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A note on the Duffin-Kemmer-Petiau equation in (1+1)
space-time dimensions
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In the last years several papers addressed the supposed spin-1 sector of the massive
Duffin-Kemmer-Petiau (DKP) equation restricted to (1+1) space-time dimensions.
In this note we show explicitly that this is a misleading approach, since the DKP
algebra in (1+1) dimensions admits only a spin-0 representation. Our result also
is useful to understand why several recent papers found coincident results for both
spin-0 and spin-1 sectors of the DKP theory in (3+1) dimensions when the dynamics
is restricted to one space dimension.
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The Duffin-Kemmer-Petiau (DKP) equation is a first order wave equation similar to the
Dirac one, which in its original formulation in (3+1) space-time dimensions describes spin-0
and spin-1 fields or particles1–5. In recent years some papers addressed the DKP equation
in strict (1+1) space-time dimensions in situations involving interactions and addressed
the supposed spin-1 sector of the theory6–9. In this note we show explicitly that such an
approach is misleading; by using the (1+1)-dimensional analogs of the original DKP spin-0
and spin-1 projection operators we show that the supposed “spin-1” sector of the theory
restricted to (1+1) dimensions actually is unitarily equivalent to its spin-0 sector, which
describes a (pseudo)scalar field. We illustrate this equivalence by explicitly building the
lowest dimensional (irreducible) representation of the theory. At the end we comment how
our result explain why several authors in recent years found identical results for both the
spin-0 and spin-1 sectors of the (3+1) dimensional DKP equation when the dynamics is
restricted to only one space dimension10–20.
DKP equation in (3+1) dimensions. We start by recalling some basic results about the

free DKP equation in (3+1) space-time dimensions. The equation is given by1–5 (we use
natural units ~ = c = 1)

(iβµ∂µ −m)ψ = 0 µ = 0, 1, 2, 3, (1)

where m is the particle’s mass, ψ is the DKP wave function and βµ are matrices satisfying
the DKP algebra

βµβνβρ + βρβνβµ = gµνβρ + gρνβµ , (2)

where gµν is the Minkowski metric tensor in (3+1) dimensions with signature (+,−,−,−).
It is well known that there are only three irreducible representations (irrep’s) of DKP
algebra in (3+1) dimensions: one is trivial, having dimension 1, and the other two are
nontrivial, having dimensions 5 and 10, corresponding respectively to scalar (spin-0) and
vector (spin-1) fields4,21,22.
Under infinitesimal Lorentz transformations x′µ = Λµ

νx
ν , with Λµν = gµν + ωµν , ωµν =

−ωνµ, the DKP spinor ψ transforms as ψ → Uψ, where5

U = 1 +
1

2
ωµνSµν , Sµν = [βµ, βν ] . (3)
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The scalar and the vector sectors of the theory can be identified through the use of the
Fujiwara’s projectors5,23. For the scalar sector they are

P =− (β0)
2
(β1)

2
(β2)

2
(β3)

2
(4)

Pµ=Pβµ , (5)

which, from (2), satisfy

P (Uψ)=Pψ (6)

Pµ (Uψ)=Pµψ . (7)

These relations show that Pψ transforms like a scalar and Pµψ transforms like a vector.
By applying P and Pµ on the DKP equation (1) we obtain the following relations

∂µ (P
µψ)=−im (Pψ) (8)

Pµψ=
i

m
∂µ (Pψ) , (9)

from which one concludes that the scalar Pψ satisfy the Klein-Gordon equation
(
�+m2

)
Pψ =

0, with the elements of Pµψ being essentially the derivatives of the corresponding elements
of Pψ.
Similarly, the vector sector is obtained by using the projectors5,23

Rµ=(β1)
2
(β2)

2
(β3)

2 [
βµβ0 − gµ0

]
(10)

Rµν=Rµβν . (11)

From (2) we conclude that Rµψ transforms as a vector, whereas Rµν transforms as a second-
rank antisymmetric tensor. Applying Rµ and Rµν on the DKP equation (1) we obtain

∂ν (R
µνψ) = −imRµψ (12)

Rµνψ = − i

m
Uµν , Uµν = [∂µ (Rν)− ∂ν (Rµ)] , (13)

which, combined, show that the field Rµψ satisfy the Proca’s equation(
�+m2

)
Rµψ = 0, ∂µ (R

µψ) = 0, (14)

with Uµν being merely the strength tensor.
From the above results one concludes that the operators P and Pµ select the spin-0

sector whereas the operators Rµ and Rµν select the spin-1 sector of DKP theory in (3+1)
dimensions5,23. We recall that the product of one operator from the pair (P, Pµ) with
any other operator from the pair (Rµ, Rµν) vanishes. This means that the spin-0 sector
and the spin-1 sector are unequivalent irrep’s of DKP algebra22. As mentioned above, the
nontrivial irrep’s of the DKP wave function ψ for the spin-0 and spin-1 sectors correspond
to “spinors” having respectively 5 and 10 components. Explicit 5- and 10-dimensional
irrep’s for the matrices βµ and the spinor ψ can be easily obtained by rewriting respectively
the Klein-Gordon and the Proca equations to a system of first-order differential equations.
Another way to obtain an explicit (reducible) representation for the DKP matrices is from
βµ = 1

2 (γ
µ ⊗ I + I ⊗ γµ), where γµ are the 4× 4 Dirac matrices and I is the 4× 4 identity.

This 16 × 16 representation is reducible to the already mentioned trivial (dimension 1),
spin-0 (dimension 5) and spin-1 (dimension 10) irrep’s4.
DKP equation in (1+1) dimensions. To consider the DKP theory in (1+1) dimensions we

now restrict the space-time labels in the equations (1) and (2) to µ, ν = 0, 1. The analogs
of the spin-0 projectors (4)-(5) become

P =− (β0)
2
(β1)

2
(15)

Pµ=Pβµ, µ, ν = 0, 1, (16)

whereas the analogs in (1+1) dimensions of all the remaining equations (6)-(9) do not change
in form (only the space-time labels are restricted to the values 0, 1). In the same way we
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conclude that Pψ transforms like a Lorentz scalar and Pµψ transforms like a vector, with
Pψ and Pµψ satisfying (8) and (9) (with µ, ν = 0, 1) and Pψ satisfying the Klein-Gordon
equation in (1+1) dimensions. So, as expected, the projectors P and Pµ select the spin-0
(scalar) sector of the (1+1) dimensional DKP equation.
Now we address the main point of this note by considering the analogs of the “spin-1”

projectors (10)-(11) in (1+1) dimensions:

Rµ=(β1)
2 [
βµβ0 − gµ0

]
(17)

Rµν=Rµβν , µ, ν = 0, 1. (18)

It is straightforward to verify that Rµψ transforms like a vector under infinitesimal Lorentz
transformations, but now we have that the only operators Rµν which are non-vanishing
in (1+1) dimensions are R01 = −R10. Accordingly, under Lorentz transformations (3)
(µ, ν = 0, 1)

R01 (Uψ) = R01ψ , (19)

since from DKP algebra we have that R01S01 = 0. Therefore, R01ψ transforms like a scalar
(or like a pseudo-scalar, if we include improper Lorentz transformations). This is as ex-
pected, because in (1+1) dimensions any second-rank antisymmetric tensor must transform
like a pseudo-scalar. Moreover, the “spin-1” projectors (17)-(18) can now be rewritten in
terms of the spin-0 ones,

R0 = −β1P 1, R1 = −β1P 0, R01 = β1P , (20)

from which one can easily check that some of the products involving one operator from the
pair (P, Pµ) and an operator from the pair (Rµ, Rµν) do not vanish. This is a consequence
of the fact that the spin-0 and the “spin-1” sectors of the (1+1) theory are no longer
unequivalent irrep’s of the algebra (2); indeed, they are unitarily equivalent, as we will
show below. By using the above relationships the analogs of equations (12)-(13) in (1+1)
dimensions turn out to be

β1∂1 (Pψ) = β1(im)P 1ψ (21)

β1∂0 (Pψ) = −β1(im)P 0ψ (22)

β1 (Pψ) = β1 i

m

[
∂0

(
P 0ψ

)
− ∂1

(
P 1ψ

)]
. (23)

By multiplying the above equations on the left by β1, and taking into account that

−
(
β1

)2
P = P , we obtain exactly the same set of equations (8)-(9) with the space-time

labels restricted to (1+1) dimensions. Conversely, if we multiply (8)-(9) (with µ, ν = 0, 1)
on the left by β1 we obtain again (21)-(23). Therefore, we conclude that the DKP spin-0
and “spin-1” sectors are (unitarily) equivalent in (1+1) dimensions.
Summing up the above result, we conclude that there is no spin-1 sector in the strict

(1+1)-dimensional DKP theory. The theory admits only a spin-0 sector, that corresponds
to a (pseudo)scalar field. Therefore, it is misleading to address a “spin-1” representation of
the DKP algebra in (1+1) space-time dimensions as a different representation beyond the
spin-0 one, as it was done in the references6–9.
In order to illustrate the above result we can easily build an explicit irrep for the DKP βµ

matrices (µ = 0, 1) and “spinor” ψ by writing the (1+1)-dimensional second-order Klein-
Gordon equation

(
�+m2

)
ϕ = 0 for a scalar field ϕ as a system of first-order equations in

the form (1). Doing so, we obtain the following 3× 3 irrep:

β0=

 0 0 i
0 0 0
−i 0 0

 , β1=

 0 i 0
i 0 0
0 0 0

 , ψ=
1

m

 mϕ
∂1ϕ
∂0ϕ

 . (24)

Similarly, we can write the (1+1)-dimensional Proca’s equations(
�+m2

)
Aµ = 0, ∂µA

µ = 0, µ, ν = 0, 1,
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as a system of first order equations in the DKP form and obtain exactly the same represen-

tation for the βµ matrices as in (24), with ψ now given by
(

F 01

m ,−A0,−A1
)T

(T denotes

the transpose), where F 01 = ∂0A1−∂1A0. From this result we can promptly map the fields
in the two cases:

F 01

m
= ϕ, −A0 =

1

m
∂1ϕ, −A1 =

1

m
∂0ϕ ,

thus making explicit the equivalence between the spin-0 and “spin-1” representations of the
DKP theory in (1+1) dimensions.
Another way to obtain an explicit representation for the (1+1) dimensional DKP algebra

is by the formula βµ = 1
2 (γ

µ ⊗ I + I ⊗ γµ), where γµ (µ = 0, 1) are now the 2 × 2 Dirac
matrices in (1+1) dimensions (which can be chosen as two Pauli matrices) and I is the 2×2
identity matrix. The authors of references6–9 claim that by using such representation they
are addressing the spin-1 sector of the theory. This is not correct, since it is an easy task
to show that this 4 × 4 representation is in fact reducible into a trivial representation of
dimension 1 in which all βµ = 0 (µ = 0, 1) and ψ = 0) and a nontrivial 3 × 3 irrep that is
unitarily equivalent to (24) which, as we had shown above, describes a spin-0 field. We also
must mention a mistake which was propagated in these references, namely the lacking of
the factor 1/2 in the above expression for βµ in terms of the Dirac matrices; without this
factor the obtained βµ matrices do not even fulfill the DKP algebra (2).
Our result is also useful to explain why in several recent papers the authors obtained

the same results for both the spin-0 and spin-1 sectors of the (3+1) dimensional DKP
theory when the dynamics was restricted to one space dimension10–20, a finding sometimes
referred to as a remarkable one. We argue that this is not surprising; indeed, it is a trivial
consequence of our main result, since the equation for the unidimensional propagation of
the dynamic components of the wave function in the (3+1) case should be formally identical
to a (1+1)-dimensional DKP equation, which, as we have shown here, admits only a spin-0
representation.
Summarizing, in this note we have shown in details that the DKP equation restricted

to a (1+1)-dimensional space-time admits only a spin-0 [(pseudo)scalar] irreducible repre-
sentation (appart from unitary transformations), which can be explicitly obtained in the
form (24). This result shows that it is misleading to consider a genuine “spin-1” (vector)
sector of the theory. Our result also was useful to clarify the reason why the results for
both the spin-0 and spin-1 sectors of the DKP theory in (3+1) dimensions coincide when
the dynamics is restricted to only one space dimension.
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