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Fractional elastoplastic constitutive model for soils based on a novel

3D fractional plastic flow rule

De-chun LU!; Jing-yu LIANG?, Xiu-li DU3*, Chao MA*, Zhi-wei GAO?

ABSTRACT:

A novel three-dimensional (3D) fractional plastic flow rule that is not limited by the coordinate basis
of the differentiable function is proposed based on the fractional derivative and the coordinate
transformation. By introducing the 3D fractional plastic flow rule into the characteristic stress space,
a 3D fractional elastoplastic model for soil is established for the first time. Only five material
parameters with clear physical significance are required in the proposed model. The capability of
the model in capturing the strength and deformation behaviour of soils under true 3D stress
conditions is verified by comparing model predictions with test results.

Keywords: Soils, Constitutive model, Fractional plastic flow rule, True 3D stress condition, Critical

state, Characteristic stress.
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1 Introduction

Fractional derivative can generalise integer derivatives to all real (and even complex) orders,
and thus provides a way to extend the gradient into the fractional gradient. In contrast to the gradient,
the fractional gradient is not orthogonal with the surface of the differentiable function. The ability
of the fractional derivative to adjust gradient direction was utilized by Sumelka (2014) to describe
the direction of the viscoplastic strain increments, and thus the concept of the fractional plastic flow
rule was originally proposed (Sumelka, 2014; Sumelka and Nowak, 2016). The plastic strain
increment direction can be obtained by the fractional partial derivative of the yield function with
respect to the Cauchy’s stress. However, in order to obtain the explicit solutions of the fractional
derivative of the yield function, the yield function has to be directly expressed in terms of the
principal stresses (Sumelka, 2014) or the stress components (Sumelka and Nowak, 2016), because
the chain rule with the same fractional order for the fractional partial derivative does not work. The
performance of the fractional plastic flow rule in modelling mechanical behaviour of granular soils
in triaxial compression condition has been explored by Sun and Xiao (2017). A series of fractional
order plastic models have been established (Sun and Xiao, 2017; Sun et al., 2017) by combining the
fractional plastic flow rule with plastic modulus in existing models (Li and Dafalias, 2000; Xiao et
al., 2004) to describe stress-dilatancy and strain hardening/softening of granular soils. Furthermore,
Sun et al. (2018a; 2018b) originally used the current stress state in the definition of the fractional
derivative to model the state-dependent behaviour of granular soils. However, the fractional plastic
flow rule adopted in these models were all derived by the fractional derivative of the yield function
with respect to two stress invariants, i.e., the mean stress p and the deviatoric stress ¢ under triaxial
compression conditions, rather than the general stress tensor. The existing fractional elastoplastic
models for soils suits only for triaxial compression conditions, and the strength and deformation
behaviour of soils under true 3D stress conditions has not been described. Indeed, the application of
the fractional derivative in elastoplastic constitutive modelling for soils is still at the very beginning.

A 3D yield function and the fractional plastic flow rule, which should be matched, are essential
for establishing a 3D fractional constitutive model for soils. Up to the present, a yield function in
the 3D stress space can be constructed using two methods: (i) Direct method in which the yield
function is explicitly expressed in terms of the stress components (Borja et al., 2003; Khalili and
Liu, 2008; Duriez and Vincens, 2015; Panteghini and Lagioia, 2018); (if) Indirect method where the
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yield function is constructed under triaxial compression conditions in a transitional space, which
can reflect yield properties of soils under true 3D stress conditions (Chowdhury and Nakai, 1998;
Collins, 2003; Yao et al., 2009; Ma et al., 2017). However, by applying the existing fractional flow
rule (Sumelka, 2014) to the commonly used 3D yield functions constructed by the above methods,
explicit expressions of the fractional derivative with respect to general stress components aj; cannot
be obtained. Thus, a 3D fractional plastic flow rule with no limitation of the coordinate basis of the
yield function is eagerly needed for establishing 3D fractional plasticity model.

In this paper, a novel 3D fractional plastic flow rule that can well match the classical plasticity
theory is presented based on the covariant transformation. Furthermore, the characteristic stress (Lu
etal., 2017; Ma et al., 2017) is introduced to describe the mechanical behaviours of soil under true
3D stress conditions. The combination of the new 3D fractional plastic flow rule and the
characteristic stress presents a new approach to establishing a 3D fractional elastoplastic constitutive
model. The strength and deformation behaviour of soils under true 3D stress conditions can thus be
directly described.

2 Anovel 3D fractional plastic flow rule

The plastic flow rule in classical plasticity theory is used to determine the direction of the
plastic strain increment. The plastic strain increment direction is usually determined by the
orthogonality with respect to the plastic potential surface. If the plastic potential function is chosen
to be identical to the yield function, the associated flow rule is adopted (Wood, 1990; Sun et al.,
2004; Yao et al., 2009; Zhou and Sheng, 2015). However, the associated flow rule does not work
for most geomaterials (Lade et al., 1987; Collins and Houlsby, 1997). Therefore, the non-associated
flow rule is usually used (Lu et al., 2016; Gao and Zhao, 2017). There are two approaches to
obtaining the desired plastic strain increment direction n: (i) constructing a plastic potential function
g to determine n by orthogonality as shown in Fig. 1(a); (ii) determining n based on an existing

yield function f'in a non-orthogonal way as shown in Fig. 1(b).

(a) (b)
Fig. 1 Two approaches to determining the plastic strain increment direction:

(a) orthogonal way; (b) non-orthogonal way.
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However, the plastic potential function may be difficult to construct in a simple way and
additional parameters could be required. The fractional partial derivative poses the ability to adjust
the gradient direction based on an existing function in a non-orthogonal way. Moreover, the yield
curve is necessary for the plastic theory. Therefore, fractional partial derivatives of the yield function
is a proper option as the non-orthogonal way for determining the plastic strain increment direction
(Sumelka and Nowak, 2016; Sun and Xiao, 2017).

2.1  Fractional derivative

There are three widely used definitions for fractional derivatives, i.e., Griinwald-Letnikov,
Riemann-Liouville, and Caputo definition (Podlubny, 1998; Mashayekhi et al., 2018). Among them,
the Caputo derivative has the weak singularity and the Caputo derivative of a constant is 0, making
it the widely used one (Podlubny, 1998; Meng et al., 2016; Colinas-Armijo et al., 2016;). The

Caputo derivative used in this paper is expressed as:

« f(z
ngf(X):F(nl—y)-[a (xf_r)(’”zndr, (x>a) )

where “D* means the Caputo derivative of order . a is the starting point of integral, which is chosen

as 0 in this paper. x is the independent variable, which is used to express the current stress state in

this paper. n is the smallest integer greater than u, n=[u]+1, where [-] denotes the floor function. n=1
when 0<u<1. I'(*) is Euler Gamma function, which is expressed as I (Z) = I:e’ffz’ldr , the real
part of z is larger than 0, i.e., Re(z) > 0. The explicit expression of the Caputo derivative of a

power function f{x) =x" can be obtained as follows:

) Tme
D1 (x)= ox” _F(m+1—y)x '

2
where the exponent m (>-1) is restricted by the integrability of f{x).

When the fractional derivative is used to get the partial derivatives of a function, the fractional
gradient can be obtained and it is flexible to adjust the flow direction by adjusting the fractional
order u. This is exactly what is desired for the non-orthogonal way mentioned above to determine
the plastic strain increment direction.

2.2 A 3D fractional plastic flow rule

In the classical plastic theory, the plastic strain increment direction is determined by the
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gradient of the plastic potential function g. The plastic strain increment is expressed as follows:

de? =d2- 2 3)

80'”

where d/A is the plastic multiplier for general plastic flow rule, and 0g/0cy; is the gradient of the
plastic potential function, respectively. The plastic potential function can be constructed using the
principal stresses o; (i=1, 2, 3), which is expressed as g(o;). The gradient direction of g(o;) in the o;

(o

coordinate system is thus expressed by n; ) =og /0o, . The plastic potential function of soils can

also be constructed by any set of stress variables S (&=1, 2, 3), where Si is a function of g, i.e.,

Sk(0i). The plastic potential function can be expressed as g(Sk) in the Si coordinate system, and its
gradient direction is nl((s) =0g/0S, . Here, nl((s) and ni(”) are components of the gradient vector n

in the S; and o; coordinate systems, respectively, as shown in Fig. 2. Therefore, a covariant
transformation coefficient /* is needed to transform the components of the vector n in the Sk
coordinate system into the ¢; coordinate system. /¥ is the partial derivative of S; with respect to o,

and is expressed as follows:

i T A “)

Fig. 2 Coordinate transformation of the plastic strain increment direction

(o)

Therefore, according to the covariant transformation rule, n;”’ in the o; coordinate system can be

expressed in terms of nf(s) in the S; coordinate system.

) = =nf® S )

where S; is an interim coordinate system for specific purposes, like the Cartesian rectangular
coordinate system, the cylindrical coordinate system or the spherical coordinate system etc. The
commonly used stress invariants p, g and 6 or other stress invariants, like /i, I> and /3, are specific

examples of S;. Generally, the components of the gradient vector of g can be expressed as
nf(,s) =0g/6S, in the Su space and ni(j") =0g/0o; in the oy space, respectively. Therefore, the

general covariant transformation between nf(,s) and nfj") can be accomplished by the covariant

transformation coefficient Iiklz =085, /0oy as follows:
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) % (6)

o S S
ni(j )= nlgl )Iiklz = nl(d

i
For geomaterials, stress invariants p, ¢ and 6 are usually adopted to establish constitutive

models (Mortara, 2015). The corresponding strain increment (dge, dgs",dgé’) can be obtained as

follows:
(def,def,def) =dA(n,,n,.n,) (7)

where (np, ng, ng)=(09/0p, 09/0q, 09/06) represents the plastic strain increment direction. Two
orthogonal planes, i.e., the meridian plane and the deviatoric plane, are used to analyse
characteristics of models (Khalili and Liu, 2008; Yao et al., 2009; Lu et al., 2018). The current stress

state point 4 can thus be represented in the meridian plane with the stress Lode angle 6 (8 is
equivalent to the intermediated principal stress coefficient b, namely, b=2tané8/ (\/5 +tan@))and

in the deviatoric plane with p=p,4, as shown in Fig. 3(a) and (b), respectively. The plastic strain
increment direction of point 4 can also be divided into two components: the vector nmg=(#,, 14) in
the meridian plane and the vector nggs=(ny, 1) in the deviatoric plane, which are orthogonal to the
plastic potential curves as shown in Fig. 3 (a) and (b), respectively. Further, the obtained plastic
strain increment direction in the (p, g, ) coordinate system can be transformed into the o;; space.
The transformation is accomplished by 0p/doy;, 09/0c; and 06/0cy;, which is a common practice in

the classical elastoplastic theory as follows:

dei?:dﬂ(np a&p +n & +n, 69} (8)

(a) (b)
Fig. 3 Plastic strain increment direction in: (a) the meridian plane with 6=60; (b) the deviatoric plane
with p=p..
The fractional derivative can thus be a new tool and a proper approach to extending the classical
plastic flow rule. Sumelka (2014) proposed a concept of fractional plastic flow rule and used it as a

new tool to introduce material heterogeneity/multi-scale effects into the constitutive model.

def = ot

1
' oo"

9
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where A is the plastic multiplier for the fractional plastic flow rule. 0“ f / 0oy" is fractional plastic

strain increment direction which is represented by the fractional partial derivative of the yield
function f'with respective to ¢;. The flow rule becomes associated when =1. However, the explicit
expression of the flow direction in the 3D stress space determined by Eq. (9) can only be derived
by the yield function directly expressed by gy, such as the Huber-Mises-Hencky yield function
(Sumelka, 2014; Sumelka and Nowak, 2016). For geomaterials, the yield function f'is usually and
more conveniently expressed in terms of the stress invariants p, ¢ and 8 or other stress components
for true 3D stress conditions. That is, the constraint of Eq. (9) on the coordinate basis of the yield
function limits the application of the fractional plastic flow rule in the form of Eq. (9).

A novel fractional plastic flow rule that suitable for the true 3D stress conditions can be
established based on the view of the coordinate transformation rather the chain rule with the same
fractional order for the fractional derivative. The proposed fractional plastic flow rule is not limited
by the coordinate basis of the yield function and can be obtained in two steps:

(i) Determine the plastic strain increment direction mﬁls) in the Sy space by the fractional

partial derivative of the yield function with respect to Si. Therefore, the components of the plastic

strain increment can be determined in the Sy space as follows:

o f

del® = Am{) = A <
ki

(10)

(if) Transform the determined plastic strain components in the Sy space into the o;; space by the

covariant transformation coefficient Iiklz =05, / 0oy . Eventually, a novel 3D fractional plastic flow

rule in the gy space is obtained as follows:

01 a8,

def” =1fljdef® = A= —
38, oo,

(11)

It is crucial to transform the determined plastic strain increment direction into the o;; space.
Based on the proposed fractional plastic flow rule Eq. (11), the general form of the plastic strain
increments under the true 3D stress conditions can be expressed by the stress tensor oy, which are
actually essential for soil property analysis and model application. That is, the general form of the
fractional plastic flow rule is essential and make it possible to establish a 3D fractional constitutive
model for geomaterials in the framework of the plastic theory.

7
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For the yield function constructed by the stress invariants Sk in the Sy space, the 3D fractional

plastic flow rule can be written as:

¥4
dgi? = Aﬂﬁ (12)
oS ooy

where &“f/aS,” is the determined plastic strain increment direction in the Sy coordinate system,

which can be transformed into the o space by 0S;/0g;;. When the commonly used stress invariants

P, q and 0 are chosen to construct the yield function, the 3D fractional plastic flow rule becomes:

dgi?zA m, %P +m, q +m, 00 (13)
60'” 80'”- 80'"-

The plastic strain increment direction is thus first expressed by (m,, m,, mg)=(d*f/op" ,

o f/oq” ,0" /06" ) in the (p, ¢, H) coordinate system, and then transformed into the o; space by

0p/0aij, 09/00;; and 00/0cy;. The plastic strain increment direction represented by (m,, mg, mg) can be
divided into two components mm=(m,, my) and mg,=(mq, me) in two orthogonal planes, i.e., the
meridian plane and the deviatoric plane. mm, and mg, are represented by the red solid arrows, as
shown in Fig. 4. When p=1, the fractional gradient directions degenerate to the normal direction of
the yield curve, which can be decomposed into nmsand ngys, indicated by the blue solid arrows. The
deviation degree of the fractional gradient direction from the normal of the yield curve can be
adjusted by u.

In particular, when the yield function is expressed only by ¢ and € and is independent of p for
the hydrostatic pressure independent materials, the yield curve in the meridian plane is a straight
line that is parallel to the p-axis, as shown in Fig. 4(c). Therefore, the fractional derivative of fwith
respect to p is 0 and is independent of u. The plastic strain increment direction becomes (0, mg, mq).
mp, is perpendicular to the yield line in the meridian plane. Nonetheless, mq, still depends on g,
which is similar to the effects of # on mg, in Fig. 4(b). When the yield function is expressed only
by p and ¢ and is independent of 6, the yield curve in the deviatoric plane is a circle as shown in
Fig. 4(d). Then the fractional derivative of fwith respect to 6 is 0 and is independent of . The plastic
strain increment direction can be represented by (m,, my, 0). mq, is perpendicular to the yield circle
in the deviatoric plane. However, mm, still depends on y, which is similar to the effects of 4 on mm,

in Fig. 4(a).
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(a) (b) (c) (d)
Fig. 4 Fractional plastic strain increment direction with the yield function constructed:
(a) by p, ¢ and 6 in the meridian plane; (b) by p, ¢ and 0 in the deviatoric plane;

(c) only by ¢ and 6 in the meridian plane; (d) only by p and ¢ in the deviatoric plane.

The proposed 3D fractional plastic flow rule offers a new approach to determine the plastic
strain increment directions under true 3D stress conditions. Therefore, a new possibility is provided
for establishing true 3D fractional elastoplastic constitutive model for soils.

3 A 3D fractional elastoplastic model in the characteristic stress space

In order to describe soil behaviour under true 3D stress conditions in a simple way, some
specialized stress concepts were proposed, like the #; stress (Chowdhury and Nakai, 1998, Nakai et
al., 2011), the transformed stress (Yao et al., 2004; Sun et al., 2004; Yao et al., 2009) and the
characteristic stress (Lu et al., 2017; Ma et al., 2017) etc. The yield function f can be constructed
using only two common stress invariants p and § ina chosen specialized stress space, which is
able to directly describe soil behaviour under true 3D stress conditions. That is, the 3D constitutive
model can be directly established under triaxial compression conditions in the specialized stress

space. The new proposed fractional plastic flow rule becomes simpler and more powerful by

combining with a specialized stress space, and Eq. (13) becomes:

(14)

et :Aia/:f o, a*:f: 2 J
op* 96y 09" ooy
The characteristic stress space is a proper choice to describe the soil behaviour especially for
the true 3D stress conditions (Lu et al., 2017; Ma et al., 2017). The combination of the characteristic
stress and the fractional derivative is elaborately attempted and discussed in this paper.
3.1  Characteristic stress
The concept of the characteristic stress, which was originally proposed by Lu et al. (2017)
presents a new approach to describing the soil behaviour under true 3D stress conditions (Ma et al.,

2017). The principal values of o that is denoted by &, (m, n=1, 2, 3) can be obtained by the

coordinate transformation (Chowdhury and Nakai, 1998) in the o; space as follows:
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. o, m=n
Gmn :Qmi njO-ij :{ (15)

0 m=#n

where Q;; is an orthogonal tensor which transforms the general stress tensor to its principal values.
The principal stress tensor of the characteristic stress in this paper can be expressed by the following

equation:
B
On m=n
¢ = p,{ D, J (16)

where p; is the reference stress for dimensionless transformation, and p,=1kPa is usually used. f is
a material parameter and varies from 0 to 1 for different geomaterials. The characteristic principal
stress is coaxial with the general principal stress. Finally, the characteristic stress tensor can be

obtained by the following coordinate transformation in the c; space:
Cij = Qimanémn (1 7)

The comparison of stress variables in the o; space and the ¢;; space is listed in Tab. 1, in which ¢, is
the internal frictional angel under triaxial compression conditions.

Tab. 1 Comparison of stress variables in the general stress space and the characteristic stress space

General stress space Characteristic stress space
Stress tensor oy Cij
o B
Principal stress o, i=123 ¢ =p [—'] , 1=12,3
P
Mean stress p=0i0; /3 cn=cjjo; 13

Deviatoric stress 0= \/E(O'ij - pJ; )(O'ij - pé‘ij) C, = \/g(cﬁ —C,J; )(Cij —cné'ij)

2
Stress ratio n=q/p X=Cs/Cn
; WV oV
6sin g, (1+sing, )" —(1-sing,)
Critical stress ratio M=_— =3 X ; X 5
3-sing, (1+sing,)” +2(1-sing,)

3.2 Fractional plastic model in characteristic stress space

Three essential parts for developing a fractional plastic model, including the yield function, the
fractional plastic flow rule and the hardening parameter, are all established in the characteristic stress
space. Among them, the combination of the proposed fractional plastic flow rule and the

10
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characteristic stress is used to capture the plastic deformation properties of soils under true 3D stress
conditions.
3.2.1 Yield function

For the sake of simplicity, the yield function established in the characteristic stress space takes
the form of an ellipsoid. It has the same form and convexity with the yield function of the modified
Cam-clay (MCC) model (Roscoe and Burland, 1968). The yield function in this paper can be

expressed as:

f=cZ+N?(ct—c,c,)=0 (18)

nx=n

where N is the ratio of the vertical axis and the horizontal axis of the elliptic yield curve as shown
in Fig. 5, which is the geometrical role of M in the yield function of the MCC model. The failure
stress ratio F is the physical role of M in the MCC model for describing the critical state of soil. N
and F equal to M when f=1. The equivalent consolidation pressure cn, is the intersection coordinate
of the yield curve with the abscissa and can be expressed as Eq. (19). The role of ¢y, is to connect
the yield curve with the hardening rule, which is described in section 3.2.3.

¢+ N
nx 2
N-c,

(19)

Fig. 5 Yield surface in the meridian plane

Only two stress invariants ¢, and ¢ are used to construct the yield function. Thus, the yield
surface in the ¢; space shown in Fig. 6(a) is an axially symmetric ellipsoid with respect to the cu-
axis. However, the corresponding yield surface in the o; space is an irregular, smooth and convex

three-axis symmetric surface when 0<f<1 as shown in Fig. 6(b).

(a) (b)

Fig. 6 Yield surface: (a) in the ¢;; space; (b) in the g space.

Fig. 7 shows the yield curves in the meridian plane and the deviatoric plane of the g;; space.

All the yield curves pass through the critical state point (po, M"po). For a certain value of g (0<f<1),

11
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yield curve is asymmetric with respect to the p-axis in the meridian plane as shown in Fig. 7(a) and
is a curved triangle in the deviatoric plane as shown in Fig. 7(b). The value of f reflects effects of
Lode angle 6 or the intermediate principal stress coefficient b on soil behaviour. The yield curves of
£=0.1 and $=0.01 are almost coincident, thus f=0.1 can be taken as the approximate lower bound
in this paper for saving the computational cost. As g increases to the critical state along the stress
path of constant po under the monotonic loading, the yield curve of f=0.1 in the meridian plane
gradually evolves and expands, as shown in Fig. 8(a). The yield curve in the deviatoric plane
changes from an approximate circle to a curved triangle, as shown in Fig. 8(b), which reflects the

stress-induced anisotropy of geomaterials.

(a) (b)
Fig. 7 Yield curves in the o; space with the decrease of f:

(a) in the meridian plane; (b) in the deviatoric plane.

(a) (b)
Fig. 8 Yield curve in the o;; space with the increase of g at a constant p:

(a) in the meridian plane; (b) in the deviatoric plane.

3.2.2  Fractional plastic flow rule

The fractional plastic flow rule and the characteristic stress are independent in definition but
complementary in property description: one for adjusting the plastic strain increment direction, and
the other for describing the soil behaviour under true 3D stress conditions in a simple and unified
way. By introducing the new proposed fractional plastic flow rule into the characteristic stress space,
a novel sight to describe the soil behaviour is proposed. The fractional plastic flow rule in the

characteristic stress space is thus established by referring Eq. (14) as follows:

H H
dgi? =A ﬂ 8Cn + ﬂ 6Cs (20)
oc,” ac;  ocl oc;

where the fractional partial derivative of the yield function (i.e., Eq. (18)) with respect to ¢, and ¢

are determined as follows:
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o“f _2N%ci* N’c,c™”

oc,’ T(3-u) T(2-u)
ot 2c7*

o/ T(3-p)

21

Introducing cne expressed by Eq. (19) and the recursive property of gamma function, i.e.,
['(x+1)=xT'(x) into Eq. (21) yields:

o“f _uN’c? —(2—;1)052

ac,” I(3—u)ck

o“f 2¢2*

(22)
oc/ T(3-u)

The covariant transformation coefficient, i.e., the partial differential of ¢, and ¢s with respect to ¢y,

can be derived as follows:

& 1y
oc; 3
(23)
ac, 3(c; —¢,5;)
oc; 2C

S

By substituting Egs. (22) and (23) into Eq. (20), the plastic strain increment can be expressed as:

uN*G —(2-u)ci1 . 2 3(¢-6.9,)
r(3-p)cs 3" I(3-x) 2

S

def =A (24)

The ratio of the plastic volumetric strain increment de&! to the plastic deviatoric strain

increment dg’ (i.e., the stress-dilatancy ratio d =de/de ) can thus be obtained from Eq. (20)

together with Eq. (22). The stress-dilatancy ratio d is the reflection of the plastic strain increment

direction, which can be expressed as follows.

NS
_dé'\’,) _ ﬁcn” =/'[N2_(2_/'I)ZZ (25)
def , 0'f 25
oc.”

The condition of ¢.=30° and $=0.4 is taken as a special case for demonstration, and N=0.769
and x=0.537 can be determined by methods in the following section 3.3.3. When the soil is loaded
from the isotropic compression point 4o to the point 4; along the conventional triaxial compression
path AoAs, the yield curve and the plastic strain increment directions are shown in Fig. 9. As shown

in Fig. 9(a), the yield curve in the meridian plane through the current stress point 4; is indicated by
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the black ellipsoidal curve. The plastic strain increment directions on the yield curve for ¢=0.537
are indicated by the red solid arrow. The normal gradient directions when g=1 are orthogonal to the
yield curve, and is indicated by the blue dash arrow. Since the expression of the yield function is
independent of 6, the yield curve in the deviatoric plane is a circle as shown in Fig. 9(b). Therefore,
the plastic strain increment direction is perpendicular to the yield circle in the deviatoric plane and
independent of . The overview of the yield surface and the plastic strain increment directions in

the c; space are shown in Fig. 10.

(@) (b)
Fig. 9 Plastic strain increment direction in the ¢; space at the current loading point:

(a) in the meridian plane with 6=0y4; (b) in the deviatoric plane with p=p 4.

Fig. 10 Plastic strain increment direction in the c; space.

For the condition of x=0.537, the variation rules of the plastic strain increments with increasing
x are shown in Fig. 11. When y=0, the plastic strain increment direction is horizontal to the right and

is independent of u, which means that plastic deviatoric strain does not occur under the isotropic

compression conditions, i.e., def =0. With the increase of y, the plastic strain increment directions

gradually change from horizontal to vertical, and de&! >0. When y reaches F, the stress state
reaches the critical state, but not the peak of the yield curve. The plastic strain increment direction
is vertically upward, which means that plastic volumetric strain does not occur, i.e., de’ =0. It

should be noticed that for a fixed value of y, the plastic strain increment directions on different yield

curves are the same, as shown in Fig. 11.

Fig. 11 Plastic strain increment direction during the loading process.

The stress-dilatancy relationship actually reflects the variation rules of the plastic strain
increment direction. The stress-dilatancy relationship d-y at different values of § is shown in Fig.
12. p=30° is used for demonstration. The model parameters N and u correspond to 5=0.1, 0.4, 0.7
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and 1.0 are listed in Tab. 2. Once the material parameters ¢. and £ are obtained, the one-to-one
model parameters N and u can be determined by methods in the following section 3.3.3. For f=1, N
and F equal to M, u degenerates to 1 and the d-y relationship is the same with the stress-dilatancy
relationship of MCC model. With the decrease of £, the determined values of N and x4 decrease
accordingly as listed in Tab. 2, and the d-y relationship curves decline with the decreasing p.
Different levels of stress-dilatancy under compression and extension conditions can be reflected as
shown in Fig. 12(b), which benefits from the characteristic stress. The difference degree of the
stress-dilatancy under triaxial compression and extension conditions enlarges with the decreasing S.
Fig. 13 shows the stress-dilatancy curves in the characteristic stress space and the general stress
space for f=0.1. Stress-dilatancy curves at 5=0, 0.25, 0.5, 0.75 and 1 in the characteristic stress
space are coincident, as shown in Fig. 13(a). These coincident curves in the ¢;; space correspond to
a series of stress-dilatancy curves in the oj; space, as shown in Fig. 13(b).

Tab. 2 Parameters in the characteristic stress spaces

Pe B N 7
1.0 1.200 1.000
0.7 1.016 0.807
30°
04 0.769 0.537
0.1 0.381 0.158
(a) (b)

Fig. 12 Stress-dilatancy relationship for different f-values: (a) in the ¢; space; (b) in the oy space.
(a) (b)

Fig. 13 Stress-dilatancy curves when $=0.1: (a) in the ¢; space; (b) in the o;; space.

3.2.3 Hardening parameter

Hardening parameter can be used to describe the hardening/softening rule as well as the
evolution of the yield surface. Some valuable studies on hardening parameter have been done to
describe the strain hardening and softening properties (Yao et al., 2009; Wang et al., 2018), the
stress-dilatancy and state-dependency (Li and Dafalias, 2000) and the particle breakage effect (Xiao
and Liu, 2017) et al.. Similar with the MCC model, the plastic volumetric strain is chosen as the
hardening parameter in this paper, which can be derived from the linear relationship between e and
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Inp for normally consolidated clay under isotropic compression conditions (g1=6>=03). As shown in
Fig. 14, the relationship between the void ratio e and Inc, can be easily obtained from the linear
relationship of e~Inp under the isotropic compression conditions. Corresponding to the compression
index 4 and the swelling index « in the general stress space, the compression index and the swelling
index in the characteristic stress space become A/ and x/f.

Fig. 14 e-Inc, relationship in the ¢; space.

The way to derive the relationship between the plastic volumetric strain &f and the equivalent

consolidation pressure cn, in the ¢;; space is listed in Tab. 3. The equivalent consolidation pressure

can be written as follows:

p

p
Cor =cnoexp[g—“J (26)

where pp= (A-x)//(1+ep). eo is the initial void ratio. cno is the initial mean characteristic stress.

Tab. 3 Rule of the strain hardening for clay in the characteristic stress space

Characteristic stress space

Initial mean characteristic stress Coo = P§
o Ao A S
Void ratio e e=e—g =——In—
ﬂ CnO
. . —Ae A | Cox
volumetric strain &y n—=

& :1+e0 - B(l+e)  Cy

Elastic volumetric strain &,°

Plastic volumetric strain &, gl =¢,-¢ = A In =
stic volumetric strain & vTE TE =
B(l+e) Cp
. . l+e, 0 g\’,’
Equivalent consolidation pressure cuy Cox =Coo €XP| S 1« & |=Cno €XP| —
P

3.3 Stress-strain relationship
The stress-strain relationship of the normally consolidated clay can be obtained in the ¢; space.
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In the elastoplastic theory framework, the total strain increment de;; is divided into the elastic strain

increment de; and the plastic strain increment def  as follows:
dg; =deg; +dep (27)

3.3.1 Elastic strain increment

The elastic strain increment can be calculated by the Hook’s law.

1+Vd0'.. v

dsj ==g~doy — g

o5, (28)

Based on Eq. (28) and Eq. (16), the elastic principal strain can also be expressed by the characteristic
principal stresses as follows:

.1 %71 v %71 %71
def =——c¢/ dc,———| ¢y dc,+cf dc,

BE BE
.1 %71 v %71 %71
de; = Ec2 dc, _E cy dc,+c/ dc, (29)

.1 %_1 v %_1 %_1
dggzﬁ% dcg—E ¢/ dc +c) dc,

where v is the Poisson’s ratio. The Young’s elastic modulus £ can be expressed as the function of

the mean characteristic stress, as follows:

1
1+e, —
Ocn[;’

K

E :3(1—21/) (30)
3.3.2 Plastic strain increment

The consistency condition, i.e., the total differential of the yield function Eq. (18), can be

expressed as follows:

5
df = ae + Lge, + T Lo gr —g (31)
acn acs acnx g\’lj

where of /oc, =N?(2c, —c, ), of /oc, =2c,, of /oc,, =—N’c, . The derivative of cn with respect

to &) can derived from Eq. (26):

OCh _ Cne (32)
og] Py

By substituting deg! derived from Eq. (24) together with Eq. (32) into Eq. (31), the plastic

multiplier A can be derived as follows:
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(3 p)cy [N?(2c, —c, )dc, +2cdc, |

A=
O N?c,C, | N’ —(2-p)c? |

(33)

The plastic strain increment is derived by substituting the plastic multiplier A in Eq. (33) together
with cnc in Eq. (19) into Eq. (24).

0.
de? = LR
&j =Py 3 +[uN2C§_(2_Iu c Cn(NZCr?‘FCSZ)

n“ij

3 (c; — ¢, ) |(N?e? —c? )de, +2c,c.dc,
> (34)
The stress-strain relationship in Eq. (34) is totally expressed by the characteristic stresses. It
can also degenerate into the MCC model when =1. The parameters in Eq. (34) can be determined
by the traditional triaxial tests.
3.3.3 Parameters in the proposed model
There are only five independent material parameters included in the proposed fractional
elastoplastic model, including 4, x, v, ¢ and f5, each of which has clear physical significance. Among
them, 4, x, v and ¢. are the same as the material parameters included in the MCC model. Only one
material parameter f is added, which can be determined by combining ¢. for /=0 with an additional
internal friction angle ¢, for b#0. According to the critical stress ratio ' in the ¢; space, which is

independent of the b-value, the equation Fl,-0=F|» can be used to determine £.

(e -1) R -OR 01 T[(0R 0+ ] +(R
RI+2 (bR, —b+1) +RY +1 (35)

where R~=(1+sing.)/(1-sing.) and Ry=(1+sings)/(1-singp). Especially, £ can be determined with the

internal friction angle . for 5=1 by the following equation (Lu et al., 2017).

(1+singoc)ﬂ—(1—sin<pc)ﬂ B (1+sin(pe)’8—(1—sin(pe)'3 36)
(L+sing, ) +2(1-sing,)’ 2(1+sing, )’ +(1-sing,)’

Thus, S actually reflects the proportional relation of ¢. and @e.
In addition, two model parameters, i.e., N and g, are include in the proposed model, which can
be determined by material parameters without the need for additional tests. The determined methods

of the model parameters are given as follows:
Under the triaxial compression condition with p=constant, & =0. Therefore, &, =&} . When
the soil is loaded to the critical state, the variation of the void ratio equals to the vertical distance

between the NCL and the CSL, and can be expressed as In2-(2-x) (Yu, 1998). Thus, & can be
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calculated by the following equation:

_eo—e_ln2~(/1—z<)

p_ 37
&1 € 1+e, G7)
Therefore, cq. can be derived by substituting Eq. (37) into Eq. (26):
Co =Croxp(£8/p, ) =27 ¢, (38)

The critical principal stress o1,=po(1+2M/3) and o3,=po(1-M/3). The critical mean characteristic
stress cn—= (01.”+203)/3 is thus obtained. By substituting the critical stress state (cnz, ¢s:)= (Cnz, FCnz)

into Eq. (19), the equivalent consolidation pressure is:
Co =Cp (F?/N? +1) (39)

Combining Eq. (38) with (39), one can get N as follows:

= F*[(L+2M/3)" +2(1-M/3)’ |
N = oF e s s (40)
\j Co=Cu |32 [ (1+2M/3)" +2(1-M/3)" |

where F can be calculated by ¢. and £, and M is the function of ¢, as listed in Tab. 1. Therefore, N

is actually determined only by ¢. and 5.
When the critical state condition is reached, y reaches F, and d in Eq. (25) equals 0. The

fractional order u can thus be determined by Eq. (25) as follows:

2F?

TNT-F? @b

Y7
The fractional order u is also determined by two material parameters, ¢. and .
3.4 Critical state

The ultimate condition that plastic shearing continues indefinitely without changes in volume
and effective stresses has been known as the critical state (Muir Wood, 1990). It has been testified
that the critical state is closely related to the true 3D stress conditions and should be reflected in
constitutive models (Zhao and Guo, 2013; Xiao and Liu, 2017; Zhou et al., 2017), which can be
reflected by the characteristic stress in the proposed fractional elastoplastic model.

The soil parameters for Fujinomori clay, which are stated in section 4.1, are used to exhibit the
critical state properties that reflected by the proposed model. The stress paths of 5=0, 5=0.5 and /=1

when p=constant under the drained condition and the undrained condition (&,=0) are shown in the

cij space in Fig. 15(a) and the o; space in Fig. 15(b), respectively. Stress paths of 5#=0, 5=0.5 and
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b=1 in the ¢;; space are different but reach to a unique critical state line, which correspond to different
stress paths and different CSLs in the o space. That is, the critical state is reached when y equals to
F. At the same time, # reaches the critical stress ratio M, for a certain value of b in the o;; space. The
critical state behaviour of soils under true 3D stress conditions is thus reflected by the unique critical

state line in the ¢; space.

(a) (®)

Fig. 15 Stress paths and critical state lines: (a) in the ¢;; space; (b) in the gy space.

4  Experimental verification

The existing fractional models for soil cannot describe the deformation properties of soils under
the true 3D stress conditions. The capability of the proposed fractional elastoplastic model in
capturing the deformation properties of soil is thus examined by predicting test results and
comparing with the predictions of the MCC model. The true triaxial test results of the new
Fujinomori (NF) clay under the drained conditions (Chowdhury and Nakai, 1998) and the Grundite
clay under the undrained conditions (Lade and Musante, 1978) are used in this paper.
4.1  Fujinomori clay

Drained true triaxial tests were performed on the normally consolidated NF clay at a constant
mean stress p=196kPa. The values of the intermediate principal stress coefficient » were set as 0,
0.268, 0.5 and 0.732, corresponding to different stress Lode angles 6=0°, 15°, 30°, 45°, respectively.
The values of material parameters for the NF clay used in the models are ¢.=33.7°, A/(1+¢¢)=0.0508,
x/(1+e0)=0.0112 and v=0.3. The characteristic material parameter £=0.1 is used for predictions.
Accordingly, the model parameters N=0.4248 and y=0.1654 are determined by Egs. (40) and (41).

The experimental data from Chowdhury and Nakai (1998) are arranged in terms of the relation
among principal stress ratio oi/g3, volumetric strain &, and principal strains (g1, & and &3), as
indicated by the open circles in Fig. 16. These true triaxial test data at different b-values are predicted
by the proposed 3D fractional elastoplastic model and the MCC model, which are indicated by the
red solid line and the black dash line, respectively. Both the proposed model and the MCC model
can well predict the stress-strain behaviour under triaxial compressions conditions, i.e., =0, as
shown in Fig. 16(a). However, for 5=0.268, 0.5 and 0.732, the experimental stress-strain behaviour
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is predicted by the proposed fractional model better than the MCC model, as shown in Fig. 16(b)~(d).
That is, the proposed fractional elastoplastic model can well capture the strength property and the

deformation behaviour of the normally consolidated NF clay under the drained triaxial conditions.

(a) (b) () (d)
Fig. 16 Comparison between test results (data from Chowdhury and Nakai, 1998) and predicted results

under true 3D stress conditions at p=196kPa with: (a) 5=0; (b) b=0.268; (c) b=0.5; (d) b=0.732.

The relationship between the strains under true 3D stress conditions is actually a reflection of
the deformation flow direction of soil. Test results with different b-values are arranged in terms of
the relation between &, and & and the relation between &3 and &1, as shown by dots in Fig. 17. Test
results shown in Fig. 17(a) indicate that ¢; is negative, i.e., extensive, when b=0 and b=0.268, and
is positive, i.e., compressive, when #=0.5 and »=0.732. Fig. 17(b) shows that &3 is extensive in all
the cases, and the extent of extensive gradually decreases for higher b-values. The experimental
relation between ¢; and ¢; and between ¢3 and ¢ for a constant b-value, as well as the variation rule
for different b-values, are all reasonably captured by the proposed fractional model better than the

MCC model.

(a) (b)
Fig. 17 Comparisons between test results (data from Chowdhury and Nakai, 1998) and predicted

results between principal stains: (a)ez-1; (a) e3-€1.

4.2  Grundite clay

Undrained true triaxial experimental study was performed by Lade and Musante (1978) to
study the influence of b on the stress-strain behaviour, pore pressure and strength properties of
normally consolidated Grundite clay. Cubical specimens of the remolded Grundite clay were tested
at a consolidation pressure of o.=147kPa and all three principal stresses are independently controlled.
b was maintained constant in each test, and »=0.00, 0.21, 0.40, 0.70 and 0.95, separately. Soil
parameters for predictions are from Yao et al. (2004) and listed as: ¢.=28.2°, 1/(1+e¢)=0.0846,
x/(1+e0)=0.0169 and v=0.27. p.=31.18° from the test with 5#=0.95 is used to determine £=0.303.
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Correspondingly, the model parameters N=0.6289 and y=0.4222 are determined from Eqgs. (40) and
41).

Fig. 18 shows the comparison between test data and predicted lines presented in terms of
relations among the principal stress ratio o1/3, the pore pressure ratio /o and the principal strain
e1, separately. When =0, the predicted lines of the proposed fractional elastoplastic model are
almost the same with the predicted lines of the MCC model, and they both capture the experimental
stress-strain behaviour well, as shown in Fig. 18(a). The shear strengths of the Grundite clay with
b=0.21, 0.40, 0.70 and 0.95 are well captured by the proposed model, but obviously overpredicted
by the MCC model, as shown in Fig. 18(b)-(d). In addition, the proposed fractional elastoplastic

model better predicts the relationship between u/o. and & for b0 than the MCC model.

(a) (b) (©) (d (e)
Fig. 18 Comparisons between test results (data from Lade and Musante, 1978) and predicted results

with 6:=147 kPa and: (a) b=0; (b) 5=0.21; (b) 5=0.40; (d) 5=0.70; (¢) b=0.95.

The test data between principal strains under undrained conditions are compared with the
predicted lines of the proposed fractional elastoplastic model and the MCC model. Test results are
represented by dots. The predictions of the proposed model and the MCC model are represented by
the red solid lines and the black dash lines, respectively. The test results and the predictions of &>
and &3 are plotted versus ¢ for different b-values, as shown in Fig. 19. As shown in Fig. 19(a), &
changes from extension to compression as b increases. €3 is under extension for all h-values, and the
extent of extension gradually decreases with a larger h-value, as shown in Fig. 19(b). By comparison,
the ability of the proposed model to capture the relationship between the principal strains under true

3D stress conditions is demonstrated to be better than the MCC model.

(a) (b)
Fig. 19 Comparisons between test results (data from Lade and Musante, 1978) and predicted results

between principal stains: (a) &-¢1; (b) &3-€1.

5 Conclusions
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In the present study, a novel 3D fractional plastic flow rule without limiting the coordinate
basis of the differentiable function was proposed, which is in coordination with the framework of
the elastoplastic theory. The plastic strain increment direction for soil under the true 3D stress
conditions can be determined in two steps: firstly, determine the direction in an interim coordinate
system, and then transform it into general stress space. The 3D fractional plastic flow rule offers a
possibility to develop a fractional elastoplastic model for geomaterials, like soils, concretes and
rocks, even for the hydrostatic pressure independent materials, like metallic materials.

In the characteristic stress space, by combining the proposed fractional plastic flow rule with
the ellipsoidal yield function, and further taking the plastic volumetric strain as the hardening
parameter, a 3D fractional elastoplastic constitutive model for soil was proposed for the first time.
The proposed model has only one more material parameter, i.e. £, than the MCC model. It can well
reflect the variation rule of the plastic strain increment direction under complex loading conditions
and the properties of the critical state for soil. The comparison between the model predictions and
the test results indicates that the proposed model can properly capture the strength and deformation
behaviour of soils under true 3D stress conditions.
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List of notations

E  Young’s elastic modulus
F critical characteristic stress ratio

M  failure stress ratio
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N ratio of the vertical axis and the horizontal axis of the yield curve
Q;  orthogonal tensor for transformation
Ry, principal stress ratio under constant b
R.  principal stress ratio under triaxial compression conditions
Sk, Sk interim stress tensor and its eigenvalue
I, I, Iz first, second and third stress invariants
b  intermediate principal stress coefficient
cij  characteristic stress tensor
c¢i  characteristic principal stress
¢n, s mean characteristic stress and characteristic deviatoric stress
cno  initial mean characteristic stress
d  stress-dilatancy ratio
e,eo  void ratio and its initial value
) covariant transformation coefficient
p,q,0 mean stress, deviatoric stress and stress Lode angle
po  initial mean stress
pr  reference stress for dimensionless transformation
mi(j”) , ml(ds) components of the fractional gradient vector of fin the g;; space and in the S space

)

i components of the gradient vector of g in the o;; space and in the Sy space
M, Mg,  components of the fractional gradient vector of f
Nmg, Ngg  components of the gradient vector of g
I'(‘)  Euler Gamma function

A plastic multiplier for fractional plastic flow rule

dZ  plastic multiplier for classical plastic flow rule
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S characteristic stress index

0;  Kronker delta tensor

e

& s Si? strain tensor, elastic strain tensor and plastic strain tensor
£,,6,,€)  volumetric strain, elastic volumetric strain and plastic volumetric strain

s deviatoric plastic strain related to ¢
deviatoric plastic strain related to 6

n  stress ratio

x  swelling index

A compression index

u  fractional order

v Poisson’s ratio

o;  principal stress
o  stress tensor

@ internal friction angle

x  characteristic stress ratio

600
601
602
603
604
605
606  Figures

607
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(b)
Fig. 1 Two ways to determine the plastic flow direction:

(a) orthogonal way; (b) non-orthogonal way.
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615 Fig. 2 Coordinate transformation of the plastic flow direction.
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629

(c) (d)
Fig. 4 Fractional plastic flow direction with the yield function constructed:
(a) by p, ¢ and @ in the meridian plane; (b) by p, ¢ and 6 in the deviatoric plane;

(c) only by ¢ and 6 in the meridian plane; (d) only by p and ¢ in the deviatoric plane.
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Fig. 6 Yield surface: (a) in the c¢;; space; (b) in the g space.
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