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Abstract

Numerical simulations are carried out to determine the steady-state convective

modes in a rectangular porous cavity heated from below. The property of mul-

tiplicity of solutions for a given set of governing parameters is examined in this

paper. The multiple steady-state solutions that appear in a horizontal cavity

for a given Rayleigh number are obtained by means of suitable initial condi-

tions. Each of these solutions is then perturbed by increasing the inclination

angle in order to identify the transition angle to a different convective mode.

It is observed that for an odd-number of convective cells, if the counterclock-

wise rotating cells dominate the configuration, the Nusselt number increases

with the slope angle up to a maximum and then decreases before the transition

to single cell convection. Otherwise, if there are more clockwise rotating cells,

the Nusselt number decreases monotonically and the configuration becomes un-

stable. Since multicellular configurations with even number of convective cells

have equal number of clockwise and counterclockwise rotating cells, this case

presents a single behavior characterized by a decrease in the Nusselt number.

The transition angles from multicellular to single cell convection are found to

be as large as 45◦ when the aspect ratio of the cavity is large, so that this angle
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is the upper limit to destabilize multicellular convection.

Keywords: 2D numerical modeling, porous medium, free convection,

Boussinesq approximation.

Nomenclature1

Greek symbols2

α Slope angle3

β Thermal expansion coefficient4

η Overall thermal diffusivity5

µ Viscosity6

ψ Stream function7

ρ Density8

σ Ratio of solid-fluid heat capacities9

θ Dimensionless temperature10

Other symbols11

− Overbar denotes dimensional variable12

Roman letters13

u Darcy’s velocity14

Â Amplitud15

B Characteristic length16

C Length17

D Aspect ratio18

g Gravitational constant19
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k Permeability20

L∞ Infinity norm21

n Number of convective cells22

Nu Nusselt number23

P Pressure24

Ra Darcy-Rayleigh number25

T Temperature26

t Time27

x, y, z Cartesian coordinates28

Subscripts29

0 Reference quantity30

c Critical quantity31

int Simulation time interval32

l Local33

ss Steady state34

t Transition35

1. Introduction36

Extensive research on free convection in porous media has been carried out37

in the past due to its importance in different scientific and engineering contexts.38

For instance, modelign of low enthalpy geothermal systems is a research area39

closely related with this topic [1, 2, 3]. In last years this problem has been40

addressed from a variety of perspectives. Baytaş and Pop [4] studied free con-41

vection in oblique porous enclosures. Baytaş [5] and Meshram [6] considered42
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entropy generation effects in an inclined porous cavity. Khanafer [7] looked into43

non-Darcian effects in free convection in a porous medium. Bennacer et al. [8]44

conducted anisotropy studies in a vertical porous enclosure with double diffu-45

sive convection. Free convection in porous media in conditions of turbulent flow46

and mass transport has also been studied [9, 10]. De Lemos [11] incorporated47

non-thermal equilibrium conditions, and more recently Carvalho and de Lemos48

analyzed the case of free convection in laminar flow and mass transport assum-49

ing also non-thermal equilibrium conditions [12]. Although these works explore50

different aspects of the physics that govern free convection in porous media,51

some questions regarding the steady state convective modes that arise in 2D52

in such systems are still unanswered. For instance, whereas multicellular and53

single cell convective modes are well known, the different forms multicellular54

convection can adopt has not been reported in detail. The transition angles55

of these convective modes to single cell have not been reported either. The56

numerical study presented here determines the multiple steady-state convective57

modes that exist in such a system and their transition angles. At the same time58

this work aims to provide a wider perspective for the analysis of steady-sate free59

convection in porous media in three-dimensions (3D) [13, 14].60

Fundamental aspects of the problem analyzed here are given by the solu-61

tion of the Horton-Rogers-Lapwood problem [15]. This problem establishes the62

conditions for the onset of convection in a horizontal porous layer heated from63

below. The early works by Horton and Rogers [16] and Lapwood [17] determined64

a critical Rayleigh number (Rac = 4π2) for the onset of convection in such a65

system. Elder [18] presented one of the first numerical and experimental stud-66

ies of steady-state convection for this problem. He described the steady state67

cellular motion of the fluid, incorporating edge-effects of the porous enclosure.68

Straus [19] conducted stability analysis and reported that as the Rayleigh num-69

ber increases the wavenumber of the system increases, and for Ra ≥380 there70

are no stable 2D solutions. Likewise, De La Torre Juárez and Busse [20] showed71

that the maximum Nusselt number of steady state convection corresponds to72

higher wavenumbers as Ra increases.73
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Kaneko et al. [21] carried out an experimental study of free convection in an74

inclined porous enclosure. They found that there is an angle at which the sys-75

tem reaches the maximum level of convective motion, characterized by multiple76

convective cells. They also reported that above this angle the system evolves77

towards single cell convection. This transition between multicellular and single78

cell convection was addressed numerically by Moya et al. [22]. They analyzed79

the change of the sateady state solutions as the slope angle and Rayleigh number80

were varied. Their model successfully reproduced the appearance of single-cell81

convection as it was shown experimentally by Bories and Combarnous [23], how-82

ever due to the steady-state numerical scheme they were only able to obtain a83

limited number of multicellular conective modes. This arises the question that84

what are the possible multicellular configurations before reaching single-cell con-85

vection. The existence of multiplicity of steady state solutions was described86

by Sen et al. [24], who reported that multiple steady states exist when the87

inclinations with respect to the heated wall are small enough and some of which88

are unstable. Riley and Winters [25] described the mechanisms through which89

the multiple solutions reduce to leave an apparently unique solution for large90

slope angles. Rees and Bassom [26] found the maximum inclination angle at91

which multicellular convection can become unstable, which is α = 31.49◦ cor-92

responding to a critical Rayleigh number of 104.30. In consistency with this93

result, Báez and Nicolás [27] calculated transition angles for a Rayleigh number94

of 100 and different aspect ratios of the porous cavity. Likewise, they observed95

different multicellular configurations with different number of cells for a given96

set of governing parameters.97

The different multicellular steady state solutions that can exist in a sloping98

porous enclosure heated from below are found here by inducing the system to99

host arbitrary numbers of convective cells. This is done by means of provid-100

ing suitable initial conditions of the governing equations. Each of the induced101

multicellular configurations will become a steady-state solution as long as such102

convective mode is stable. Additionally, the evolution of each of these multi-103

cellular configurations towards single cell convection is examined by increasing104
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the slope angle in small steps until the solutions destabilize. Unlike previous105

studies, this work covers a detailed parametric space regarding the slope angle106

and the number of convective cells in the cavity, which accounts for more than107

twenty three thousand simulations. The numerical scheme was developed based108

on the stream function approach, which has been widely applied for the solution109

of free convection in both porous media and homogeneous fluids [28].110

2. Problem formulation111

The problem consists of a rectangular porous enclosure of height B and112

length C with impermeable walls, heated from below, and inclined with an angle113

α with respect to the horizontal position (Figure 1). The basic assumptions for114

this problem include local thermal equilibrium, fluid flow is described by Darcy’s115

law, and the Boussinesq approximation is invoked. From these considerations116

the momentum equation can be stated as follows:117

TH
_

g

TC
_

Adiabatic

Adiabatic

y

x

B

C

Figure 1: Schematic model of a rectangular porous enclosure tilted an angle α.

ū = −k
µ

(
∇̄P̄ − ρ0gβ0(T̄ − T̄0)e

)
(1)

where the vector e = (sinα, cosα) gives account of the components of the118

buoyancy term in the system. The continuity equation for an incompressible119

fluid is also recalled120

∇̄ · ū = 0. (2)

Further, the heat transfer equation for the porous medium is written [15]:121
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σ
∂T̄

∂t̄
+ ū · ∇̄T̄ = ∇̄ · (η∇̄T̄ ). (3)

The problem is nondimensionalized using the following dimensionless vari-122

ables:123

x =
x̄

B
, y =

ȳ

B
, z =

z̄

B
, P =

k

µη
P̄ ,

u =
B

η
(ū, v̄, w̄), θ =

T̄ − T̄0
T̄0 − T̄c

, t =
t̄η

σB2
,

Ra =
Bkgβρ0
ηµ

(T̄0 − T̄c),

with Ra being the Darcy-Rayleigh number (or simply the Rayleigh number).124

The dimensionless problem is as follows:125

u +∇P = Raθe, (4)

∂θ

∂t
−∇2θ + u · ∇θ = 0, (5)

∇ · u = 0. (6)

The momentum equation is written in terms of the stream function

Γ∇2ψ =

(
∂θ

∂x
cosα− ∂θ

∂y
sinα

)
, (7)

where Γ = −1/Ra.126

2.1. Boundary and initial conditions127

The boundary conditions for the heat transfer equation read128

∂θ

∂x
= 0, for x = 0 and x = D,

where D is the aspect ratio C/B, and

θ = 1, for y = 0 and t > 0,
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θ = 0, for y = 1 and t > 0.

Suitable initial conditions can be defined to give rise to a specific number129

of convective cells n in a horizontal porous enclosure of aspect ratio D. Such130

initial condition is given by the following function:131

θ(x, y) = (1− y) + Â sin(πy) cos
(nπx
D

)
, (8)

this equation defines a temperature field that is the characteristic of multicellular132

convection at α = 0, with n being the number of cells, and Â denoting the133

amplitude of the sinusoidal perturbation. In general the amplitude is defined134

as 0 < |Â| < 1, which is a moderate perturbation of the linear temperature135

profile (1− y). In this study, an amplitude |Â| = 0.3 was suitable to give rise to136

multicellular convection at α = 0 for a wide number con convective cells, n, and137

the three aspect ratios analyzed. Additionally, it is important to note that for a138

given aspect ratio D and number of cells n, a positive and a negative amplitude139

give rise to equivalent convective modes as regards n but with opposite direction140

of rotation of the convective cells.141

Regarding the momentum equation, considering that ψ = 0 at the bound-

aries satisfies the condition of impermeable walls, the boundary conditions are

ψ = 0, for x = 0 and x = D,

ψ = 0, for y = 0 and y = 1.

3. Numerical solution142

The time-dependent mathematical problem was discretized with the Finite143

Volume numerical method. The problem requires an iterative solution for each144

time step for which a fixed point algorithm was implemented. A central differ-145

encing scheme was applied for the convective term of the energy equation and146

a first-order fully implicit scheme was used for the temporal term. A Gauss-147

Seidel iteration was used for the solution of the algebraic system. The numerical148
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scheme was implemented in Fortran 90 and the simulations were carried out on149

a PC based on Ubuntu 14.04 with a processor Intel Core i7.150

Steady-state solutions were obtained from the evaluation of the convergence151

of the temperature matrix. The infinity norm of the difference L∞ = |θt −152

θt−1|∞ was calculated for successive time steps over a long time interval that153

proved to be long enough after several tests (2.2× 104 time steps in this case).154

The convergence criterion was defined according to the condition 〈L∞〉tint
<155

5×10−7, where 〈L∞〉tint
is the average infinity norm over the time interval tint.156

4. Numerical results and discussion157

4.1. Validation158

A local Nusselt number (Nul) was defined (Eq. 9) to quantify the convective159

heat transfer throughout the porous enclosure160

Nul =

∣∣∣∣∂θ∂y
∣∣∣∣
y=0

, (9)

the overall convective heat transfer in the enclosure reads161

Nu =

∫ ∣∣∣∣∂θ∂y
∣∣∣∣
y=0

dx. (10)

A model of aspect ratio D = 3 was considered for the validation of the162

model with a constant Rayleigh number of Ra = 100. Three slope angles were163

analyzed: 10◦, 25◦ and 40◦. After a calibration process a time step ∆t = 2.0×164

10−4 was chosen for the simulations. Additionally, a uniform mesh consisting165

of ∆x = ∆y = 100−1 was employed for the spatial discretization. A mesh166

dependency study showed that a mesh consisting of ∆x = ∆y = 25−1 leads to167

equivalent results with a difference of 0.48% in the global Nusselt number.168

Table 1 shows a comparison of the model presented here and the results169

reported by Báez and Nicolás [27]. This table indicates that both the global170

Nusselt numbers and the convective modes are in agreement. The small dif-171

ference in the Nusselt number can be attributed to the different mesh size and172
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Table 1: Nusselt number, Nu, steady-state time, tss, and number of convective cells, n, of

steady-state solutions for the present model and the results reported by Báez and Nicolás [27]

for a cavity of aspect ratio D = 3.

Present model Báez and Nicolás [27]

α Nu tss n Nu tss n

10◦ 8.36 6.881 3 8.60 0.212 3

25◦ 6.37 5.226 1 6.75 0.168 1

40◦ 7.33 4.793 1 7.65 0.338 1

temporal discretization scheme. Additionally, a more rigorous convergence cri-173

terion was implemented in the present model in order to ensure that the different174

convective modes tested in the parametric study are steady state solutions. This175

criterion gives account of a considerably longer time demanded before establish-176

ing the steady state. As mentioned above, the infinity norm is averaged over177

2.2 × 104 iterations (t = 4.4) which is then compared with the stop condition.178

Since the convergence criterion is not identical in the compared models, they179

might not lead to exactly the same result. Nevertheless, the Nusselt numbers180

show consistency.181

4.2. Parametric study182

The parameter space considered here consists of three aspect ratios, D = 3,183

5 and 10, and two Rayleigh numbers, Ra = 70 and 100. Slope angles will be184

considered as follows, the interval 0 ≤ α ≤ 40◦ will be examined in steps of185

0.1◦; 40 < α ≤ 90◦ in steps of 1◦ and 90 < α ≤ 180◦ in steps of 5◦. The initial186

condition defined in Equation (8) is used only for α = 0 for a given number of187

cells n. The resulting steady-state solution is then used as the initial condition188

for the next slope angle α and so on.189

For D = 3, α = 0, Ra = 100 and n = 3 for instance, two initial temperature190

distributions can be calculated according with either a positive or a negative191

sign of Â. The corresponding steady-state solutions obtained from these ini-192

tial conditions are shown in Figure 2. It shows that two steady-state solutions193

characterized by opposite vorticity signs can be obtained from the same model194
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parameters which is a manifestation of multiplicity of solutions. As a conse-195

quence of this property, it is pertinent to analyze the existence of the three-cell196

multicellular convection for α > 0 considering the two forms of the solution.197

Figure 2: Streamlines and temperature fields of three-cell multicellular convection for D = 3,
Ra = 100 and α = 0 obtained from two initial conditions (Eq. 8).

The existence of these three-cell solutions (Figure 2) in the range α > 0 was198

examined here by increasing the angle in steps as described previously. The199

relation Nu vs α permitted to identify the evolution of the three-cell configu-200

rations and the transition to a single cell convective mode. Figure 3 shows this201

relation for n = 3 along with n = 1 and n = 4. The four-cell solution, n = 4,202

was calculated in the same way as n = 3. The one-cell solution however, was203

obtained from simulations starting at α = 60◦ with the initial condition given204

by Equation 8 with n = 1, D = 3, and Â=-0.3. Then the remaining angles205

were analyzed moving backwards up to α = 0, in this way the minimum angle206

at which the one-cell solution appears was identified.207

Figure 3 shows that the two forms of the three-cell solution evolve in different208

ways, on the one hand the Nusselt number increases with α for the configuration209

shown in Figure 2-a (Â=-0.3). The convection in this case consists of two210

counterclockwise rotating cells. These can be called natural cells, since the fluid211

next to the hot wall flows upwards, whereas there is one clockwise rotating cell,212
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Figure 3: Nu vs α for n = 3, 4, and 1. The solid blue line corresponds to the case Â=-0.3,
whereas the dashed blue line in the same interval corresponds to Â=0.3 (Figure 2). The black
dashed line shows the transition between number of cells.

or anti-natural cell. This multicellular configuration will be denoted as n = 3+.213

On the other hand, the configuration shown in Figure 2-b leads to a decrease in214

the Nusselt number up to 11.1◦, where the rotation of the cells is switched to215

adopt the configuration n = 3+. This decreasing branch of the three-cell solution216

contains only one natural cell and two anti-natural cells, which explains why the217

Nusselt number associated with this configuration is low, and why it exists only218

in relatively small slope angles. Similarly, this configuration will be denoted as219

n = 3−.220

Similar to the three-cell case for α = 0, two steady-state solutions were221

obtained for the four-cell configuration with opposite signs of vorticity, each of222

the solutions associated with a sign of Â (Eq. 8). Despite having opposite sign223

of vorticity, the Nusselt number as a function of α turned out to be the same224

in both cases: the Nusselt number decreased up to 10◦ where the convection225

becomes n = 3+ (Figure 3). This behavior is explained by the fact that both226

four-cell solutions have two natural and two anti-natural cells, the only difference227

is their position, so that both cases are equivalent in terms of the heat transfer228

in the porous enclosure. It can also be observed that there is a zero-slope curve229
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at α = 0, unlike the curves for the three-cell configurations.230

Streamlines for n = 1 and Ra = 100 at α = 24◦
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Figure 4: Streamlines of the convective modes n = 3+, n = 3−, n = 4, and n = 1 at their
transition angles to a different configuration.

It is important to observe what happens at the end of the curves, which231

marks the transition to a different configuration. The Nusselt number for n = 3+232

has a maximum at α = 24◦ and then decreases until the slope tends to infinity.233

It is expected that the three-cell configuration starts vanishing at this high slope234

region. Figure 4-a shows the streamlines for this configuration at the transition235

angle of α = 32◦, the internal cell has almost disappeared, which resembles236

a two-cell configuration, yet the two cells have the same direction of rotation237

characteristic of the three-cell convection. An increase up to α = 32.1◦ leads238

to single-cell convection. On the other hand, the transition from n = 3− to239

n = 3+ shows a deformation of the external cells at α = 11.1◦ (Figure 4-b), and240

then for α = 11.2◦ the configuration changes to n = 3+. Likewise, for n = 4241

the external anti-natural cell vanishes (Figure 4-c) and then the configuration242

changes to n = 3+. Finally, n = 1 was observed up to α = 24◦, which is a single243

cell with two internal cells (Figure 4-d).244

The behavior observed for n = 3 and n = 4 can be generalized for all the245

odd and even number of cells at any aspect ratio. Additionally, considering the246
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property of symmetry regarding the rotation of the cavity, the results can be247

extrapolated to the range −180◦ < α < 0. From these considerations, the cases248

n = 1, 2, ..., 5 were analyzed for D = 3, the cases n = 1, 3, 4, ..., 11 for D = 5,249

and the cases n = 1, 7, 8, ..., 19 for D = 10. These convective modes were250

considered for two Rayleigh numbers Ra = 70 and Ra = 100.251
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Figure 5: Nusselt number vs slope angle for n = 1, 2, ..., 5 convective cells in a 2D porous cavity
of aspect ratio D = 3 and Ra = 70 (for n odd, the dotted line represents the configuration
n− and the continuous line represents n+).
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Figure 5 shows the results for D = 3 and Ra = 70, it can be observed that252

the configuration n = 3+ is dominant as regards to the Nusselt number and253

the range α. The configuration n = 3− on the other hand, displays a sharp254

decrease in the Nusselt number, yet it is higher than the one corresponding255

to n = 2, 4, and 5. It can be observed that the one-cell solution presents a256

bend upwards before the transition, unlike the one-cell curve for Ra = 100257

(Fig. 3), nevertheless it was confirmed that the convective mode at the end258

of this curve is once-cell with internal secondary cells, similar in shape to that259

presented in Figure 4-d. The transition angles for this case are presented in260

Table 2. Additionally, the curve n = 1 displays a sinusoidal-like behavior up to261

180◦ reaching a minimum equal to the aspect ratio D = 3 at α = 180◦. Since262

this case is equivalent to a cavity heated from above there is no convection263

contributing to the heat transfer throughout the cavity but only conduction,264

therefore the Nusselt number is equal to the steady-state conductive solution of265

a cavity with a linear temperature profile θ(x, y) = 1− y.266

Figure 6 shows the results for Ra = 100 that was partly described above267

(Fig. 3). Unlike Ra = 70 the maximum Nusselt number at α = 0 is associated268

with an even number of cells, n = 4, which is slightly higher than that for269

n = 3. There are, in general, larger transition angles of the convective modes270

in consistency with a higher Ra, with the exception of n = 3−. The transition271

angles of the different configurations observed are presented in Table 2. With272

the exception of n = 5−, which transits to n = 4, it can be seen that unstable273

convective modes switch to n = 3+.274

Regarding the transition angles, Rees and Bassom [26] presented a linear275

stability analysis for the onset of convection in an infinitely long sloping porous276

layer heated from below. They found the maximum inclination angle at which277

transverse convective modes can become unstable, to be α = 31.49032◦ corre-278

sponding to a critical Rayleigh number of Rac = 104.30. This condition is not279

satisfied by the case Ra = 100 for the convective mode n = 3+, which transition280

occurs at a slightly higher angle of α = 32◦ (Table 2). This deviation is not281

unexpected since lateral-boundaries effects are important in this aspect ratio.282
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Interestingly, even larger transition angles were observed for when higher aspect283

ratios were considered (Tables 3 and 4), all of them associated with odd number284

of cells.285
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Figure 7: Nusselt number vs slope angle for n = 1, 3, 4, ..., 8 convective cells in a 2D
porous cavity of aspect ratio D = 5 and Ra = 70 (for n odd, the dotted line represents the
configuration n− and the continuous line represents n+).

Figure 7 presents the Nusselt number as a function of α for D = 5 and286

Ra = 70 and Figure 8 for Ra = 100. For both Rayleigh numbers, the cases287

n = 1, 3, 4, ..., 11 were examined however, for Ra = 70, n = 8 was the maximum288

number of cells that comprised a steady-state solution. When comparing Figures289

Table 2: Transition angles of the multicellular configurations observed in D = 3 for Ra = 70

and Ra = 100 (the transition to odd number of cells is always to the positive branch n+).

D = 3

Ra = 70 Ra = 100

n Transition to αt n Transition to αt

1 3 25.4 1 3 24.0

2 3 2.2 2 3 3.4

3+ 1 25.7 3+ 1 32.0

3− 3 13.5 3− 3 11.1

4 3 5.2 4 3 10.0

5+ 3 4.0 5+ 3 13.2

5− 4 0.8 5− 4 6.6
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Figure 8: Nusselt number vs slope angle for n = 1, 3, 4, ..., 11 convective cells in a 2D
porous cavity of aspect ratio D = 5 and Ra = 100 (for n odd, the dotted line represents the
configuration n− and the continuous line represents n+).

7 and 8, it can be observed that increasing the Rayleigh number favors the290

formation of more multicellular configurations, in agreement with Straus [19].291

Further, there is in general an increase in the transition angles (Table 3). As292

regards to Ra = 70 (Fig. 7), n = 5+ is a dominant configuration, which293

terminates at α = 27.8◦. There is an interesting feature in this graph, n = 3+294

is interrupted at α = 1.2◦ where it becomes n = 5+, and then it appears again295

at α = 27.8◦, and finally it changes to n = 1 at α = 34.7◦. Since the Nusselt296

number for this case is too low at small α, it is possible that in cannot remain297

as steady state at small inclination angles.298

Figures 7 and 8 show that the maximum Nusselt number for α = 0 corre-299

sponds to n = 5 at Ra = 70 and n = 6 at Ra = 100. This increase in the300

number of cells is consistent with the results reported by De La Torre Juárez301

and Busse [20] (a similar behavior can be observed for D = 3 and D = 10).302

Regarding Ra = 100, as α increases n = 5+ becomes the dominant configura-303

tion remaining up to α = 34.9◦ where it becomes three-cell convection (Table304

3). It can be observed that as the number of cells increases the corresponding305

Nusselt number decreases, and so does the range of α for which the particular306
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configuration exists, such is the case of n = 10 that appears in a range of in-307

clinations less than 1◦. The highest transition angle observed for Ra = 100 is308

45◦ corresponding to n = 3+, at this angle the gravitational effects are equally309

distributed between the x and y axes of the cavity. Finally, both Figure 7 and310

8 show a Nusselt number equal to 5 at α = 180◦. Similar to case D = 3, this311

Nusselt number is equivalent to that obtained from a purely conductive solution312

θ(x, y) = 1 − y, since the cavity is being heated from the top and cooled from313

below.314

The fact that n-odd multicellular convective modes prevail beyond the criti-315

cal angle predicted by Rees and Bassom [26] in large aspect ratios is an evidence316

for the strong convection of these modes. Some forms of multicellular convec-317

tion can be expected in the range of 31.49◦ < α < 45◦ since the component318

of the external force due to gravity is larger on the y-axis than on the x-axis.319

This favors flow in the y direction so that multiple upwellings and downwellings320

are formed. An increase of the slope angle beyond 45◦ destabilizes any multi-321

cellular convection to give rise to single-cell convection, in response to a larger322

Table 3: Transition angles of the multicellular configurations observed in D = 5 for Ra = 70

and Ra = 100 (the transition to odd number of cells is always to the positive branch n+).

D = 5

Ra = 70 Ra = 100

n Transition to αt n Transition to αt

1 3 31.4 1 3 33.3

3+ 5 1.2 3+ 1 45.0

3− 4 0.1 3− 5 1.9

4 5 8.5 4 5 6.4

5+ 3 27.8 5+ 3 34.9

5− 5 13.1 5− 7 11.4

6 5 7.4 6 5 12.0

7+ 5 13.6 7+ 5 22.3

7− 5 4.7 7− 5 9.9

8 7 0.8 8 7 5.6

— — — 9+ 7 10.7

— — — 9− 7 3.6

— — — 10 9 0.9
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Figure 9: Nusselt number vs slope angle for n = 1, 7, 8, ..., 15 convective cells in a 2D
porous cavity of aspect ratio D = 10 and Ra = 70 (for n odd, the dotted line represents the
configuration n− and the continuous line represents n+).

component of the external force on the x-axis.323

The parametric analysis for D = 10 is shown in Figures 9 and 10, the cases324

from n = 7 up to n = 21 were examined. Between 7 and 15 cells were observed325

for Ra = 70, and between 7 and 21 cells for Ra = 100. The cases n = 20326
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Figure 10: Nusselt number vs slope angle for n = 1, 7, 8, ..., 19 convective cells in a 2D
porous cavity of aspect ratio D = 10 and Ra = 70 (for n odd, the dotted line represents the
configuration n− and the continuous line represents n+).
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Table 4: Transition angles of the multicellular configurations observed in D = 10 for Ra = 70

and Ra = 100 (the transition to odd number of cells is always to the positive branch n+).

D = 10

Ra = 70 Ra = 100

n Transition to αt n Transition to αt

1 7 30.6 1 7 32.4

7+ 1 34.4 7+ 1 45.0

7− 9 3.2 7− 15 4.1

8 9 8.5 8 9 6.4

9+ 1 31.4 9+ 1 40.0

9− 7 13.3 9− 13 8.8

10 9 11.0 10 9 15.5

11+ 7 26.4 11+ 7 33.7

11− 9 9.8 11− 9 14.4

12 7 7.2 12 11 11.7

13+ 11 19.9 13+ 9 25.9

13− 11 5.8 13− 11 10.6

14 13 3.6 14 13 8.4

15+ 13 11.6 15+ 11 20.9

15− 13 2.3 15− 12 7.4

— — — 16 15 5.6

— — — 17+ 13 15.2

— — — 17− 15 4.5

— — — 18 17 3.0

— — — 19+ 15 9.2

— — — 19− 17 2.0

and n = 21 were marginal though (lying in the range 0 ≤ α ≤ 1◦) and were327

not included in Figure 10. For Ra = 70 it can be observed that n = 9+ and328

n = 11+ dominate the Nusselt number, but n = 7+ prevails in a wider range of329

inclination angles, with a transition angle of α = 34.4◦.330

In a similar way, for Ra = 100 (Figure 10), the highest Nusselt number331

is related to n = 11+ and n = 9+, whereas n = 7+ is the most stable mode332

with a transition angle of α = 45◦. Figure 10 at α = 0 shows that a large333

number of convective cells does not necessarily mean a high Nusselt number.334

It can be seen that from about 13 cells the Nusselt number of the n-odd cases335

starts decreasing. On the other hand, for even values of n, n = 12 provides the336

highest Nusselt number and from n = 14 it decreases. A common characteristic337
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of Figures 9 and 10 is that there is a large decrease in the Nusselt number as the338

convective modes evolve towards single-cell. This is due to the large difference in339

the number of upwellings between multicellular and single-cell convection that340

large aspect ratios can accommodate.341

5. Conclusion342

A high resolution parametric study was carried out to provide a detailed view343

of the steady-state convective modes that exist in a 2D porous cavity heated from344

below as a function of the governing parameters of the system. The steady-state345

convection was grouped into two modes: multicellular convection and single cell346

convection. Multiple multicellular solutions were obtained for the horizontal347

cavity (α = 0) based on the property of multiplicity. Each of these multicellular348

configurations was characterized by a given number of cells and by either of two349

possible distributions of the vorticity signs of the cells.350

The configurations consisting of odd number of cells displayed two different351

behaviors regarding the Nusselt number as α was varied. On the one hand, when352

the predominant vorticity sign of the cells matched with the vorticity sign of353

the single-cell configuration for α→ 90◦, the Nusselt number increases up to a354

maximum. The Nusselt then decreases until the convective mode adopts either355

a different number of cells or the single-cell configuration. On the other hand, if356

the predominant vorticity signs are opposite to the single-cell natural convection,357

the Nusselt number decreases monotonically as α increases becoming unstable358

at comparatively smaller angles. In contrast, the solutions with even number359

of cells displayed a common behavior. Since in this case both distributions360

of vorticity signs contain the same number of clockwise and counterclockwise361

rotating cells, the Nusselt number of both forms behaved in the same way as362

a function of α. The Nusselt number decreased monotonically as α increased363

forming a zero-slope curve at α = 0. These solutions also became unstable at364

small angles in comparison with the n-odd solutions.365

Transition angles for all these solutions were also obtained. For a small as-366
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pect ratio (D = 3), the most stable convective modes (largest transition angles)367

also provided the highest Nusselt number. In contrast, the most stable modes368

in large aspect ratios did not necessarily mean a high heat transfer coefficient, a369

higher number of convective cells was necessary to enhance the convective heat370

transfer at the expense of a smaller transition angle. Furthermore, the results371

showed that multicellular convection can become unstable at larger angles than372

the critical angle predicted by Rees and Bassom [26] even when the aspect ra-373

tio is large. Some of the multicellular convective modes were destabilized and374

became single-cell at angles as large as α = 45◦. As a final remark, although375

3D numerical modeling of this problem has shown considerably smaller tran-376

sition angles to single cell convection [13], a high resolution parametric study377

in 3D has not been conducted yet. For this reason, alternative mathematical378

approaches such as continuation methods and also experimental work would be379

recommended in future work to understand the implications of these results in380

3D systems.381
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