obtained. In Section 3 we introduce the truncated GDNLS
equation (3.1) and we show in Proposition 3.3 that its flow preserves the Lebesgue measure (1.5).
Moreover, we show that this flow is close to the one of the GDNLS equations in a suitable Sobolev
topology for short time, see Proposition 3.4. Section 4 is devoted to the study of the asymptotic
conservation of the integrals of motion in the probabilistic sense. We show in Proposition 4.1 that
the L? norm w.r.t. 7% (k > 2) of the time derivative calculated at ¢t = 0 of the integrals of motion
&¢ vanishes as N — oo (namely as the truncation disappears). In order to prove this result we
need to study the asymptotic conservation of the monomials appearing in the explicit form of
the integrals of motion & obtained in Section 2. For most of them we have also convergence
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vg-a.s. for k > 2, as proved in Lemma 4.3 and 4.4. However this is can not be easily proved
in general. The more complicated terms are handled using Wick theorem in Lemma 4.5 and
4.6. In Section 5 we perform the construction of the invariant measures of Theorem 1.2. First
we construct the gauged Gibbs measures, essentially repeating the argument used for the Gibbs
measures in [GLV16] starting by the gauged integrals of motions. Then, following [TV 13b], we
prove that they are invariant under the flow of the GDNLS equation, using the results of Section
3 and Section 4. The last two sections are devoted to the proof of absolute continuity of the
invariant measures w.r..t the Gaussian measures via the quasi-invariance of the latter under the
gauge flow. In Section 6 we introduce and analyse the truncated gauge flow in analogy with
what was done in Section 3. In Section 6 we exploit the argument of [Tzv15] to prove Theorem
1.4. This ultimates also the proof of Theorem 1.2.

Notations. Throughout f will always be a generic complex function, ¢ a solution of DNLS, ¢
the image of i via the gauge transformation, u can be either ¢ or ¢. We denote by f(n) the n-th
Fourier coefficient of f : T — C. We set u[f ] := 5| f||2. and sometimes we shorten this simply
writing p. For the ease of notation, E[] denotes the expectation value w.r.t. =y, regardless of
k. Anyway the particular 7, considered will be always clear from the context. B*(R) is the
ball of center zero and radius R in the topology induced by || - || zs. We write X <Y to denote
that X < CY for some positive constant C' independent on X,Y. We also use the symbol O for
the Landau big O. We denote Ny = NU {0}. We use the following notations for further (space)
derivatives of the solutions ¢’ := 9., ¢ := 02, ¥ 1= O, k > 3.

Acknowledgements. This work was partially developed during the visit of the first two authors
to the CIRM, Trento (through the program Research in Pairs) and to the Yau Mathematical
Sciences Center of Tsinghua University, Beijing. Both these institutions are thankfully acknowl-
edged. Furthermore, we are grateful to Lorenzo Carvelli for many stimulating discussions. The
work of GG is supported through NCCR SwissMAP. The work of RL is supported through the
ERC grant 676675 FLIRT. The work of DV was supported through the NSFC “Research Fund
for International Young Scientists” grant and through a Tshinghua University startup research
grant when working in the Yau Mathematical Sciences Center.

2. GAUGE TRANSFORMATIONS

The DNLS equation has interesting transformation properties with respect to a group of gauge
maps (introduced in the periodic setting in [Her06]) which will be now discussed.

For a € R let 9, : L*(T) — L*(T) be defined by
(Gaf)(@) = T f (). (2.1)

/%de/ <|f 2 ||f|L2(’]I‘)>dy' (2.2)

One can easily check that the (real) function Z[f(x)] is the unique zero average (2m-periodic)
primitive of | f(z)|*—(27) 7| f||2.. Note that | f| = |9, f| and &, f is 27-periodic. Hence, G, maps
L?(T) into L?(T) preserving the norm (namely ||, f||z: = || f|lz2). Using that Z[f] = Z[Gu(f)]
one can easily show that the map o — ¥, is a one parameter group of transformations on (R, +),
namely

where

4 =1 and Y, 090y = Y0 10, , forany ag,as € R. (2.3)
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For any s > 0 the gauge transformation ¥, is also a homeomorphism of H*(T) into itself. This
is an immediate consequence of the following useful inequality

H (emzm _ eiaI[g]) hHH < CelICWS i+l (| £l = + 1lglzr+)

|f = glla=lhlles (24)

where C only depends on s, proved in [Her(6] in the case « = —1 (the adaptation of the proof to
the general case « € R is straightforward). Let indeed assume f, g € B*(R), where B*(R) is the
ball of center zero and radius R > 0 in the topology induced by || - ||g=. Using (2.4) one easily
deduces

_ < [{ piezis) _ jiezig) H H iaTlg] _ _ H T .
9] = Gagllae < ||(= = o2l g ||(eod—1) (= g)| 417 —gllae @25)
< (20R?°PCR L OR2CIICR L1)|| f — g|| e
< ORI f — g|lue

where the constants C' > C > 1 here still only depends on s.

2.1. Gauged DNLS equation. Let ¢ be a solution of the DNLS equation (1.1). For any o € R,
we set for brevity

=9 (2.6)
From (2.3) we clearly have ¥ = 4_, (). We also have
—ia . k
Y = 05(G_alp)) = e T (0, —dallo® — ule])" e, (2.7)
where p[f] := 5= | f||32. Note that, since |¢| = [¢], we have p[p(z,t)] = p[v(z, t)] and, since this

quantity is conserved by the flow of the DNLS equation (see (2.15), namely pufy(z,t)] = pl(x,0)]
for all t € R) we will often simply denote it by u.

The following proposition specifies the gauged form of the DNLS equation. For brevity we
denote throughout by ¢ the solution of this one parameter family of equations, even if ¢ depends
on the choice of the parameter «, see (2.6).

Proposition 2.1. Let ¢ be a solution of the DNLS equation (1.1). Then, for any o € R, the
function ¢ = 9,,(1¢) satisfies the equation

i0rp + " + 2iapg’ = ici|ple’ +ica0®@ + calole + caplelPo + Tlgle, (2.8)

where

o af
ca=2(a+p5), co=2a+p0, g =—a"— -, cy = —af (2.9)
and
3af  o? 4 PUTPRPS 1o -
Il < o - o , 2.1

1= (524 S ) e - culrP+ 2 [ 17 (2.10)

Proof. Using (2.7) we get
P = e W) (" = Bialp|*¢ —iap® @ + 2iapy!
—a?lpl'e + 202 plpPp — o) | (2.11)
([4[P9) = e W) (2pP¢ + *¢' —ialol*e + iaulel*p) .
Note that
Oup = e TV (9,0 — iDL I[1))) (2.12)
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Using the DNLS equation (1.1), integration by parts, and equation (2.7) it is straightforward to
get

g 38 | «a [ .
OTly) = ie'p —if + (2a+ ) ol — 2anlol + 200 = (3 + D)llelie - £ [ . (213)
T

Substituting (2.11) and (2.12) in the DNLS equation (1.1) and using equation (2.13) we get the

statement. O

Remark 2.2. Note that c1,c2,c3 and ¢4 in (2.9), and T'[f] in (2.10) are real (indeed, using
integration by parts, one can check that [ f/f is purely imaginary).

We call the equation (2.8) with coefficients given by (2.9) and (2.10) the gauged derivative
nonlinear Schrodinger (GDNLS) equation. We recall that ®; denotes the flow-map of the DNLS
equation (1.1). Then, the flow defined by the GDNLS equation (2.8) is given by

q)ta = ga @tgfa, a€eR. (214)
Remark 2.3. For the choice of « = —f = —1 the GDNLS equation (2.8) already appeared in
[[er06] and [NOR-BS12].

2.2. Integrals of motion. Recall from [KN78] (see also [DSK13, GLV16]) that there exists an
infinite sequence of integrals of motion {Ek[¢)]},c 1y, for the DNLS equation (1.1). The first few
of them are listed below:

Eoly] = 31013,
Byl =5 [ 5+ ZIlke.
Bl = 3103+ 56 [ wres + i,
=5 [+ [ (@20 s+ @) (215)
+ 58 [ WD+ 8wl

Balt) = ol + 58 [ WP (05— w9) + 18 [ 10 (020 +2@?)
35t

25 ey
+ 28 [1oltwd + 580 [ wd+ ol

Remark 2.4. These integrals of motion are slightly different from those appearing in the intro-
duction of [GLV16], where there is a typo in the coefficient of 5 of Ey[¢].

In this section we study the way the sequence of integrals of motion of the DNLS equation
{Ek[¢]}rein, changes under the gauge transformation &,.

Recall that we have denoted by ¢ a solution of the DNLS equation (1.1) and we proved in
Proposition 2.1 that ¢ = ¥,,(¢) is a solution of the GDNLS equation (2.8), for every o € R. We
can rewrite the integrals of motion Ej[¢], k € 3Ny, in terms of the new variables ©®) .= 9k in
the following way

Eold] = Bul9 u = Buld], ke %NO. (2.16)
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Again, we will omit the dependence on « of & in order to simplify the notations. Clearly, when

a = 0 we have & = FEj. By a direct calculation one can check that the first few integrals of
motion (2.15) of the DNLS equation rewrite in the new variables ¢(¥) as follows:

1

Eol] = 5”@”%27
i /= 1 4 2

416l = 5 [ 95+ Gat D)ol - man?, (217)
1 . _ 1

il = el +ion [ 0@+ (da+30) [ loPe'e

o 1
+matd — T (40 +38) ullgls + 7o+ B)(2a+ ) ol

03 1 . .
o' - §au/¢’w'+ Z(2a+5)/ ((¢")?@* + *(@')?)

3 L _
(54 48) /|<p|2s0’<p’+ Sia’p /<P/90—3W(0¢+5)M/|90|2<P/<P

3
(60 + 120 + 56°) / lel'e'e — maPu’ + Sa*(a+ B)ullelLs

o
5
[

01

,.J;M—\ ,g\s m\r—\ DO .

af60” + 1208 + 557l + 1o (20 + §)(da” + 1005 + 55l

&l = 5ol —2ian [ &'+ 7it6a+59) [ 16 (55— &'¢")
1
- 5@'@/((@) $9' — 0 (#')%) + 3’ /<p’<2/ - 10a(a+6)u/|<p|2<p’<p’
- joa 58 [ (¢ + (@) + jtda+ 59)8a +58) [ Iolte's

(a+ B)(2a + B) /\sol2 &)+ @°(¢')?) — 2ia®y? /so’@

ylk\cn»-l;

1 3i0212 (40 + 58) / 0P (67 — 07

OJ»-Jk\CO

— Jiop (40” + 10055 + 55°) / ol* (' P — o)

1
+ l—ﬁz (320° + 12003 + 120a8” + 353%) /|<,0|6Lp/¢7 +matp®

1 3
— 307 (a+58)ullellzs + 70* (40”4105 +56%) u el

1
= 160 (8207 + 1200”8 4 120a5% + 356%) |l ¢ll7s

+ 116(a+5)(2a+5) (40® + 14aB + 78%) |le|l 12 -

We have ¢(z,t) = ®;(¢(x,0)), as ¢ solves (1.1). Hence, from (2.16) and the conservation of
Ex[¢] for the DNLS flow, it is Ex[p(z,t)] = Ex[tp(x,0)]. In other words, &[] is an integral of
motion for the GDNLS equation (2.8) for every k € %NO.

We want to give a more detailed description of the integrals of motion {Ex[¢]}ren, defined in
(2.16). We start by reviewing some results from [GLV16] about the structure of the integrals of
motion Ej[¢)] of the DNLS equation.
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Let V = [ 4 | n € Ng] be the algebra of differential polynomials in the variables ¥ and
1. On the differential algebra V we have the usual polynomial degree, which we denoted by deg,
defined by setting deg(1)(™)) = deg(4)(™)) = 1, for every n € Ny, and the usual differential degree,
which we denoted by dd, defined by setting dd(¢(™) = dd(x(™)) = n, for every n € Ny. For
n € Ny, we also let V,, = {f € V| au<m) =0, for every m > n,u = 1 or }.

It is shown in [GLV16] that there exists an infinite sequence {h }ren, C V such that the local
functionals [hy, k € Ny, are integrals of motion for the DNLS equation (1.1). Moreover

k
hie=>_ Bk, (2.18)

with deg(hk,m) = 2m +2 and dd(hy,m) = k —m, for every m = 0,..., k. The integrals of motion
{Ex[¥]}ken,, introduced at the beginning of this section are defined by

Ek[w] = fhgk, keNy. (219)

Remark 2.5. We recall from [GLV16] that the Gibbs measures for the DNLS equation are asso-
ciated to the integrals [hoy, k € No.

Let us introduce an integral grading on V), which we denote by deg, by setting
deg(p™) = —deg(p™) =1, neNy.

We also write V = @,,c;, VIm], where Vim] = {f € V | deg(f) = m} denotes the space of
homogeneous elements of degree m € Z.

Lemma 2.6. Let m € Z, and let f ¢ C be such that f € V[m].
a) For every n € Ny, we have that deg(dw(n)) deg(f) — 1 and deg(aw(n)) deg(f) +1

b) We have that deg(@f) deg(f). Hence, deg(0™ f) = deg(f), for every n € Ny.
¢) If f ¢ OV, then deg($k) = deg(f) — 1 and deg(3L) = deg(f) + 1.

Proof. Part a) is clear. Part b) follows from part a) and the fact that 9 =)y (¥ (n+1) dw“” +
w(n+1)

). Part ¢) follows from parts a) and b), the definition of the variational derivatives

9™
W = Zwm(—@)ﬂ% and % = Z:%NO(—EJ‘)”%7 and the fact that Ker% = Ker% =
C + 9V (see [BDSK09]). O

Proposition 2.7. hy € V(0] for every k € Ny.

Proof. The differential polynomials hj € V are inductively defined (up to total derivatives) by
the recurrence relation (2.10) in [GLV16]. In terms of the variables ¢ = a — b and 9 = a + b,

it becomes (k € Ny)
O(( + P)g) = —200 (‘”“f) 250 (”“‘)

o1 o

oh oh B _

wet = —io (54) - S+ g (2.20)
Ohiy1r ., [ Ohk B —
bt A Pl (el R

50 (&b) FY W+ )y,

where ’““ and 241 16 uniquely determined by this recurrence if we know 22 and 6hk . We
g,° 5 quely y 55

can dlrectly check from equation (2.15) that deg(ho) = 0. Moreover, since the 1ntegralsiof motlon
fhk are non-trivial, we have that hy & 9V, for every k € Ny. Let us assume that deg(hy) = 0
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and let us show that deg(hs41) = 0. By Lemma 2.6 b) and c), from the first identity in (2.20) we
get that deg((v+1)g) = 0. Hence, using Lemma 2.6 b) the RHS of the second identity in (2.20)
is homogeneous of degree deg(hy) — 1 = —1 by inductive assumption. This force deg(hgi1) = 0
using Lemma 2.6 ¢). O

Let us denote by ¥V = Clp(™, 3™ | n € Ny] the algebra of differential polynomials in the
variables ¢ and ¢. By an abuse of notation we denote with the same symbols the polynomials and
differential gradings of V and V. Clearly, on V, they are defined by deg(¢(™) = deg(@™) =1,
and dd(¢™) = dd(@™) = n, for n € Ny. For n € Ny, we also let V,, = {f € V| % =
0, for every m > n,u = ¢ or ¢}. Using equation (2.7) we get a linear map

V0] = Vo, p] (2.21)
from the space V[0] to the algebra of polynomials in the variables o and p with coefficients in V.

Lemma 2.8. For every k € Ny, the integrals of motion Ex[p] of the GDNLS equation have the
form

m=0

2k 2k—m p
Exlp] = Z Z Zﬁmﬂpﬂqfh%,m;p,qv (2.22)
p=0

q=0

where Egkﬂn;p)q €V are such that deg }VLQkym;p,q) =2(m+p+1—q) and dd(%ghm;p’q) =2k—m—p.

Proof. By expanding the RHS of equation (2.7) we have that (n € Np)

n p
) = =02l S S aryap, (2.23)

p=0¢=0

where P, , € V are such that deg P,,=2(p—q)+1 and dd(P, ) = n — p. By Proposition 2.7,
and equations (2.16) and (2.19) it follows that &[¢] = [hok, where hoy is the image of ho in
V]a, 1]. The result thus follows by substituting (2.23) in (2.18). O

By expanding the RHS of equation (2.7), we can write (k > 2)
) = e T (oW —ikalpPe D +ikape®™ D —ia(|pl)* Vo + gi) (2:24)
where g, € Vi—o.

Lemma 2.9. Under the gauge transformation (2.1) we have (k > 2)

91240 = el + 2ikans | o060 tifh+ 1)a [ 162 (00D - 060 4 [,
where r, € Vi_1.

Proof. Using equation (2.24) and integration by parts we get

19140 = el + 2ikase | D0 ke [ o] (5061 = plb-0g0)
tia [(oP)D (6¥p - o) + [oWg+ [ag® 4 [,

where 1, € Vi,_1. Note that, using integration by part we have

/@(k)gk = _/<P(k_1)8§k = /f7 (2.26)

(2.25)
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for some f € f)k,l, since Jgy € Vi_1. Similarly we have

/gk@(’“) = /h, (2.27)

for some h € Vi,_;. Using again integration by parts we have

/ (o)t VMg = — / (CRICECE / "

= —/w(’”sﬂ(k‘” 7 —/le%“‘”sﬁ(“ +/dk,

where qi, G € Vi—1. In the second identity we have used

(2.28)

k

B\ _
k — (@) jy(k—1)
0% (ab) g (i>a b ,

=0
which holds for any a,b € V. Recall from [GLV16, Proof of Corollary 2.9] that

PPt = /l, (2.29)
for some [ € V;_;. Using equation (2.28) (and its conjugate version) and (2.29) we get
SR (65— o) = [ Jof? (96470 — o 050) 4[5, (230

where g, € Vip_1. The proof is concluded by combining equations (2.25), (2.26), (2.27) and
(2.30). O

Lemma 2.10. Under the gauge transformation (2.1) we have (k > 2)
J1wpu®atn - [ jppotigh- .y [,
where 7, € Vi_1.

Proof. Tt is immediate using equation (2.24), integration by parts and the fact that OV, C ]}n+17
for every n € Ny. O

Recall from [GLV16] that, for k& > 2, we have

BulY] = Il + 128 [ 1 (500 - yt050) [y, (2a)

4

where Ry € V;_1. Hence, we get the following result about the structure of the integrals of
motion of the GDNLS equation.

Corollary 2.11. For every k > 2, the integrals of motion of the GDNLS equation (2.31) may
be written as

1 . —1) =
Enle] = ol + ihap [ - Dg

i (k= 1) -
+1((2k+2)a+(2k+1)5)/|9"‘2 (sp(knp(k Dk 1)(p(k>) +/Rk,

where Ry € 1};@,1.

(2.32)

Proof. Tt follows by the definition of & [p] given in (2.16), equation (2.31) and Lemmas 2.9 and
2.10. (]
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In Section 4, for every k > 2, we will make a choice of the parameter « in order to simplify
the expression of the integrals of motion & [p] given by (2.32) as stated in the next result.

Corollary 2.12. Let k > 2 and let us fit &« = —2EL3. Then, the integrals of motion of the

2k+2
GDNLS equation have the form (£ € No)'
2k +
(0) z(€-1)
il = 3ol +igpr5tn [ ¢00 (2.33)
il—k 2 F(=1) _ =1 50 /
4k+16/\<p| eV )+ Ry,

where Ry € Vy_q. For ( # k any monomial h giving contribution to Ry satisfies dd(h) < 20 — 1.
For £ =k the term Ry, can be decomposed as Ry w + Ry, p, where Ry w is a linear combination
of monomials of the following form (and of their conjugates)

1) pkDgt-lylg, 2) pEDpEDglp,
3) ph—Ngk-D), 4) D=2, (2.34)
5) (kfl) (kfl)SD@B 6) (kfl) (k 1) |S0|2m m=1,2,
while Ry, p is a linear combination of monomials of the form (m > 2)
wle) | ylem) k—1>a1> ... 2am>=20, a<k-—2, (2.35)

where u may be either ¢ or @.

Proof. Tt follows from Corollary 2.11, letting o = —%B into (2.32), and Lemma 2.8. (I

3. TRUNCATED GDNLS EQUATION

We recall that given a function f: T — C we denote by f(n) its n-th Fourier coefficient, and
that the canonical projections (see (1.3)) Py, for N € Ny, are defined by

Pyfi= Y €™f(n), Psy:=T1-Py.
[n| < N
For every N € Ny, we define the truncated GDNLS equation as the following equation
iOspn + @ + 2iaplpn]py = i Py (lon|*¢ly) + ica Pr (93 @y) (3.1)
+ e3P (lonl*on) + caplen]Pr(lonon) +Tlonlen
with initial datum
en(z,0):= Pyp(x,0), (3.2)
where the constants ¢; and the functional I' have been defined in (2.9) and (2.10). Again,
for brevity, we simply denote the solutions of (3.1) by ¢n even if they also depend on the
parameter «. Note that any solution of the truncated GDNLS equation (3.1)-(3.2) satisfies
on = Pyon. We denote with <I> ., the flow associated to equation (3.1). It is immediate to
show that the flow map is locally (m time) well defined looking at the Fourier transform of
equation (3.1). and solving the associated ordinary differential equation. Then, since the local

existence time only depends on the L? norm of the initial datum which is a conserved quantity,
as shown in Proposition 3.2, also the global well-posedness follows.

When a = 0 the truncated GDNLS equation reduces to the truncated DNLS equation
0N + Py = iBPN (YN PN, (3.3)

with initial datum

’L/JN(QT,O) = PN’(/J(LU, 0) . (34)
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Indeed, for & = 0 we have ¢y = 28, co = 8, c3 = ¢4 = ¢5 = ' = 0. We shorten @ﬁazo = @} for
the flow associated to (3.3).

Since ¥y = Py, passing to the Fourier coefficients, equation (3.3) rewrites as a system of
ordinary differential equations

Cai(n) = —in*un(n) +ion Y Un(RinOnm), <N, (35)
[kl,l€],|m| < N
k+m=~+n

which can be written in a Hamiltonian form and preserves the Euclidean norm. This well-known
facts are stated without proof in the next proposition.

Proposition 3.1. Let {-,-} be the Poisson bracket defined through

{¥n(n),vn(n)} = {¥n(n), Yn(n)} =0, {¥n(n), ¥n(m)} = —2inbp, m .
and define h = E1[Pny] (see (2.15)), namely

h=—y 3 monmiin(m) LY @@ RN ().
Im| < N |P|7\§_|{_\I£€Ll\]f_~|_e< N

Then, the system (3.5) can be written as

Son() = (hox()}, Il <N,

Moreover, we have

95 P =0. (36)

In| <N

Equation (3.6) means that the mass p is an integral of motion of the truncated GDNLS
equation when a = 0. This actually holds for any value of o € R, as shown in Proposition 3.2.
As we already observed, as consequence we have that the truncated flow map @ga, t € R, is
globally well defined for initial data in L2.

Proposition 3.2. Let pn be a solution of the truncated GDNLS equation (3.1). Then, we have

95 lewmP =0.

[n| <N
Proof. We want to show that 4 [|pn]|? = 2Re [@nOipn = 0. By the truncated GDNLS
equation (3.1) we get
dupn = il —2aplon]@ly + ailon @iy + copk @y —icslon | on —icaplpn]lon P on —iTlpn]on
— a1 Pon(lonPely) — caPsn (o @ly) + icsPon (lon[*on) + icaplon|Ps v (lonPon) -

Using the above formula, Remark 2.2, and the orthogonality relation [ P~y (f)Pn(g) = 0, which
holds for any f,g € L?(T), we are left to show that

Re /@Na@N =Re /@N%{z + c1lonPEney + calonPon@y = 0. (3.7)

Using integration by parts, it is straightforward to check that [ f”f is real, while [ |f|?f'f is
purely imaginary, for every f € L%(T). Hence, equation (3.7) follows by the above considerations
and the fact that ¢; and ¢ are real numbers, see Remark 2.2. O
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Another consequence of Proposition 3.1 is that, when o = 0, the truncated flow relative to
(3.1) preserves the Lebesgue measure on My (C*V+1) (see (1.5)). Again, this is indeed the case
for any @ € R (see [NOR-BS12] for a = —1). Recall that My (A) is the cylindrical set (1.4) with
base A € Z(C*N*1) and Ty is the o-algebra generated by these sets.

Proposition 3.3. The flow ®, preserves the Lebesque measure (1.5) on (My(C*N+1), Ty).

Proof. Passing to the Fourier coefficients, the truncated GDNLS equation (3.1) rewrites as

d
%@N(n) =F,, |Tl| <N, (38)

where
Fo=F)+F,+F+F}+F}, (3.9)
with
Fy =il (n) — 20mfpn]ey (n)
Ey - = ai(Pr(on Pei)) () + ca(Py (@R @) (n)

= > (el —com)pn(k)en(O)@n(m),
k], |€],|m| < N

k+l=m+4n
F? = —ics(Pn(lon]*on))(n)
= —ic3 > en(k)en(O)@n(m)en(p)en(a) 310
k], 1€, Iml[pl,lq] < N (3.10)
k+l+p=m-+n-+q
F?: = —icaplon)(Py(lon Pon))(n) = —icaplon] > on(k)en(@)@n(m),
[k[,[€],lm] < N
k+l=m+n
Fy = —i(Ten]en)(n)
3af  a? . ia
= —i(=— + uleRlen(n) +ia’ulpnen(n) + —en(n) Y mlpn(m)l?.
Im| < N
We will show that
divF =0, (3.11)

where the divergence operator is defined as

o oF,  OF,
divF = |n§N <3<pN(n) + a(pN(n)> . (3.12)

analyzing separately all these contributions. Recalling that the Lebesgue measure on My (C2V+1)
has density proportional to [] | < y dn(n)d@n(n), this proves the statement.

Note that

_ N N Oulen] _ o0 Oplen] _ 0
plen] —mENIwN( W =nlenl, oGy =oNm. o T =en(n).
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Then, from equations (3.10) it is straightforward to get

HFO L . ) 0
o = - - 2 - 2 = — n ,
Bon(n) in ianu[on] — 2ian|pn(n)] ENE
OF! e
= i((m+n)cg —2me mP=——n
Tt = 22 e —2mep ol =~
OF} ol OF2
= —1C = — ,
don(n) MV T e ()
3
ajf?m = —icapn(n) Y en(R)en(Opn(m) — 2icipfpn],

[k|,le],lm| < N
k+l=m+n

oF, =icgpn(n) Z @n (K)o (0)pn (m) + 2icaplon]?

9%
on(n) [kl Je] Jm]| < N
k+f=m+n
OF* 3a8 2a? io
2 = —i(— on(k)pn (€ — 2
o (n) i( o + p )en(n) Z on(k)en(Opn(m) + - Z m|on(m)|
[k, 1], |m| < N |m| < N
k+l=m-4n
3af o . .m .
— (S + ek +ia— + 2apfen])len () + ia®plpn]®
OF! 3aB 207 B ia
s =i+ )en(n) Y en(Ren(@en(m) = — > mlon(m)f?
0pn(n) 2w T -
[k|,[¢],lm| < N Im| < N
k+l=m+n
3af o .om )
(= + —uler] — ia(— + 2apen])en (n)]* - io®plpn]?.
7 T 7r
(3.13)

Equation (3.11) follows immediately from the decomposition of F' given in (3.9) and taking the
sum over all |n| < N of the terms in (3.13). O

Now we establish a nearness property of the gauged flow to the truncated one which will be
used in the sequel. Let us recall that B"(R) is the ball in H"(T) of radius R, centered at zero. We
write @y o(A) :={ Py o(f) : f € A} and O (A) := {®,(f) : f € A}. The following proposition

is the main achievement of this section.

Proposition 3.4. Let 0 < s < r with r > 5/4 and R > 1. For every ¢ > 0, there exists
N* = N*(e) € N, depending also on s,r,|a|, R, |B|, such that

Y (A) C @ o(A)+B%(e), |t|<tr, N>N*, ACB'(R), (3.14)
where 0 < tg <1 is a sufficiently small threshold which depends on R,r,|al,|B].
We need two accessory lemmas. The first one is a (local in time) integral estimate for solutions

of the truncated GDNLS. Similar estimates have been proved for the Benjamin-Ono equation
in [TV14] and the argument easily adapts to GDNLS.

Lemma 3.5. Let N € NU {oo}. For all r > 5/4 and for any T € [0,1] we have

T
/ ey (@, 8)l| Lo (yds < CT*/* ( sup_lon (2, 8)|[mr(my + 1BIT(1+ sup [lon (@, ) 5nr)) | -
0 s€[0,T] s€[0,T]

(3.15)
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where poo = @ s a solution to the GDNLS equation (2.8), ¢n is a solution to the truncated
GDNLS equation (3.1), and C is a constant depending on r,|cl|,|B| but uniform over N.
Proof. Let N € NU{oco} and denote

AO = Pl, Aj = P2j — P2j—1, j 2 1,

Since @ is a solution of the truncated GDNLS equation (3.1) or of the non truncated equation
(2.8), when we pass to the integral formulation and we apply the operator A;J,, since [Py, 0;] =
0, we arrive to

Aoy = e"tagAjgo;V + B/t ei(t_s)aiAjPNZ(goN)’, (3.16)
0
where we have denoted
Z(pn) = calenPoly + c2pi iy
+ 2apufpn]ely —icsPr(lonl*on) —icaplon] Pr(lonl?eon) — iTlonlen
Using the algebra property of H?, we easily get
1Zem)llae < OO+ o esn) (317
for some C' that only depends on s, |a|,|3|. Now, let {t;},—¢ . 2i C [0,T] be such that

T

to =0, ty; =T and tg—tg_lzg.

Looking at the integral equation (3.16), using the Strichartz-type estimates (see [BGT04])

T2 itd> 4 ;
/0 [ Ayt | < ClIA fllzacay (3.18)
7277 t , 4 i 7277
(/ / et=% A F(x, 5) dt) < c/ 1A, F(x,8)|| 22 (ryds , (3.19)
0 0 Le=(T) 0

valid for all T' € [0,1] and j > 1, for some absolute constant C, we can bound

toy , Yy tot1 , 4 %
/ 180N (@, 8) | oo (mydt < T327 37 (/ HAJ'()DN(xat)”LOC(’JI‘)dt) (3.20)
17 te
§ s tot1
< Tir (nAjsaN(x tlism + 131 | 18, Z(ony (x,s>|mds)
S9=i(+) A g9-4e [
S T2 Ay ) ey + BT 2 [ 1A 2o ) 0 3) e .
ty

for all € > 0. More precisely, in the first bound we used Holder inequality to dominate
the L'([ts,tr41]) norm with the L*([ts,#¢11]) norm, the second bound is an immediate conse-
quence of (3.16)-(3.19) and the last one is the Bernstein inequality, since we are localising the
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frequencies over the annulus 2¢ < In| < 2641 Thus, summing over £ =0,...,27 — 1, we obtain
T 27 _1
3 »
/0 1A (2, )] oo (rydt ST tsup] 180N (@ D)l 3ve ) D27/t (3.21)
g £=0

27 _1 o1
SR D A INEER T
(=0 v

T
3 e
< |ATi2 (zt&% 1856l e, 18 / ||AjZ<saN><z,s>||Ha+Emd5> ~
Since gy =3 ez, D¢y, the (3.15) follows, for any r = 5 t+e, by (3.21) and (3.17), via triangle
inequality. ([l

Next we show that the Sobolev norms stay bounded for short time under the evolution of
the GDNLS flow. We remark that this is interesting for solutions of the truncated GDNLS
equation (3.1), for which no further integrals of motion are available.

Lemma 3.6. Let N € NU{oo}, r >5/4, R > 1 and p(z,0) € B"(R). There exists tg > 0 such
that

sup [|@7, (#(,0))]|u- <5R, (3.22)
[t < tr
where &%, := @, , is the flow associated to (2.8) and ®}, is the flow associated to (3.1). The

threshold tg depends on R and on |al,|B| and r but is independent on N.

Proof. Let N € NU {oo}. Recall that, when a = 0, we have denoted by pn = @V (¢(z,0))
a solution to the truncated DNLS equation (3.3) with initial datum Pyp(z,0), while ¢ is a
solution to the DNLS equation (1.1) with initial datum P ¢(x,0) = ¢(z,0). We will show that

sup sup lon |l <5R, (3.23)
It Sch% p(z,0)EB"(R)

for a sufficiently small constant ¢ > 0 which depends on |«/,|3] and r. First we prove this for
t € [0, CR’%}. We apply the Bessel kernel J”, namely the operator with symbol (1 + nz)T/Q, to
the truncated or non truncated GDNLS equation. Since J” commutes with 0, and Py and since
0, J" = J 1, we get

I on —iJ oy = a1 PnJ" (lonP@y) + coPn I (o @) + 20mfen] ] oy
—ics P J" (lon| on) —icaplen]Pn " (lon|*on) — iTlen]PnJ o -

We take the L? inner product of this equation against J"px = PyJ" ¢y, and then the real part,
so that, using integration by parts and recalling that || f||gr =~ ||J" f||12, we obtain

Ocllen i = Re (Zi(on) + Z2(on) + Zs(on)) (3.24)

where
Zi(pn) = / (T (onlPde) T on,  Zalon) = ca / (I (2 N)) T B

Z3(pn) = —icsPnJ" (|on|*on) —icaplon] P " (Jon [*on) — illon] PnJ on
and we have used that Re [(J""oyn)J"gn = 0. Integrating by parts we get

Ziow) = 12 (o) + 1 / (" lon 21 ) T o
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where
Zr(pn) == / on (T o) T .

But, integrating by parts, we notice

Zi(on) = —Zr (o) - / (o 2| T o2 (3.25)

so that,
Re Zi(ow) = —3 [ on Y177 on.
Thus
Re Zi(ow) =~ 5 [UonPVlmen + e (17 lonPloh) ox
Using the Kato—Ponce commutator estimate [KP8§]:

177, gl S Mo llglme— + [l llgllze

with f = |on|? and g = ¢y, the Sobolev embedding H" < L, and the algebra property of H",
we can bound

Re Zi(on)l < C(WenPY =77l + WowPY o=l e + Nlon i eyl ) 177wl
< Ol ll=llenlle=llon i + llen = lon - S @l lonl- (3.26)
were C' are possibly increasing constants which only depend on r, |al,|3]. Similarly
Zalion) = cZalow) + ca [ (177 k1oh) T o
where
Zalon) = [ Gl en) o
and, integrating by parts, we notice
Zalion) = ~Zalon) - [ enl, (3.27)
namely
Zalon) =5 [ 17exl
so that
Zalow) = =2 [ Von + 2 [, Ao T

and (here we let f = % and g = @ly)

[Za(en)| S (ll(@?v)'llLoollJT@Nlle + (A e @l - + ||90?v||H7‘||95§V||L°°>||JT95NHL2

S lenllz=llenllz=llon - + Il lonlli- S leillz=llenlz- - (3.28)
On the other hand, using the algebra property of H", we easily get
1Zs(on)llir < CL+ llonllzr) (3.29)

for some C' that only depends on s, |af, |3]. Plugging (3.26), (3.28) and (3.29) into (3.24), we
arrive to
Ocllen i < C* (A1 + @y llz=) (@ + lonlF-) ., (3.30)

for some larger C* that only depends on s, |al,|8]. We take C* > 2. Now we use that dyn =
2an®/? for n = (1 —a)~%/ with the choice n(t) = |l¢n(z,t)[|%.. Distinguishing the time regimes
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where 0 < n(t) < 1 and where 7(t) > 1, the estimate (3.30) implies, via comparison principle,
the following a priori bound

+

t
lon (@, Ol < llon(z, 0% <20*/0 (14 [loy (2, 5)l| L~ )ds

o

t
+ (130 low @Ol [ @+ e li=) s ><1+4|soN<x,o>||Hf»<5R,
0

(3.31)

as long as

(3.32)

N | =

t
30*(||¢N(x,0)\|?{r+IIsON(%O)II?p)/O (1 + oz, 5)]| Lo ds) <

Now we set

X(t,on(2,0) = sup [lon(z,t)|lar
s€[0,t]

and we assume that {t > 0: X(¢) > 5R} is not empty, otherwise the statement follows in the
larger time regime ¢ € [0, 00]. Then we set

T(pn(x,0)) =inf{t >0: X(t) > 5R} .
Our goal is to show that T(py(z,0)) > ¢cR™F for any Pyg(z,0) € B"(R), that would imply
the statement in the case ¢ € [0,cR™ % ]. By the continuity of ¢ — ||on (z,t)|| g+ it is clear that
X(T(en(2,0)), on(2,0)) = 5R. (3.33)
With a little abuse of notation we will simply denote these quantities by 7' and X (T'), namely we

will omit the dependence on ¢ (z,0). Let now assume that T < ¢cR~% . We deduce a contradic-

tion by (3.31), using the dispersive estimate (3.15), proven in Lemma 3.5. Since ¢ (z,0) € B"(R)
and R > 1, the (3.32) would be true once

(3.34)

N | =

t
60 B [ (1 o (a)lds) <
0
Since T € [0,cR™ %], X(T) = 5R, the (3.15) gives (assume ¢ < 1 so that T < 1)
T
60 R [ (14 o (e.9)1)ds < 6C° (T + CTH(X(T) +|6|TX7)
0

3 3 1
< 6C*2°RPTa(1+ C(1+ |B])) = 6C*2%c3 (14 C(1 +8]) < 3

where in the last inequality we have chosen c¢ sufficiently small. Thus (3.34) and so (3.32) are
satisfied, so that we can apply the (3.31) with ¢ € [0,T] and we get X (T) < 5R in contradiction
with (3.33).

This completes the proof of (3.23) in the case t € [0,cR™%]. As for t € [~cR™%,0], one
can consider the equations (3.1), (2.8) with ¢ replaced by @, that is satisfied by o n(—z, —t),
for which the argument above applies with obvious modifications, to show that (3.23) holds also
when we restrict to negative times thus concluding the proof. O

Now we can prove Proposition 3.4.

Proof of Proposition 3./. Let N € NU{oo}. Assume that we have shown

sup sup | P+ o (p(z,0)) — q)ga(ga(x,()))ﬂg —0 as N — oo, (3.35)
6] < tr p(z,0)€B"(R)
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for some tg € (0,1) that we conveniently choose to be the threshold quantity in Lemma (3.6)
This allows us to use the (N-uniform) bound (3.22) to get, for 0 < s < r, the following

140 (p(@,0) = @ (o (. 0l
< [1®1alp(e,0)) = (o, ))gs ™ [1Ba (e, 0)) = 2 (e, 0) 37
< (10R)" [ @40 (p(, 0)) = @ (i )|z "
for all ¢(z,0) € B"(R). Thus, using (3.35), we would get
sup sup || @a(p(,0)) — @1 (¢(2,0))[zs = 0 as N — oo, (3.36)
[t <tr ¢(z,0)€B"(R)
which implies (3.14). It remains to prove the (3.35). We consider the difference
On(x,t) = p(z,t) — pn(2,1) = Bi(p(w,0)) — @ (2(,0)) (3.37)
that, recalling (2.8) and (3.1), solves the equation
{ Oy —id% + 2auby = —2a(ule] — plen))Ply + iy Zeloson] + Pon Yy_y Relon],
51\[(.13, O) = P>N‘p(xv 0) >
(3.38)

ce = —a? and ¢y 1= %, we have denoted
Zs[p, o] = ca(9°@ — o)
Zae,on) = —ica(ulellol*e — plenllonl*en)

8as | o?
a(lel¢’ — lon*en),
Zs[p, o] = —ice(ule]® — plon]?),

38,

where, with c5 :=
Zl [QoaSDN] =

Zs[p, on) = —ics(lel*e — lon|ten),
Zs[e, on] == —ics(loll1e — llonllze),

Zz[p, pn] ——207/</w /wNwN

and
Rilon] == (lenPen),  Ralon] = 2ok @y,

Ralpn] = —icslpn|*on, Ralpn] = —icaplon]lon|*en,
Now we take the L? inner product of equation (3.38) with dx, and then the real part, so that,

after integration by parts, we arrive to

7 4
[ 1o = ~20Re [ (ulel -ulomliondn+ S Re [ ZiloonlintPorRe [ Relow
= T (339)

Now we need to bound the terms on the right hand side of (3.39). Notice that, since A C B"(R),
by Lemma 3.6 we have that ¢(x,t), pn(x,t) C B"(5R) for |t| < tg. Thus

e [l - ulenDodn| = [Re ([ (o1~ lowhel +lexD)) ([ ohbn)

lonlZ2 (el + llonlo2) ez < R [1on Iz (3.40)

Then
Re [’ - |¢N|%3V>5N\

Re / o284 8x + (o] + [on) (] — goNDso'NaN‘

‘Re /Zl[W,SDN]gN' = |e1]

= |c1]

and since ) )
Re [ loPond =5 [(awPlel == [lonP (0P,
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we arrive to

Re /Zl[%sozv]&v’ S lellonllzz el ¢ e + lealllon Iz (lellze + lenllz) el

< CR(l¢' > + e llz=)lonlz: , (3.41)

where hereafter C' denotes several constants, possibly increasing from line to line, that only
depend on |a|,|B],r. Similarly

Re /Z2[<P7$0N]5N’ = |eg]

Re [(£2¢ - iy

Re [@0ubn+ (o ¢N>so§v|6w2\

[eiiv =3 [ @@= [,

Re /Zz[%wzvlézv’ < leallonllZz lelles 9/ o + lealllon 72 (ol + lonllze) @i llze

= |cof

and since

we arrive to

< CR(I¢ |l + ¢y llze)lIonlI7 - (3.42)

Moreover

Re /Zs[%@N](;N‘ = |cs]

Re [ 1oton + lowl(l  lowl x|

= |3

Re /\s0|4|51v|2 +lonl(el = len (el + lenD (el + lon|*)dn
Slesllonliz: (el + lonlze) < RYlon|72 (3.43)

and similarly

’Re /Z4[<Pa<PN}5N‘ = |c4]

Re [ (ulellole - u[soN]goNPsoN)aN]

= |

Re /u[so]ls@\2|51v|2 + ulel(lel = len (ol + len])endn

+ ( Jael=tenbel + |soN|>) (Re / l@N“S”N‘”)’

S leallow 3= (lenl3zllon 3 + lon 3z (el + lonlFe) + lielife + lonli)
< RY|oy ]2, . (3.44)
We finally estimate

‘Re /Z5[80790N]5N‘

(f16) (f1os2) + ( [1e1=towt?) ([ owin )|

< leslllelzallols +leslllenllzzlon ] 2 /(I@I —lon)(el + lonl) (el + lonl?)

< CRYox 1> + (el + llenllza)lonlZ: < CRYléx|1Z: | (3.45)

= |es|
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and

‘RG/Z6[<PNPN]5N'=CG| (/w) (/|5N|2)+(/|w|2—|w2) (/goNaN)‘

< leo| RY[on 12 + R ( J 6l = tewbiiel + |soN|>) ( / ¢N5N)

< leol R0 122 + B2 (llloe + lonllze)llon oz 6w |22 < CRYSx ]2, (3.46)
and

Re [ zilpionta| =lerl|( [ 0) ([1ow?) + ([ 0o - eivew ) ([ owiv)

< lerllle oz llloe 1on ]2 + ( [ - WN) ( / @NSN)

— lenllle' el e llon I + ( [ e +5N¢3V) ( / @NSN)

< CR2on | + (192 + I l2)lonll e 10w |22 < CREIdn| s (3.47)
Letting

n(t) = sup (I¢' (@, t)* + |y (2, 1))

and plugging (3.40), (3.41), (3.42). (3.43), (3.44), (3.45), (3.46), (3.47) into (3.39) we arrive to

4
o [ 160 < C(R + Rn(e)) [5G, + Powke [ Relonldx  H <ta. (3.45)
=1

Using the algebra property of H"~! and Lemma 3.6 it is immediate to show that R[¢n (7, t)]0n (2, )
belong to B"~}(CR?®) for all £ = 1,...,4 and for |t| < tg, so that

4
P>NR6 /ZRZ[@N]SN

=1

< CRSN72=D 1] < tg.

so that, using the Gronwall inequality, the estimate (3.48) gives
t
/ |8(, )2 < ORI nir)dr / 16(x,0)|* + CRIN—2("=D) / (OB (t=)+CR [*n(r)dr g
0

< CeCRGtRQN—Qr + CRGN—2(T—1)teCR57 |t| <tr,
that implies the (3.35), so that the proof is concluded. O

4. ASYMPTOTIC STATIONARITY OF THE INTEGRALS OF MOTION

Let k > 2. In this section we only work with the truncated GDNLS under the choice

2k+1
=qpi=——— 4.1
a=ag LR (4.1)
namely
. "o 2k+1/_- 2 1 : 2=/
iOroN + On — iBp =iciPn(lenl"on) +icaPn((on) @) (4.2)

k+1 7N
+ e3P (lon | on) + capPn(lon*on) + Tlonlen

with initial datum
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where
B ok O k(2k+1) L, B2k +1
AT rr1 7 k+1ﬁ’ =" (k+1)ﬁ AT ST (4.4)
and
@k —1) 2k +1)? i(2k+1)/ .
Plonl = =" Tt 1) Bllen |14 W12 T 2 NN (4.5)

We have denoted the associated flow by ®
the non truncated equation.

We write ®; ,, = ®79,, for the flow associated to

totk t,ap

This choice of « simplifies the (higher order) integrals of motion &[pn], ¢ € Npy, which take
the following form for £ = k (see (2.33)):

2k + _(k—1)
uion] = lon e + i rskon [ oA + [ Re.

The main goal of this section is to prove the following estimate.

Proposition 4.1. Let k > 2, 0 < { < k and (4.1). We have

= 0. (4.6)

t=01lL2(yy)

N—o00

lim Hse oM. ((z,0))]

For ¢ = 0, equation (4.6) is a consequence of the (stronger) result provided by Proposition
3.2.

Proof. Following [Zhi01] we define the linear operator Dy which acts on the multilinear form
Juler) . ulem) according to the Leibniz rule

DN/U(‘“)...U(O"") (4.7)
= ZZ / ul®t)  Poy (ic1|ulu +icoud’ + calul*u + 04\u|2u)(aj? Culem)
j=1

Notice that equation (4.2) can be rewritten as

+1 _ . . .
] Oy + calonPOn+ ca(on) 2@y — ieslon|*on — icaplon P on — iTlon]on
—caPon(lonPely) — caPsn ((on)* @) + icsPon (Jon | on ) + icapPs v (Jon Pon)

dpn =iy + Bu

where the first line is the GDNLS equation (2.8) for a = 3’;1; , whose flow preserves the
integrals of motion &. More precisely

%55 [(I)t,ozk (PNQO(.T, O))] =0.

Using this, the fact that & are linear combinations of multilinear forms, and the fact that
CIJ{X% = Py = @04, Pn, one can easily check that

C e, (o, 0)]| = DrEdlProle, 0], (18)

Actually, the (4.8) holds at any time ¢ € R. However, we will only use this identity in the case
t=0.
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In order to simplify the notation, until the end of the section we will write ¢ in place of ¢(z;, 0).
Nevertheless, all the functions we will consider are always calculated at time ¢ = 0. Notice that,
by orthogonality

D||Pyell3, =0, for all £ € Ny, DN/(PNcp)“)(P @)=Y =0, forall/eN. (4.9)

We will show that
J\}i_rfloo ||DN5€[PN90]||L2(%) =0, (4.10)

for all 0 < ¢ < k, that imples (4.6) by (4.8).

Case 0 < ¢ < k— 1. In this case the gauged integrals of motion have the form (see (2.33)):

(B / (Py)® (Pyg) V4

2k +
&Pyl = 5 ||PN<P||He +i

2% +
il—k ? ((Pre) O (Py@) " — (Pue)*V (o) @) + [ R
4k+16 [Pl ((Pne)™ (Pno) (Pne)" " (PNenN) ‘-

When we apply the operator Dy, we are left to consider only its action on the last two terms in
the RHS, since the first two terms give no contribution by (4.9). Recalling that Ry € V,—; and
using the fact that £ — 1 < k — 2, we have that Ry is a a linear combination of monomials of the
form

DN/uggl>...u§3-f>...ugym>, a; <k-2 j=1,..m, (4.11)

where upy is either Pyy or Py@. Thus, using (4.7) and reordering the indexes, we have that
(4.11) is a linear combination of terms of the form

/u%gl) . ug\?’"’l) P>N(u§\’/',3’"’) .. us\?’"“)), r=2or4, (4.12)

with 8; <k—-2,7=1,...,m+7r—1and 3,4, <k — 1. Hence the contribution of these terms
o (4.10) is

/uggl) . ugg’"’l) P>N(u§5’”) .. .ug\f’"“)) ,

which goes to zero, as N — oo, due to the forthcoming Lemma 4.3.

Finally, we apply Dy to the term [ |(Pne)[?((Pyg)® (Pn@) =Y — (Pyo) D (Py@)®). By
a simple integration by parts argument, we obtain a linear combination of terms like (4.12) (for
m = 3), whose contribution to (4.10) vanishes as N — oo, and of terms of the form

/ug\fl)uggﬂ P>N(u%33) .. ugg‘g”)), r=2or4, (4.13)
with 8; <k —2forall j =2,...,7+2 and f1, f34, < k — 1, whose contribution to (4.10) again
vanishes by Lemma 4.3.

Case £ = k. The gauged integral of motion has the form (see (2.33)):

1 2k + (*) (k-1)

Ex[Pne] = HPWIIHk i Qkﬁu (Pne) ™ (Py@) "D + | Ry, (4.14)

and again, because of (4.8) and (4.9), we only need to evaluate Dy [ Rj. Let us split the terms
appearing in Ry, into two classes according to Corollary 2.12 . The first class Ry p contains terms
of the form

00 ule ) e <k -2, forj=1,...,m-1, an<k-1, (4.15)
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where again uy is either Pyyy or Pyg. The second class Ry w contains the terms of the
form (2.34). The contribution of the terms of Ry p to (4.10) is zero in the limit N — oo, as
shown in the forthcoming Lemma 4.4. The harder terms of class Ry are treated in the following
way. First of all, recalling (4.9), we do not need to consider the terms of the kind 3) in (2.34).
Then we notice that Dy maps a generic element of Ry, 1 into a linear combination of monomials
that, after integation over T, are, modulo conjugation, of the following two types:

[ P ()@ (Pr@) ) (P) ) Po (P ) (Pre) ) (Par) 0 (Pyi) ™) (Prv) )
(4.16)
with By +...+8s=2k—-1, /i <kand 3; <k—-1,5j=1,...,8 or

[ Pox (Pl (Py) ) (o) ) Po () P9 (Pap) ) (Pug) ) - (417)

with 51 +... 4+ 86 € {2k,2k — 1}, 81 < kand 5; <k —1,j=1,...,6. These terms give a null
contribution to (4.10), in the limit N — oo, as consequence of Lemmas 4.5 and 4.6. Thus the
proof is concluded. O

Remark 4.2. Since each integral of motion &[] is a linear combination of multilinear forms,
using the hypercontractivity of the measure 7, the estimate (4.6) can be promoted to any
LP(vg) norm, for p < oo.

We again recall that in the rest of the section all functions will be evaluated at time ¢t = 0,
even though not explicitly indicated.

Lemma 4.3. Letk > 2, m,r € Ng with m > 2 and 8; < k-2 forallj =1,...m — 2,

j= ,m+r—1 and Bm 1, Bmar < k—1. Then, letting uy denote either Pyy or Py@, we
have
/u%gl)... W) o™ ™) 50 as N oo, (4.18)

Yg-a.s. and in L?(y;) mean. The same is true if we rather assume B; < k — 2 for all j =
1,...m+r—2 andﬂm+r_1,5m+r < k—1.

Proof. In both cases Holder inequality and of Sobolev embedding yield

ngvl) . ..ugg’”’l)P>N(u(ﬁ"‘) . ..u(’B"”*"))’ (4.19)

m Bm+r
< Il P () . ufmso)

Ilz= -
We decompose

1P nullr) okl (4.20)

<P n (wuBm) B e 4 (i) Pt — )y B

where w is either ¢ or @, in such a way that uy — w in the H"~! topology. Since

Hu(ﬂm) . u(5m+r) ||L2 < ||QD||7}_;;<171 s
recalling that ||| gr-1 < C for ygz-almost any ¢, we see that ||Psy(u(Pm) .. uBm+r))|| 12 con-
verges to zero yi-a.s. as N — oo. Then, taking advantage of the multilinearity of the monomials
involved, also the second term on the right hand side of (4.20) similarly vanishes. Indeed, this
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is clear when r = 0 and, assuming this true for any integer smaller than r, we can show it
decomposing

1Pon (ulfr)  alfmer) — B By e i) ) (et By

@) ) gy Bm) B0y |

nwmlm““—wﬁwm+W$”~M%HMLW%W~MMMMMﬂ¢mFM

that, as a consequence of the induction assumption, clearly goes to zero ~i-a.s., as N — oo.

In conclusion, we have shown that HP>N(u%j’”) . ..u%gm“))ﬂy converges to zero 7yg-a.s., as

N — co. Looking at the (4.19) and recalling that ||ol| gr-1 is yk-a.s. finite, we have shown that

fugvl) .. (Bm 1)P ~N(uy Bm) ug\f’"“)) converges to zero vyg-almost surely. Since
B Bm— Bm Bmtr 2 2(m—+r
R ey N ) ) G0 ST 1
and ||<p||§}£"f7a) is integrable with respect to 7, also the L?(7y;) convergence follows and the
proof is concluded. The integrability of ||¢|| Hm+r is a consequence of the Fernique Theorem:;
see [Kuo75] Chapter 3 Theorem 3.1. O
Lemma 4.4. Let k > 2,2 < m € Nand oy < ... < oj... < O, with apy, < k—1 and

am—1 < k—2. Then, letting un denote either Pnp or Pyg, we have
DN/ 5\?1)...u§\?"‘)—>0 as N — o0, (4.21)
Ye-a.s. and in L?(yx) mean.

Proof. Recalling (4.7), after reordering the indexes, the expression (4.21) is a linear combination
of terms of the form

/ug\él) . u%gm’l) P>N(u§5"‘) e ug\’?m“)) , (4.22)
where 3 < r € N and either
Bi<k—2 forj=1,....m+r—1, PBnsr <k, (4.23)
or
Bi<k—2 forj=1,..m—-2,j=m,.... m+r—1, Bm—1, Bmar <k—1. (4.24)

If we are in the case of (4.24), we can simply apply Lemma 4.3 to deduce the statement. In the
case (4.23), after integration by parts we reduce to a linear combination of terms of the form
(4.22), but with 8; which satisfies (4.24) or such that

B]<k_2 forallj:L...m—l—r—Q, Bm+rflvﬂm+r<k_]—-
Since we are still under the assumptions of Lemma 4.3, we can use it to control these terms too,

so that the proof is concluded. O

To evaluate the contribution of (4.16), (4.17) to (4.10) we need a different approach, based on
the Wick theorem, that we shall use in the following form. Let ¢ € N and S; be the symmetric
group on {1,...,¢}, whose elements are denoted by o. Then

14
- m]ﬁ”a(a)
. , 4.25
I etm)otom) -y T (1.25)

oc€S, j=1
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where we recall that E is the expectation with respect to the Gaussian measure -y, so that
E[fF] =112 - (4.26)
We say that o contracts the pairs of indexes (1, n4(;))

Lemma 4.5. Let N e N, 0< 51 <k and0< 3; <k—1 forj=2,...,8. We have that

| [ 2o (P ) () ) (1.27)

=

S)ln

L2 (k)

Po ((Py#) 50 (Par) 99 (P @) (P o) 9 (P ) ) )

2

Proof. Writing

P ((Pyg)#) (Py@) 99 (P o)) Poy ((Py @) (Prg) ) (Py ) #7) (Pyp) 90 (P ) )

4
— Z H(inj)ﬂj(_imj)ﬂj+4¢(nj)¢(mj) ei(m—mitna—matnz—mg+ng—ma)z
[ny—mi+nz|>N j=1

|ma—nz+msz—ng+my|>N
[njl,lm;| < N, j=1,...,4

and its conjugate as

Py ((Pn@)#) (Py) #9) (P 3) ) Poy ((Prp) ) (Pr) ) (Pyig) ¥7) (Pyg) #0) (P ) )

8
= 2 [T ing) (mimy)r= o) @(m) | e i(momrotmemnotmnr s,
|ms—ns+meg|>N j=5

|ng—mr+nr—mg+ng|>N
Injl,lm;| < N,j=5,....8

using (4.26), we see that the square of the Lh.s. of (4.27) can be written in the compact form

Zf[ [ m e | B f[so(nj)@(mj) 7
j=1

An j=1

where, letting n = (nq,...,ng), m = (my, ..., mg) we have defined

Z?:l ”j:Z?:l mj, Z§:5nj225:5mj
|nj|§N, |mj|<N, j=1....8,

Anv =< (n,m): |ng —my+ng| >N, |ms—ns+mgl >N,
|ma — ng +ms —ng +myg| > N,
|n6—m7+n7—m8+ng|>N

. 4 4 8 8 -,
Since ny = ijl mj— Ej:2 n; and ms = Ej:5 n;— Ej:ﬁ myq, the condition |ny —my +ng| > N
reduces to |mg — n3 + m3 — ng + my| > N and |ms — ns + mg| > N reduces to |ng — my + ny —
mg + ng| > N. Thus we can rewrite Ay as

4 4 8 8
DT =D My Dy =D 5Ty
AN: (n,m): |Tl]|<N, |mj‘<N7 jzla"'aSa
|m2—n3—|—m3—n4—|—m4|>N, |n6—m7—|—n7—m8+ng|>N
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Now we use the Wick formula (4.25), with £ = 8, and obtain

ZH { i H%} I ﬁsﬁ(”j)@( ZH [ B; 5[a+418} Z H Om;, ”a(;)

Ay j=1 j=1 Ay j=1 0ESs j= 1 cf(J)
8 8 5]+[3 o= 1(j)+4lg
=2 H e 4.28)
nots ] H DI | (4.
€Sy A, j=1 1+ ncr(y 0€Ss A% j=1 L+ v
where . . . .
Z =11 = Zj:l No(4)s Zj:5 n; = Zj:&’) Mo (4)s
yra <N, j=1,....8,
N =

e *ns +na(3) —ng + Nyl > N,
N6 — N7y + N7 — Ng(g) +ng| > N

We will bound the sum over o in (4.28), term by term, distinguishing the permutations which
satisfies 0(5) = 1 and the ones such that o(5) # 1.

Case 0'(5) =1. Noting that /8[071(1)+4]s = ﬂ[5+4]8 = ,61, we see that ﬂj + B[U’l(j)+4]8 < 2k — 2
for all j =2,...,8. Using this, we can estimate

In; |7 T Ple =1 (r+als

8
ZH ’ 1+n2_k NZHl-F’I’LQ’ (429)

A%, =1 J AZ, j=2

where
A i ={(na,...,n8):[ng2) — N3 + N3y — M + Noy| > N, |ng — no(r) + 17 — nys) +ns| > N}

and we have removed ni by the summation thanks to the relation n; = Z?:l Ne(j) — 2?22 n;
and to the fact that A%, is independent on ny. Since o(5) = 1, it is clear that we can cover A%,
with the following sets

A% = {(ng, ..., ng) : |ne| > N/5},
where ¢ € {3,4,0(2),0(3),0(4)}, and that the sum over A% in (4.29) is bounded by the total
contribution of the sums over these sets. We will show that

> H1+n 5 (4.30)

AT (2) j=2

all the other sums can be treated in the same way. We have

ZH1+R§§ > o 1l EE: 1'

wm
2/\

n2
A% ) §=2 [ngay|>N/5  o(2) j=2,..8
Jj#o(2)
Case o(5) # 1. We can write
Zf[ ‘nj‘ﬁ_7+6[a*1(j)+4]8 Z |n1|ﬁ1+5[0—1(1)+418 |n (5)‘51+,@g<5) |n |ﬁ_7+ﬁ —1(j)+4]g
2k - 2k 2k J
Ag, j=1 1+ v A, 1+ng 1+ na(S) j=2,...8, L+ "

Jj#o(5)
(4.31)

and we notice, j =/¢,...,8:

Bi4Bo-1(1)44)s < 2k—1,  Bi+Boi) < 2k—1, Brt+Bio-1(0)+a, < 2k—2, £ ¢ {1,0(5)}. (4.32)
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Then we cover A%, with the following sets, £ =1,...,4:
4
ol _
AN = nzng > N/, [nl, [ne@)| < N, Z”] > Ny ¢
and £ =5,...,8:
8
ol _
AN = qnng > N/5, |nal, [ng )| < N, an > 1o

It is clear that the sum over A% in (4.31) is bounded by the total contribution of the sums over

these sets. Looking at (4.31) and using the first condition in (4.32) and ny = Z?Zl Ng(j) —

4
> j—oMj We can bound

[Pitbe—rgras 1

8
|n; : In N
ZH : 1+ n3k §N Z 1+|n(5 H Z 1+mn3 §T’

A}fv,l j=2 Ingi)| < N 2,..8,n;EL
J#U(5)

Similarly, using the second condition in (4.32) and ny(5) = 2525 n; — Z?:s Ng(j), We get

lnN
B
ye-8, M EZL
i#0(5)

If j ¢ {1,0(5)}, we can use the last condition in (4.32) to bound

|nj|5ﬂ'+f3[a—l<j)+41

1
Z H 1+ n2 SSN Z

"0(0)] 2 J Ini| < N

1Jr|“1|

In; | PPl =1 +ais

8
ZH 1+ n3k

A%t I=1
1 1 1 1 (InN)?
SY o X e X 4 X s
~ 2 2~ J
mien LEIml, Sy Lol | (55 me os e 1T N
3¢1,L,0(5)
that concludes the proof. O

Lemma 4.6. Let N e N, 0< 1 <kand0<B; <k—1 forj=2,...,6. We have that

< In N

|/ 7o (e (a0 @) P (B P Pv) ) | £ T

Proof. Adapted directly from the proof of Lemma 4.5. O

Remark 4.7. Here we gave explicit rates of convergence only for those terms in the integrals of
motion that we have to treat by the Wick theorem, where we have only L? convergence, but not
on all the other ones, where convergence is a.s. and in L2. Indeed we aimed more to emphasise
the different nature of the terms than to provide explicit rates of convergence for all of them.
Of course one could use the Wick theorem to obtain an explicit rate of convergence for all the
terms. It should be clear that the slowest possible decay is given by the terms dealt by the last
two lemmas.
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5. INVARIANT MEASURES

Let £ > 2 and o € R. We define a sequence of measures which approximate the weighted
Gaussian measure relative to 7, with weight (we omit the dependance on « which is irrelevant
at this stage)

k—1
I xr.. (Enlf]) exp(=Qxlf]),

where B 1
Qrlf] = &k[f] - illflli,k : (5.1)

To do so we set

P (4) = /M (4) (H X Ry ( PNW) e Py (),

where xpg, are smooth non negative cut-off functions like in definition (1.7) and My (A) is
defined in (1.9).

In Proposition 5.2 we prove the existence of the weak limit of {px v }nen for any k > 2 along
with its integrability properties. We first need the following

Lemma 5.1. The sequence { [ Py f* Y Py f*)} yew s Cauchy in L*(vy), with

/pr<k—1>pr(k) _ /f(k—mf(k) <L
L2 (k) N
Proof. Let N, M € N with N < M. We will show that
_ - 1
‘ / PafE D Py fO — Py f1 Py f9 S % (5:2)
L2y NV
that is enough to deduce the statement. We write
Py fE Py f® = N (ing)F T (—ima) f () fma )l 0T
Inil,lmi| < M
and its conjugate as
Py fR 0Py f0) = Z (—img)* = (ing)* f(ma) f(ng)e~m2=m2)7
[mal,[n2] < M
so that
2 2
| st = e omg| = S bt | [] )|
LQ('\/k) AN,JVI j=1
where letting where, letting n = (ny,n2), m = (ml, ma), we have defined
An oy i={(n,m) :ny =mq, ng =ms, |n;| <M, |m;| <M, j=1,2, max(|ni],|n2| > N)}.
Thus, using the Wick formula (4.25) with £ = 2, we get
2k—1, 2k—1 4k—4
k— k-1 Ny Ny "
> mtmingmyT'E an] my)| = 2k T D k)2
AN,M A}Vj\l (1+n1 )( +n2 ) A?\r,]\l (1+n1 )

where

A}V’M ={n: |ni|,|ne| < M, max(|ni],|n2] > N)}, A?\LM ={n1: N<|nm| < M}.
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Since, using the symmetry (nj,n2) < (—ngi,ng), the sum over A}V’M is zero and the sum
over A}V, a7 is bounded by a multiple of N=2, we have proved the (5.2). O

We are now ready to analyse the convergence of the sequence {px v} nen-

Proposition 5.2. Given 3 € R, k > 2 and Ry, ..., Rx_1 > 0, there exists a sufficiently small Ry,
which depends on |af,|B|, k, R1, ..., Rg—1, so that pp n — pr, with

- /A f[XRm Enl/) p(—Qulfm(d),  for every A€ BUIAT),  (5.3)

Moreover the Radon-Nykodim derivative d"" belongs to L?(yy).

The proof goes along the same lines of the main theorem in [GLV16], with some additional
considerations. We will skip some details, just referring to our previous work when the arguments
are close enough.

Proof. By equation (5.1) and Corollary 2.11 we have
Qulf) = —ikap / FE e (5.4)
F L@k 2)at @+ 1)8) [IFPGEFED - F0 )y R,

where Ry[f] € Vi—1. The difference with the integrals of motion for DNLS is given by the first
addendum on the r.h.s. of (5.4). Indeed the second term and the remainders Ry have the same
structure as in [GLV16]. Thus it is straightforward to adapt that argument to show that one can
choose Ry small enough in such a way that as N — oo

H 2 €l D esw (~Qulus] = ikan [ P f® Pyt (55)
k—1
— H X}-E/j (gm[.ﬂ) €xXp (_@k[f] - 'Lkaﬂ/f(k)f(k_1)> Y — a.s.,
m=0

and the limit lies in L*(1%). Thus it remains to show the same for the remaining term in the
exponential, namely that for Ry sufficiently small
k—1

X}%/j (Em[Pn f]) exp (ikaﬂ/PNf(k)PNf(k_1)> (5.6)

— H X}{j ) exp (ika,u/f(k)f(kl)> Vg — a.s.

and the limit lies in L4(fyk).

m=0

Combining Lemma 5.1, Chebyshev’s inequality and Borel-Cantelli lemma we prove that the
sequence [ Py f (+=1) Py %) converges y;-a.s. . This also implies the convergence in measure of
exp (po fPNf(k’l)PNfT(k)) for any pp € R. Arguing as in [GLV16, Lemma 5.3] and using the
Borel-Cantelli lemma, we can show that indeed exp ([ Py f*~D Py f) — exp (J f*-D f0))
Ye-a.s. . We want to prove this limit to be in L*(y;) for sufficiently small Ry. From that,
recalling (5.5), we deduce that the measures pj y converges weakly to a limit a.c. w.r.t. g,
whose density is the L?(7;)-limit of the densities w.r.t. the finite dimensional Gaussian measures
of g n (we refer to the proof of Theorem 1.1 in [GLV16] for more details).



INVARIANT MEASURES FOR THE DNLS EQUATION 34
We write for N € N
exp (ikaM/PNf(k_l)PNf(k)) = /’Yk(df) exp (4ik’04,u/PNf(k_1)PNf(k)) .
L4 (k)
We then pass to the Fourier coefficients and change variables

/'Yk(df) exp <4Z]€OZM/PNf(k_1)PNfT(k)> _ ]E[e4ka;42\n| <N ‘9n|2Qn] _ H E[e4kau|gn\2qn] ’

In| <N

4

where {gn, gn}n| < v are i.i.d. standard complex random variables and we shortened
n2k—1

qn ‘= 1+7’L2k.

Let now assume « > 0 (the case @ < 0 is analogous). Squared Gaussian random variables are

exponentially distributed, thus E[e‘lko‘“‘g"L'zq"] < 1for n <0 and for n > 1 and 4kap < 1 there
is an absolute constant ¢ > 0 such that

2 2
E[e4kau\g7L| qn] < ecldkapgn)

(see for instance [Vel2, Lemma 5.15]). We conclude that for 4kap < 1

exp <ikau/PNf(k1)PNf(k)>

which is bounded uniformly in V.

4
2(4kap 2 N 2
g e ( ) Zn71 n s

LA (vk)

Remark 5.3. The convergence in (5.5), (5.6) and so that of

k—1

1 xr.. (EnlPx 1) exp(=Qk[Py 1)y (df)

m=0

can be promoted to convergence in LP° for any pg € [1,00), as long as we choose Ry sufficiently
small. For details we refer to the proof of Theorem 1.1 in [GLV16].

Remark 5.4. Even though we preferred to give here a direct proof, the last statement can be
also proven just invoking the Girsanov-Ramer theorem [R74]. The pull-back of 74 under the
anticipative Hilbert-Schimdt map

x 1 27
sOHWra(/ Y- 5= s0>7 a€R,
0 27 Jo

is absolutely continuous w.r.t. 7y, and the density is given by the standard Gaussian change of
variables under a shift.

Remark 5.5. With a glance to the proof of [GLV16, Proposition 5.4], we realise that Proposi-
tion (5.2) remains valid if one considers the modified densities

k—1 ~
(H (Xom) R (5m[¢])> e~ Wy (dyp)

m=0

where the cut-off functions y,, are not necessarily all the same. Notice that we have already

used this fact in the proof of Proposition, when we have replaced x., by xin/z.
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Until the end of the Section we work with the choice

2k+1
2k +2

o = Q0 =

B, (5.7)

except in Lemma 5.8, that holds for all @ € R. The main goal will be to prove that py is invariant
under @ ,,, that is the flow associated to the GDNLS equation (2.8) under the choice (5.7).

Proposition 5.6. Let k > 2. For any t € R we have that
Pr(A) = pr(Pr,a, (4))
for every A € B(L*(T)) such that A C H"(T) with5/4 <r <k —1/2.
Then if we set for every A € 2(L?(T))
Pr(A) = pr(Ya, (4)), (5-8)

where 4, (A) :={%,, f : f € A}, we have

that is py is invariant along the DNLS flow. In the first equality we used (5.8), in the second
equality we used (2.3), in the third equality we used the definition of the gauged flow given
in (2.14), in the fourth equality we used Proposition 5.6, and finally we used (5.8) again. This
establishes the existence of the invariant measures p; stated in our main Theorem 1.2.

The proof of Proposition 5.6 needs two intermediate lemmas.

Lemma 5.7. Let k > 2. Then we have

. d .
lim sup  sup —th((I)i\fak(A)) =0. (5.9)
N—oo teR Ac8(L2(T)) | Al

Since an explicit representation of the measure p; n is available only at ¢t = 0, the following
observation by Tzvetkov and Visciglia is crucial to prove Lemma 5.7.

Lemma 5.8. Let k > 2. Then for all a,t € R we have

(5.10)

d . d .
@ ()| < (@A)

sup sup ’
Ae(L (1)) | dt AcB(L2(T)) t=0

We omit the proof, that can be done directly following [TV13b] (Proposition 5.4, step 2).
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Proof of Lemma 5.7. Let A € B(L?(T)). The proof is based on the identity

N
LA

pin (B, (4)) = /MN( ) (H XR,, PNf])> exp(—Qk [P f1) i (df)

m=0

= (H XBom ka]))

Py (A)

.exp( Gulal, gl - <||<1>tmg|iw)exp( LiaX gl ( I] @ takfdétakf)

In] <N
_ (H o takg1>)
Pr(A)

'EXp( gk[ toz;C ]) exp( H¢to¢kg||L2 < H dq)takqu)takf)

In] < N

where in the first identity, using that (®}, )~' = ®}_, , we have changed variables f = @7, g

and used the explicit representation (1. 6) and the product structure of the Gaussian measure.
Notice that we are identifying with a little abuse of notation the set Py(A) := {Pnf: f € A}
with the set of the relative Fourier coefficients {(f(—=N),...,f(N)) : Pxvf € A}. The second
identity just follows by the definition (5.1) of Qx[-]. Using

d 1
dteXp< 2||q)£\fakg||%2>< H dq)takfd(btak )ZO
In| < N

that is a direct consequence of Propositions 3.2 and 3.3 we can compute

d

e @, ()|
1 k-1 d k—1
2o 2 o (o) e @2, TT Bl 1)

my_éé

- exXp (7€k[q);‘7\,]akg]) exp( ||(I)to/kg||%2>( H o fakqu)to%f>‘t 0

In| < N -

1 d
27y Pr(A) (dt Pl ) (H Xt takf]))
exp (—&x0Y, g)) exp( Lia; ukg||L2) ( 0%

t=0

ST )|

In| < N

= ]S/MN(A) (jtge[ f]‘tz()) Xr, (€PN f]) H X Ry (Em [P f])

- m;ﬁﬁ

- exp(Qx[Py f1) 7k (df)
/MN (dtgk[ t,ou ’ > <H XR,, PNfD) exp(ék[PNf])fyk(df).
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Since supp Xz € supp xr, Remark 5.5 entails that the functionals (¢ =1,...,k—1)

Xr, (Ee[Pn 1) ( H XR., PNf])> exp(Qr[Pyf])

<H XRyn PNf])) exp(Qk [Py f1)

are bounded in L?(v) uniformly in N (namely their L?(v;) norm is bounded by a constant
independent on N € N). Thus the Cauchy-Schwarz inequality yields

k

d d
o, ()| _ S| Eml@l,, : 5.11
’dtpk N( t,ak( )) =0 dt [ takf} =0 L2(m) ( )
and the r.h.s. vanishes as N — oo thanks to Proposmon 4.1. Using Lemma 5.8, this concludes
the proof. 0

We are finally ready to prove Proposition 5.6.

Proof of Proposition 5.6. We fix R > 1, 5/4 <r <k—1/2and 0 < s < r (recall k > 2). We
consider C' C B"(R) that is compact in the H*(T) topology. Given T' > 0 we integrate (5.9) over
the interval [0, 7], so that, letting N — oo, we obtain

pr(C) = lim ppn(C) = lim ﬁk,N(@i\fak(C))v (5.12)

where we used Proposition 5.2 in the first identity. Now we take T' = tr given by Proposition 3.4,
so that, given any € > 0 we have

N, (C) € ®y0,(C) + B*(e), It| < tg. (5.13)
for all sufficiently large N = N(g). Thus
PN (D1, () < PN (P10, (C) + B*(2)), [t <tr,

for all N = N(e) sufficiently large. Recalling Proposition 5.2 we can pass to the limit N — oo
so that, for all € > 0, we find

Jim (@, (O) < r(®ean (C) + BYE), Il <tn
By (5.12) and the arbitrarity of £ we have arrived to
P(C) < il pr(@00, (C)+ B), It <tr. (5.14)
Since C' is compact in H® and the flow map is continuous in the H® topology when we restrict

the data to B"(R) (see [Her06, Theorem 1.1, Corollary 1.2]), we have that ®; 4, (C') is compact
too. Thus

[)( @10, (C) + B(€)) = ®1.4,(C),
e>0
and

f pr(Pt,a, (C) + B*(¢)) = pr (ﬂ (P10, (C) + Bs(é‘))) = Pe(®ra, (C)), [t <tr.

Recalling (5.14) we arrive to
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Now, since C' € B"(R), by [[Her06, Theorem 1.1, Corollary 1.2] and inequality (2.5), we notice that
@y o, (C) belongs to a (eventually larger R < R') ball B"(R'), so that a well-known continuation
argument allows to take tg = co, namely

ﬁk(C) < ﬁk(‘bt,ak (C)), teR. (5.15)

Letting R — oo, this bound can be promoted to any compact set in H"(T) an then to to an
identity

pk(C) = pr(Pr.0,(C)),  C compact in H5(T) and C € H"(T), t € R. (5.16)

exploiting the time reversibility of the flow. Indeed, still as consequence of [Her06, Theorem 1.1,
Corollary 1.2] and inequality (2.5) we have that ®, ,, is an H°-diffeomorphism once we restrict
the data to a ball of H"(T). Thus, for any C’ compact in H*(T) and contained in a ball of H"
the set @y o, (C’) has the same property, and, letting C' = ®_, o, (C), we get

Pr(® 1,0, (C)) < (Pt (P16 (C)) = pr(C),  tER,

that, along with the (5.15), leads to (5.16). Finally, using the regularity of the gaussian measure,
we get that (5.16) holds for any Borel set of H*(T) that are subsets of H"(T) too. This completes
the proof. (I

6. FINITE DIMENSIONAL APPROXIMATIONS OF THE (GAUGE MAP

In this Section we show that the Gauge map ¥, can be approximated by a family of bijective
maps 47 acting on Ey. For any N € N these maps are still a one-parameter group with respect
to (R, +).

Given f € Ey we define 4 f, a € R as the (unique) solution of the differential equation

d .
Y2 f =Py (TG NG T) . =1 (6.1)

The (6.1) is globally well posed for data in L?(T) by the same argument explained in Section 3 for
the truncated GDNLS equation 3.1, taking advantage of the fact that the L? norm is a conserved
quantity, as shown in Lemma 6.1. In the rest of the section we will prove some properties of the
solutions of (6.1) and of the associated flow map f — 4 f. Hereafter we will use the notation
G f:=9,f and Es := L*(T). Let us recall that B*(R) := {f : ||f||u= < R}.

Lemma 6.1. Let N € NU {oc}. For all f € En we have
19 Fllze = [1f] e

Proof. Using equation (6.1) and its conjugate we can compute
92 3 = 2Re i [ TP (20 519 5)
Since P- N@ = 0, we get, by orthogonality,
TaI92 132 = 2Re i [ T X 1P =0, (62
where the last identity is immediate since Z|4 f] is real. O

Then we control the growth of the H' norm of %, f. A similar statement can be proved
for general H®, s > 0 norms, but will be not necessary for our purposes. As usual we use the
simplified notation p = u[f] := 5= || f]|2..
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Lemma 6.2. Let N € NU {oc}. For all f € En we have
1D I S e (f N7 +m) (6.3)

Proof. Proceeding as in the proof of Lemma 6.1, and using the fact that Z[4 f] is a real function,
we obtain

d . .
oI 1% =2Re i [ 10X 192 FIYT = 2 [ 2192 19 13T
Then, recalling the definition (2.2) of Z[-] and using Lemma 6.1, we have
1 1
TG f = |9 F17 = - 192 fll2e = 1927 F1P = o=l fll7e =2 1920 f 1P — e,
2m 2m
so that p
192 1 = 2t [ X P YT 2t [5G
e
Now using the Holder, Cauchy—Scwartz and the following Gagliardo—Nirenberg inequality
1 2
1Pllze < NIl G IR0 E

and again recalling Lemma 6.1, we arrive to

d
NG I S NG FP 2197 F i + wll2 Fle2 1927 Fll (6.4)
|G FUIZ NG N+ 121G F )
S NG AL NG FI + 12+ pll G Fl = 1+ w2 fl -
Thus Gronwall’s inequality yields
1D FI%0 S I + pe™ — u,
which implies (6.3). O
In the following Lemma we show that the flow 42 approximates ¥>° := ¥, for large N in
the L? topology. The approximation is uniform for initial data in a ball of H'. By the proof it
will be clear that one can obtain a similar approximation property w.r.t the H® topology and

data in a ball of H", for all 0 < s < r as long as r > 1/2. However we do not need this stronger
statement.

Lemma 6.3. Let N € N, R > 1 and @ € R We have
Jm e af =90 =0, (6.5)
Proof. We will need the immediate inequalities
IZ(E Ol S N19a" Fllz = (6.6)
IZ(Zaf) = TG Pl SNGaf + 92 fllealGaf =92 ez S VilYaf =42 flli2,  (6.7)

valid for N € NU {oo} and f € Ey, (recall p = p[f] := 5=||f||22). These follow immediately
recalling the form (2.2) of Z[-] and Lemma 6.1. Let

Nf=9.f-9Nf
Hereafter we restrict to f € Ey. Notice that 6% f solves
d

ﬁcﬁff = iPon (LG fl%af) + PN (2921105 f + (Z9af] — 192 1) 92" f) -
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Pairing this in L? with 6 f we arrive to
d
— 16N #1| 2
A5

— 2Res (— [ (Pon @ 192 )T+ [T 105302 + [ (@)~ 7192 1) 9 fazyf) |

Using the Holder and Cauchy—Schwartz inequalities and (6.6), (6.7) we arrive to

d

183 Fllze S P> n (T 11927 DI + 1108 (D72 (6.8)
TGSl o 108 FI 22 + 121G f] = TG llloe |92 fll 21168 £l 2
SNPon (TGS A9 Iz + A+ wllod flI7= -

Then using the algebra property of H!, the fact that 9,Z[%, f] = 4. f and (6.6) and Lemma
6.2, we can estimate

e IZtaf19e sl 5 sup Gl + a3 <,
FEENNBY(R),|al < |al FEENNBY(R), |a| < |a]
S Mela"’m (R+ /) + el®H(R? + ) < R%elPIR
so that

1 _
sup |PoN(Z[Ga F19af) |32 S 5 R2PIE
FEENNBY(R), |a| < |& N

and (6.8) becomes
d 1 _
105 Flle S Sz B2+ (1 + W) 103 1172

for |a| < |a| and f € BY(R). Thus using Grénwall’s lemma and the fact that 52 f|,—0 = 0 we
arrive to
1 - _
sup 16N fl122 S —5 R2elaIReO Il
fEENNBL(R),|a| < |&|

that implies (6.5). O

The next result is a direct corollary of Lemmas 6.2 and 6.3. For the proof we refer to [Tzv15,
Proposition 2.10]

Corollary 6.4. Lete >0, R > 1, @ € R. Given A C B*(R) a compact set, there exists N*
such that

4,(A) Cc 9N (A+ B*(R)).
for all |a| < |&| and for all N > N*.

The next technical lemma will be used to prove Proposition 6.6 and then to show the absolute
continuity of 4 under the gauge map. Let us recall that we have defined in (3.12) the operator
div applied to an n—th dimensional vectorial function of f, f € En as

div F'(f, f) = n|Z<N (3]”(“) + af(n)) :

Lemma 6.5. We have
log N
VN

|diviPy (Z[Px f1Px ) S 1170 (6.9)
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Proof. A direct computation from (2.2) yields

TP DO =0,  @Pum) =—~ 3 fOFC-m) if m#0,  (6.10)

[l 6=m| < N

thus
. 1 _
i@eefiv )= > — > f=m)f(Of—m),  (611)
m:m#0,|n—m| < N £:]e],l—m|, < N
and
1
d. . — —_ — 2 .
iviPy (Z[PNfIPNf) =2 )] Y. —lftn—m)
n:ln| <N  m:m#0,Jn—m| < N
Since
1 N N+n 1
> S eemP =Y (P - P Y
n:ln| <N  m:m#0,Jn—m| < N n=1 m=N-—-n+1
and we clearly have | f(n)|? < [/ f||%., we can estimate
N N+n 1
f P =1fmP) Y —
n=1 m=N-—-n+1
N N
1 N+n 1 2n —1
< 2 —n{—"——| = 2, —In({l4+—--—].
Then, for N sufficiently large, we have
N [VN] N
1 2n —1 1 2
n=1 n=1 n=\_\/ﬁj
2 In (2N)
Shhil+— |+ ,
(%) R
whence (6.9). O

Now we will prove that the flow maps f — ¥ f are injective and that they preserve the
Lebesgue measure in the limit N — oo, if we restrict to bounded subsets of H'. We recall that
we have defined the Lebesgue measure (see (1.5)) as proportional to

[T den(m)den(n).

In| < N

When we transform this volume form under ¢V we have to take into account the Jacobian matrix
DZN (f), where the differential operator D acts on a map

T:fEEN—)ngEN

in the following way

(DT)(f) = ( i Il <N (6.13)
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Proposition 6.6. For all f € Enwe have
el (D)) = exp ([ aiviy (2 (DTX(1) ) (6.14)

In particular, the flow map f — Ynf is injective. Moreover for all o € R and f € H' we have
det[(DZN)(f)] — 1 as N — co. In fact the convergence is uniform for f in bounded subsets
of H' and o in bounded intervals.

Proof. Since 4~ is a one parameter group of transformations the chain rule gives

(DF,)(1) = (DL )G () - (DIX)() (6.15)
o LoDy )) =ty CHDEI D D))~ QD)
g DIV gy
o i A R TR (6.16)
Thereby, since det[(DZN)(f)] = 1, we arrive to
Aetl(DI1)] = e 0D with A() 1= et (DI (617

Thus the (6.14) will be a consequence of the following identity

d .
| alDe) @) —divipy Tllg). (6.18)
e=0
valid for all g € E. To prove (6.18) we apply D to equation (6.1) which becomes
d .
D92\ () = DiPy (119 )4g)
thus, since (D%{Y)(g) = I, we get

(D9)(g) =T+ (DiPy (192 g9 g)

) +0() =T+eDiPy (Zlglg) + O(e),
from which we obtain
det[(DZN)(g9)] =1 +eTr DiPy (Z[glg) + O(e) .

This immediately implies the identity (6.18), recalling the definition of D given in (6.13) and
that of divergence in (3.12). The second part of the statement is a consequence of (6.14) and of
the inequality (6.9). d

7. QUASI-INVARIANCE OF 7} UNDER THE GAUGE MAP

The goal of this section is to prove Theorem 1.4. We recall the definition of the restricted
measure

(A) = w(AN{f € L*: y[f] < Ro}), Ro>0. (7.1)

Remark 7.1. The absolutely continuity of pi, w.r.t. y; follows by Theorem 1.4, since pi := p0%,
and py, is absolutely continuous w.r.t. 45 by Proposition 5.2.

We need the following accessory lemma.
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Lemma 7.2. Let k > 2 and Ry > 0 sufficiently small. There there is b > 0 such that

/exp <b'/u§\¢)u§52)u§€3)u%ﬂ)

Jor all N € N and for all Ba > B3 > B4 = 0 with Ba + B3 + B4 = k — 1, where un may denote
either Py f or Py f. The constant C is independent on N.

) 5(df) < ., (7.2)

The proof uses a slight modification of the argument for proving the same statement for k = 1
and 83 = B4 = 0 we learned from Thomann and Tzvetkov (unpublished). In the sequel we
just underline the few differences given by the case k > 2 and for more details we refer to [Bre,
Theorem 3.3].

Proof. We prove that for Ry > 0 sufficiently small there is ¢ > 0 depending only on k such that

i (| f ol

This immediately implies the statement taking 0 < b < ¢. We treat separately the regimes

t<+v/Nandt>+N.

For ¢t > v/ N we will prove directly (as usual y is the characteristic function)

i (| f ol

for small Ry > 0 and some ¢ > 0. Hereafter ¢ will denote several positive small constants,
possibly decreasing from line to line.

For t < /N we use the decomposition
Vi <‘/u§\]f)u§52)ugg3)ugg4)
(‘/ W) 5) B0 ;) i< v 75)
f (| [ = [ > ey 10

with 7' := [t?]. The term (7.5) enjoys the tail estimate (7.4). For the term (7.6) [GLV 16, Lemma
5.3] yields

> t> Se e, (7.3)

P t> X{t>VN} Se (7.4)

1)

S (‘/uwu%az)uggs)ugvﬁa _ /u(k)u(Tﬂz)u(TBs)u(Bz;) > t) Yo < v S €

(In fact [GLV16, Lemma 5.3] is formulated only for 3 = k — 1,83 = 84 = 0. The extension to
our more general case is however straightforward).

It remains to prove (7.4). First we show

4
> P A | T 20 20 18gunlles | (7.7)

‘/u( 89| <
j20 =2 \j =20
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where we recall A; := P5; — Py;-1 are Paley-Littlewood projectors. Notice that, since 8, < k—1
we have G, + % <k-— % This bound follows noting that by orthogonality

/ ) (2) () ()

DY 2j1k2j252/|Aj1UN||Aj2UN||Aj3UN\|Aj4uN\
Je 2 0,71 < 372

S Y 2l algn(sts / 1A un || Ay || A, || A un]
Jje =0

then Holder’s and Bernstein’s inequalities lead to
k
‘/ u uyPu e 5 37 2 D2 A g | Ay 2 1Ay unl oo A
je =20

S Y 2D DG DR CED||A | al| Agyun 2| Ajsun 214w e
Jje 20

from which one deduces the (7.7). Since

1
2—+Z2k<ﬂz+ )=1,

by (7.7) and the union bound (notice that the sums in (7.8), (7.9) are over a finite number of
terms) we arrive to

& (’/ ufy g >t) <o | D2 Aun e > 127 (7.8)
Jz
4
. 1 1 1
D e [ DD 2D Ajup | e > e | (1.9
£=2 i>0

First we note that the simple bound
> YA un]pe S Roth

0<j<sInat

yields for Ry small enough

- Z 2j(k_%)HAjUNHL2 >timw | =0. (7.10)
0<j<zzlnat
Similarly
Z 9i(Bet3) 1Aunlre < Rotﬁ(ﬁﬁ-%)
0 <]<—ln2t
gives

- 3 2B || Ajuy | g2 > tFBet) | =0, (7.11)
0< j<g5Inat

. ) <1
We introduce now a sequence o; so that > ;005 < 7. Therefore

=

wl X P Aule > E | < 3 g (2P Ayl > 0pth )

j}ilngt j}ilngt

(7.12)
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and
. 1 1 1 . 1 1 1
| Y POV ANl B eE O ) <Ny (22D Ajun e > oyt O D))
j}ilngt j}ilngt

(7.13)
Now we use (recall t > V'N)

Tk (22+j(k_%)HAjUNHL2 = 04t

(7.14)
where {gn, Gn }nen are i.i.d. standard complex Gaussian random variables and P is the associated
probability. In an analog manner we have

- (22+j(,3e+%)||AjuN”L2 > thﬁ(ﬁﬁ-%)) (7.15)

2J
By — LY 1 1 _0d(2k—28p—1) 2, +(B,+1)
§ : |gn|2>23(k Be—3)—k 2th2k(/34+2) <e ¥ T ot

n=2i—1

Therefore (7.12) and (7.14) give
- Z PED | Ajuy e =27 | S (7.16)
J > 55 Inat
and likewise by (7.13) and (7.15) we obtain

wl Y YDA uy e > ot P | et (7.17)

j)ﬁh’mt

Summarising, by (7.10), (7.11), (7.16), (7.17) we obtain as t > v N
| 20 PO Al > BT | St o | 30 PO A lpe > AR | g e
j=0 j=0

whence (7.4) follows. O

Proposition 7.3. Let k > 2 and Ry > 0 sufficiently small. Then there exists C > 0, which only
depends on k and Ry, so that for any p > 1

d
| e

< Cp. (7.18)

a=

LP (k)
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Proof. Pairing in H* equation (6.1) with 4N f, we get

(0
=ore 737" (d%f f)
a=0 do a=0

— 9Re / g i pyiTigN g e

d
9N 1

a=0

— 2Re / 7 pytizirf®

d
= 2 1Gaf oo (7.19)
where the last identity follows by orthogonality and using equation (6.1) again.

Note that, by Lemma 2.9 (used with ¢ = 4_,f) and the representation of the integrals of
motion of the GDNLS given in (2.22), we have that

(% f 10 = £ — 2ika / F=1) F

tia Y. Capss / ()P 5)) £ 0(a?),  (7.20)

B2+P3+Ba=k—1
B2 2 B3 2 Pa

where as usual u denotes either f or f. Therefore, in order to estimate the derivative of | 4N y|| ;«
in @ = 0, we need to estimate the terms in (7.20) which are linear in «. More precisely, using
(7.19) and (7.20), we arrive to

d
|12 o

LP (i)

_ %M/f(k—l)f(kur S Chpn /(u(k)u(ﬁz)u(ﬂs)u(ﬂ4))

B2+B3+Bs=k—1
B2 2 Bz 2 Ba L (F1)

+ Z Cﬁ2ﬁ3,ﬂ4 /(u(k)u(ﬂz)u(ﬂ3)u(@4))

LP(Yk)  By+Bs+Ba=k—1
B2 2 B3 2 Ba

The first term of (7.21) is easier to handle, as
< Rop

Hﬂ/ﬂk—l)f(k) /foe—l)f(k) ’/fw—l)f(k)
LP () L2 (k)

by hyper-contractivity and the L?(vy;) norm on the r.h.s. is bounded by an absolute constant
due to due to Lemma 5.1. To handle the remaining terms of (7.21) we use Lemma 7.2 and the
elementary inequality |z|?/pP < el*l, which lead us to

< 2/«Hu/f<’f—1>f<k> (7.21)

LP ()

< Ry
LP(7x)

“/(u(k)u(ﬁz)u(ﬁs)u(54)) <y,

LP (k)
so that the proof is concluded. Notice that we have also used that ug\’f)ug\?(")ug\é”ug\f“) converges
Ap-ace. to uMu(P2)y(Ps)y(P1) (that has been proved in [GLV16]) and Fatou’s Lemma. O

Once we have that the norm in (7.18) grows at most linearly in p the almost invariance of
v w.r.t. the gauge map follows taking advantage (again) of the group property of the map.
We follow the argument of [Tzv15] and [OT17]. Here we recall the key statements omitting the
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proofs when they are easily adapted from these papers. As usual, we approximate 7, by a family
of weighted measures 7, y with density

YN (df) = X{ulPa £) < Ro} (PN )y (df) - (7.22)
Lemma 7.4. Let k > 2. Then
L N @Y () S pAn @Y () (14 08T (7.23)
da’Yk,N « ~ PYe,N\(Ty \/N . .

for all A € B(L*(T)).
Proof. Let A € $(L?(T)). For all @ € R we have
qs N _ 4 N (N
L @) = s @ @d )

This is a simple consequence of the fact that 4% is a one parameter group of transformations.
One can adapt directly the argument in [TV 13b] (Proposition 5.4, step 2). Using Proposition 6.6,
the identity (6.18) and the fact that |9 f||2. = ||Pnf||z2 for all @ € R (see Lemma 6.1), we
can compute

d ~ N N
%’Yk,N<ga (g& ))

(7.24)

a=da a=0

_ 4
a=0 h do %g(A)

TN (A 1))

a=0
d
da Jg v (a)

- d
— [ . (gl det DG (1)
G (A) o

Son (df)| det DN (f)|e™ 2 UF F =115

a=0

1

d
-5 e (dF) det DGN ()| — |<N f1|2
om0 z/gmﬂh ()] det DL (H)| 3192 PG|

1 d
i e N (df)— |92 1%
/%V(A)%,N( f) S l19a i

a=0 2 a=0 '

— / i.n(df) div Py (Z[f1f)
G (A)

Then by Holder’s inequality we obtain

d

aIeNE(A)] < To,v (G2 (A)) 7 || div P (ZUF1F) [l o) (7.25)

AN 2
@Y )

a=x

+ N (@Y (A)

a:O’ LP ()

The first term on the r.h.s. is bounded using Lemma 6.5, as ||| f[|%[| e (y) < p for any p > 1,
k > 2. The second one is bounded by Lemma 7.3 and we obtain (7.23). O

Lemma 7.5. Let k > 2. There exists an absolute constant & > 0 so that the following holds.
For all ¢ > 0 there exists 6(c) so that the following holds. If A € B(L?(T)) is such that with
YN (A) < & then v (9N A) < e for all | < a.

Proof. Tt follows by Lemma 7.4, using exactly the same argument of [OT'17, Proposition 5.3]. O

Now we want to pass to the limit N — oo to get an a priory bound of v (4N A) for small
values of a and sets A of small measure.

Proposition 7.6. Let k > 2. There exists an absolute constant & > 0 so that the following
holds. Let R > 1 and A € B(L*(T)) with A C B*(R). Then for all € > 0 there exists § > 0 so
that

F(A) <d = sup (9. A) <ce.

la| < &
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Proof. Tt follows by Lemma (7.5) and Corollary 6.4, using exactly the same argument of [OT17,
Lemma 5.5]. O

We are now ready to prove Theorem 1.4. Given A € #(L?(T)) with A C B'(R) we have
W(ANBY(R)) <d= sup 3x(%a(ANBY(R))) <e

lal < @
As € > 0 is arbitrary we get
Yw(ANBY(R)) =0= sup (% (ANB'(R)))=0.

lel <@
Since « is independent on R we can take the limit R — oo to get

AR(A) =0 = sup Ax(%.(A) =0,

lal < &

for all x-measurable subset A C H'(T). Then the statement follows iterating this estimate,
using again that & is an absolute constant, and recalling that H' has full 4,-measure for k > 2.
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