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Influences of the solid body of microreactors (or the microstructure) upon the transfer processes and
hence on the performance of microreactors have been recently emphasised. Nonetheless, the subtle con-
nections between microstructure design and micro-transport phenomena are still largely unknown. To
resolve this, the current paper presents an analytical study of the advective-diffusive transport phenom-
ena in a microreactor filled with porous media and with catalytic surfaces. The system under investiga-
tion includes the fluid and porous solid phases inside a microchannel with thick walls and subject to
uneven thermal loads. The thermal diffusion of mass, viscous dissipation of the flowmomentum and local
thermal non-equilibrium in the porous medium are considered. The axial variations of heat and mass
transfer processes are also taken into account and two-dimensional solutions of the temperature and
concentration fields are provided. The local and total entropy generation within the system are further
calculated. The results clearly demonstrate the major influences of thick walls on the thermal behaviour
and subsequently on the mass transfer and entropy generation of the microreactor. In particular, the
Nusselt number is shown to be strongly dependent upon the configuration of microstructure such that
it decreases significantly by thickening the walls. The results also demonstrate that for finite Soret num-
bers the total irreversibility of the system is dominated by the Soret effect. The analytical results of this
work can be further used for the validation of future numerical analyses of microreactors.
� 2017 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Microreactors continue to grow in significance in various tech-
nological areas [1,2]. Broadly, these include process intensification
in chemical industry [3,4], while specialised applications such as
distributed fuel production [5–7] and nanoparticle generation [8]
are also under development. Further, over the last two decades,
there have been sustained attempts for developing micro-
combustors for the purpose of micro power generation [9]. In gen-
eral, microreactors have been identified as being most suitable for
catalytic and highly exothermic and endothermic reactions [5,10].
This is essentially because of the fact that transport phenomena are
highly enhanced in microreactors and hence thermal energy can be
readily added to or removed from these systems [3,11]. Compared
to macro-reactors, microreactors feature much smaller character-
istic lengths and thus they are far more efficient in diffusion of heat
and mass in laminar regimes [3]. Nonetheless, recent investiga-
tions indicate that optimisations of transport characteristics and
second law performance of these devices are rather involved
[12–14]. This is mainly due to the strong coupling of transport of
heat with the microstructure of the reactor that primarily includes
the surrounding walls [12,14]. In most cases, the thermal charac-
teristics affect mass transfer and entropy generation, which are
central to the optimal design and performance of the system.

Temperature fields and heat transfer in microreactors have
been already examined experimentally, e.g. Refs. [15,16]. Never-
theless, the small size of microreactors makes them a challenging
medium for experimental measurements and equally amenable
to numerical and theoretical investigations [12,17]. Most existing
modelling works in this area emphasise the influences of heat
and mass transfer upon the overall operation of the reactor. In their
review of thermo-hydraulics of microreactor clusters, Rebrov et al.
[18] highlighted the significance of microstructure on the heat
transfer behaviour of the system. They showed that heat transfer
in the clusters of microreactors is heavily dependent on the mate-
rials and configurational specifications of the system [18]. Yet, the
focus of their survey was on the bundles of individual microreac-
tors and therefore they did not consider the details of heat transfer
in a single reactor [18].
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Nomenclature

asf interfacial area per unit volume of porous media
Bi Biot number
Br0 modified Brinkman number
C mass species concentration
C0 inlet concentration
Cp specific heat capacity
D effective mass diffusion coefficient
Da Darcy number
DT coefficient of thermal mass diffusion
h1 half-thickness of the microchannel
h2 half-height of microchannel
hsf interstitial heat transfer coefficient
Hw wall heat transfer coefficient
k effective thermal conductivity ratio of the nanofluid and

the porous solid
k1 thermal conductivity of wall 1
k2 thermal conductivity of wall 2
ke1 ratio of thermal conductivity of wall 1 and thermal con-

ductivity of the porous solid
ke2 ratio of thermal conductivity of wall 2 and thermal con-

ductivity of the porous solid
kenf effective thermal conductivity of the nanofluid phase
kes effective thermal conductivity of the solid phase of the

porous medium
kR reaction rate constant on the walls
L length of the microchannel
M viscosity ratio
NDI dimensionless diffusive irreversibility
NFF dimensionless fluid friction irreversibility
Nint dimensionless interstitial heat transfer irreversibility
Nnf dimensionless nanofluid and interstitial irreversibility
Nnf ;ht dimensionless nanofluid heat transfer irreversibility
Ns dimensionless porous solid and interstitial irreversibil-

ity
Ns;ht dimensionless heat transfer irreversibility
Nw1 dimensionless lower wall irreversibility
Nw2 dimensionless upper wall irreversibility
Npm dimensionless total porous medium irreversibility
NTot dimensionless total entropy
Nu Nusselt number
p pressure
Pe Peclet number
X dimensionless axial coordinate

Pr Prandtl number
Q wall heat flux ratio
q001 lower wall heat flux
q002 upper wall heat flux
Re Reynolds number
R specific gas constant
S shape factor of the porous medium
_S000Di volumetric entropy generation due to mass diffusion
_S000FF volumetric entropy generation due to fluid friction
_S000nf volumetric entropy generation in the nanofluid
_S000s volumetric entropy generation in the porous solid
_S000w2 volumetric entropy generation rate from lower wall
Sr Soret number
T temperature
u nanofluid velocity
�u average velocity over cross-section
Y dimensionless transverse coordinate
x dimensional axial coordinate
y dimensional transverse coordinate

Greek symbols
l dynamic viscosity
j permeability
q density
h dimensionless temperature
U dimensionless concentration
n aspect ratio of the microchannel
e porosity of the porous medium
c Damköhler number
x dimensionless heat flux defined in Eq. (40)
u irreversibility distribution ratio defined in Eq. (41)

Subscripts
w1 of the lower wall surface
w2 of the upper wall surface
f base fluid
P nanoparticles
s of porous solid
nf of nanofluid
1 of lower wall
2 of upper wall
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In a series of numerical works, Chein and co-workers investi-
gated the behaviour of catalytic microreactors used for fuel reform-
ing [19–22]. Through assuming local thermal equilibrium (LTE)
and Fickian mass transfer, the temperature and species fields, Nus-
selt number and chemical conversion rates and chemical efficien-
cies were computed in a micro-reformer with porous catalytic
layers [19]. It was concluded that the reactor performance is dom-
inated by the configuration of the porous catalyst [19]. This numer-
ical work was later extended to the analyses of the effects of
thermal resistance upon steam reforming of methanol in microre-
actors [20,21]. Chein et al. [20,21] showed that to optimise the
reactor it is essential to carefully minimise the thermal resistances
within the system. In a separate work, Chein et al. investigated the
influences of microstructure configuration and materials on the
conversion rates of a micro-reformer and made a number of design
suggestions [22]. These findings clearly demonstrate the signifi-
cance of accurate prediction of heat transfer rates in the design
of microreactors. Importantly, almost all existing studies on trans-
port phenomena in porous microreactors assumed LTE in the por-
ous region [19–22]. However, recent studies on porous channels
with exothermic or endothermic processes assert that an accurate
prediction of the thermal behaviour of such systems warrants a
local thermal non-equilibrium (LTNE) analysis [23–26]. In particu-
lar, the most recent theoretical studies of microreactors have con-
firmed that taking LTNE approaches are essential for the accurate
prediction of the thermal and entropic behaviours of these systems
[12,13].

Most microreactors consist of microchannels and therefore
share their heat transfer characteristics with them. Early analyses
of porous microchannels included LTE assumption e.g. [27] and
LTNE investigation of microchannels have been only reported in
recent years. Buonomo et al. [28] conducted an analytical LTNE
study of forced convection in a porous microchannel with a rar-
efied gas flow. These authors [28] showed that heat transfer
increases as Biot number increases and reaches asymptotic values.
Through considering the viscous forces in porous microchannels,



Fig. 1. Schematics of the microreactor under investigation.
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Ting et al. [29] conducted an LTNE analysis on a nanofluid filled
porous microchannel. This study clearly revealed that neglecting
viscous dissipations in porous microchannels could result in signif-
icant overestimation of the Nusselt number [29]. The effects of
nanofluid viscous dissipations upon heat transfer were also inves-
tigated in clear microchannels [30,31] and porous microchannels
with internal heat generation within the solid phase [32]. These
investigations showed that the inclusion of viscous dissipations
is a necessity for the precise prediction of thermal processes in
microchannels with liquid and nanofluid flow. The studies of Buo-
nomo et al. [28] and Ting et al. [29–32] neglected the finite thick-
ness of the channel wall. Although such assumption is widely
made in the analysis of macro-channels, the validity of neglecting
wall thickness in microchannels is less obvious. This is due to the
fact that, in microchannels the channel height or diameter is very
comparable to the thickness of the wall. Existing analyses in clear
microchannels [33] and recent studies on porous microchannels
[12,13,34,35] have rigorously demonstrated the significant influ-
ences of thick walls upon the heat transfer in these systems.
Nonetheless, inclusion of wall effects on porous microchannels
with strong axial advection has, thus far, remained unexplored.

The analysis of mass transfer in microreactors usually involves
solution of a diffusion-advection equations on the basis of a simple
Fickian mass diffusion [36–38]. Microreactors have been identified
as suitable for coupled heat and mass transfer processes due to
Soret effect [3], which is of importance in catalytic reactions [39].
However, so far, Soret effect has received very limited attention
in microreactor and microchannel investigations. Habib-Matin
and Pop investigated heat and mass transfer in a porous
microchannel with catalytic internal surfaces [40]. These authors
considered a simple one-dimensional diffusion of mass through a
concentration diffusion mechanism as well as a thermodiffusion
(Soret) effect. They derived analytical solutions for the LTE temper-
ature and concentration fields in an axisymmetric configuration
with zero wall thickness [40]. The general problem of thermodiffu-
sion in porous media has been analysed in a relatively small num-
ber of investigations, e.g. [41–43]. However, analysis of
thermodiffusion effects under LTNE and for more realistic thick
wall microreactors is yet to be conducted.

Similar to that in macro-reactors, entropy generation in
microreactors is of high significance [3]. Surprisingly, however,
the existing works on entropy generation in microreactors are
almost entirely limited to micro-combustors, see for example Refs.
[44–46]. Notably, currently there is nearly no work on the entropic
behaviours of porous micro-reactors. Exceptions to this, are the
most recent works of Elliot et al. [13] and Torabi et al. [14], who
investigated heat and mass transfer and entropy generation in a
catalytic microreactor. Nonetheless, these analyses were one-
dimensional and hence had limited applications. Thus, the exis-
tence of a gap in the studies of entropy generation in microreactors
is evident. This shortcoming requires immediate attention as it is
now well-demonstrated that microreactors are sophisticated ther-
mochemical systems, which can feature non-straightforward
entropic behaviours [20,21,37]. Further, recent investigations on
porous microchannels have clearly shown the richness of the prob-
lem of entropy generation in these systems. As such, Ting et al.
[32,47] theoretically examined entropy generation in microchan-
nels with inserted nanofluid-filled porous media. They took an
LTNE approach and conducted a two-dimensional, analytical solu-
tions for the temperature fields and local entropy generation
[32,47]. Their results mapped the influences of different mecha-
nisms of entropy generation in a porous microchannel. In particu-
lar, they highlighted the significance of hydrodynamic
irreversibilities in cases with viscous convection of nanofluids
[32]. Other theoretical works on the convection of nanofluids in
heat generating/consuming porous channels demonstrated the
necessity of considering LTNE for the accurate prediction of irre-
versibilities [26,48]. Another important factor complicating the
irreversibilities of microreactors is the influences of solid thick
walls. Recent studies on chemically inert microchannels have
revealed the strong effects of the thick walls upon the rate of
entropy generation [34,49,50]. This is essentially due to the effects
of the solid thick walls upon the thermal fields in the microchan-
nel, which in turn influences the rates of entropy generation [49].
Yet, the entropic influences of the thick walls on thermo-
diffusive systems have just started to receive attention [14] and
remain far from being well understood.

The preceding survey of literature reveals a number of impor-
tant points about the current state of transport and entropy gen-
eration analyses in microreactors. First, with the exception of the
most recent work of the authors [12], porous microreactors have
not been analysed from an LTNE view even though the impor-
tance of such analysis is now well-demonstrated [23–26,35]. Sec-
ond, there exists a major shortage of studies on the details of
internal heat transfer in microreactors. In particular, the three-
way interactions amongst the fluid phase, porous solid phase
and microstructure of the reactor require further investigations.
Third, the subject of thermo-diffusion in microreactors has
received very limited attention. This topic is of high relevance
to catalytic reactions and hence its inclusion in microreactor anal-
ysis is a crucial necessity. Finally, so far, the research on irre-
versibilities of microreactors has been exclusively focused on
non-porous micro-combustors, e.g. [45,46]. Extension of these
investigations to porous and particularly porous-catalytic
microreactors is yet to be accomplished. Given these, the current
study aims to establish a deeper understanding of the transport
phenomena and irreversibilities, and their interactions with the
microstructure in catalytic microreactors. Such understanding
will be vital for the design and optimisation of practical
microreactors.
2. Analytical methods

2.1. Problem configuration and assumptions

Fig. 1 illustrates the schematics of the problem under investiga-
tion. The microreactor consists of a single microchannel fully filled
by porous materials. The system includes a microstructure consist-
ing of two thick walls subject to unequal thermal fluxes and the
internal surface of the microchannel is covered by a catalytic coat-
ing. A nanofluid flow enters the reactor from the left side. The fol-
lowing assumptions are made through the current analysis.
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� The chemical reactions in the model microreactors shown in
Fig. 1 are limited to a zeroth-order reversible, catalytic reaction.
Also, in keeping with the previous theoretical analysis of cat-
alytic reactions in microchannels [19,20,40], the catalyst is
assumed to be located on the internal surfaces of the channel.

� The effects of temperature variations on the catalytic reaction
are ignored [40].

� The porous medium is homogenous, isotropic and fluid satu-
rated and is under LTNE. Further, gravitational effects and radia-
tive heat transfer are ignored.

� The nanofluid flow is steady and laminar satisfying the no-slip
boundary conditions on the wall. Further, thermally and hydro-
dynamically fully developed conditions hold in the entire chan-
nel and there exist a no-slip boundary condition on the internal
surface of the channel.

� Physical properties such as porosity, specific heat, density, coef-
ficient of thermal diffusion of mass and thermal conductivities
are invariants and thermal dispersion is ignored.

� The nanoparticles are uniformly distributed throughout the
fluid forming a homogenous phase.

� Processes featuring abrupt reaction zones, separating hot and
cold flows, such as those in micro-combustors [44,45] are not
considered here. As a result, the axial conduction of heat within
the walls is insignificant and is neglected throughout the anal-
ysis. This is further justified by noting that experimental studies
[1] have already shown that the axial temperature gradient
within the microstructure diminishes in thick wall
microreactors.

It should be noted that the existence of nanofluid is not central
to the current analysis. Nanofluids are considered for the sake of
completeness of the study and their practical relevance to the sub-
ject of nanoparticle generation in microreactors [8].

2.2. Governing equations and boundary conditions

The Darcy-Brinkman model of transport of momentum governs
the hydrodynamics of the system. That is

� @p
@x

þ leff
@2u
@y2

� lnf

j
u ¼ 0 � h1 6 y < h1 ð1Þ

The transport of thermal energy within the solid and fluid
phases of the microreactor are governed by the followings [12,32].

k2
@

@y
@T2

@y

� �
¼ 0 h1 < y 6 h2 ð2aÞ

kenf
@2Tnf

@y2
þ hsf asf ðTs � Tnf Þ þ

lnf

j
u2 þ leff

@u
@y

� �2

¼ qnf Cp;nf u
@Tnf

@x
� h1 6 y < h1 ð2bÞ

kes
@2Ts

@y2
� hsf asf ðTs � Tnf Þ ¼ 0 � h1 6 y < h1 ð2cÞ

k1
@

@y
@T1

@y

� �
¼ 0 � h2 6 y < �h1 ð2dÞ

Appendix A shows how the thermophysical properties of nano-
fluid are calculated from those of the base fluid and nanoparticles.
It is emphasised that heat generation by viscous dissipation has
been included in Eq. (2b) [32].

Mass transfer of chemical species is governed by the following
advective-diffusive model, which takes into account contributions
from the Soret effect in addition to the Fickian diffusion of
species [51].
u
@C
@x

¼ D
@2C
@y2

� DT
@2Tnf

@y2
� h1 6 y < h1 ð3Þ

The negative sign on the right hand side of Eq. (3) arises from
the fact that depending upon the relative size of the diffusive mole-
cules and the base fluid, Soret number can be either positive or
negative [51]. Here negative Soret number is presented by a nega-
tive sign in front of a positive DT . It should be noted that the mass
diffusion coefficient presented above is the effective mass diffusion
coefficient due to the effect of the porous medium in which it
operates.

The momentum and heat transport equations are subject to the
following boundary conditions [12,32]:

y ¼ h2 : k2
@T2

@y

����
y¼h2

¼ q00
2 ð4aÞ
y¼h1 : unf ¼0; T2¼Tnf ¼Ts¼Tw2; q00
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þkes
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����
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ð4bÞ
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q00
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����
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����
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1 ð4eÞ

To obtain meaningful results, a reference concentration value at
a specific point should be defined. Since the reference for the tem-
perature field was defined at the inlet on the lower wall, the refer-
ence concentration at this point is set to C0 and the following
concentration boundary conditions are written.

y ¼ �h1 C ¼ C0; ð5aÞ
y ¼ 0 D
@C
@y

¼ DT
@Tnf

@y
: ð5bÞ

Next, the following dimensionless parameters are introduced to
enable further physical analysis.

hi ¼ 2ðTi � Tw;inÞkes
ðq00

1 þ q00
2Þh2

; ur ¼ � h2
2

lf

@pnf

@x
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2
2
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D
;
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; Da ¼ j
h2
2

; Br0 ¼ 2leff
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2Þh2
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lnf
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kes
; Q ¼ q00

2

ðq00
1 þ q00

2Þ
;

X ¼ x
L
; S ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

MDa
p ; ke2 ¼ k2

kes
; k ¼ kenf

kes
¼ eknf

ð1� eÞks ;

n ¼ h2

L
; Pr ¼ Cp;nfleff

kenf
; U ¼ C

C0
; Re ¼ 2h2qnf �u

leff
;

U ¼ u
ur

; Pe ¼ �uh1

D
;

ð6Þ

where the dimensionless temperature follows the labelling conven-
tion; i = 1, 2,s, nf.
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2.3. Non-dimensionalisation and analytical solution

Eq. (1) can be non-dimensionalised using the parameters
defined in Eqs. (6), resulting in

M
d2U

dY2 �
U
Da

þ 1 ¼ 0 � Y1 6 Y < Y1 ð7Þ

Similarly, the no slip boundary condition and the condition due
to the axial symmetry at Y ¼ 0, can also be expressed in non-
dimensional form as

Uð�Y1Þ ¼ 0; ð8aÞ

U0ð0Þ ¼ 0: ð8bÞ
The solution of Eq. (7) then may be expressed by

U ¼ Da 1� coshðSYÞ
coshðSY1Þ

� �
: � Y1 6 Y < Y1 ð9Þ

Using Eq. (8), the dimensionless average velocity across the
channel can be calculated as

�U ¼ Da 1� tanhðSY1Þ
SY1

� �
: ð10Þ

By combining Eqs. (9) and (10) the following ratios are defined

u=�u ¼ U=�U ¼ SY1ðcoshðSY1Þ � coshðSYÞÞ
SY1 coshðSY1Þ � sinhðSY1Þ : ð11Þ

Due to the assumption of fully developed flow and by incorpo-
rating the assumptions summarised in Section 2.1, the following
conditions hold [32],

@Tnf

@x
¼ d�Tnf

dx
¼ @Ts

@x
¼ d�Ts

dx
¼ dTw1

dx
¼ dTw2

dx
¼ X ¼ constant: ð12Þ

Thus, the following form of solution is sought for the tempera-
ture equations:

Tiðx; yÞ ¼ f iðyÞ þXx i ¼ 1;2; s; nf ; ð13Þ
where f iðyÞ is a function to be determined by solving Eqs. (2a)–(2d)
in association with the given boundary conditions. In order to solve
the transport of thermal energy in the porous medium, first it is
necessary to add Eqs. (2b) and (2c) and then integrate the resultant
equation over the cross-section of the channel. Substituting in the
heat flux boundary conditions from Eqs. (4b) and (4d) yields

q00
1 þ q00

2 þ
lnf

j

Z h1

�h1

u2dyþ leff

Z h1

�h1

@u
@y

� �2

dy ¼ qnf Cp;nf

Z h1

�h1

u
@Tnf

@x
dy:

ð14Þ
Rearranging Eq. (11) allows substitution for u in Eq. (14). Apply-

ing the non-dimensional parameters, defined in Eqs. (6), facilitates
the integration process to obtain

d�Tnf

dx
¼ 1

2qnf Cp;nf �uh1h2
h2q00

1 þ h2q00
2 þ

2leff S
3�u2Y2

1coshðSY1Þ
SY1 coshðSY1Þ � sinhðSY1Þ

" #
¼ X;

ð15Þ
where the bulk mean temperature of the nanofluid is given by

�Tnf ¼ 1
2�uh1

Z h1

�h1

uTnf dy: ð16Þ

Utilising the non-dimensional parameters of Eqs. (6) and the
rearranged form of Eq. (11) together with Eq. (15) lead to the
non-dimensional forms of Eqs. (2a-d). The constant coefficients
are defined explicitly in Appendix B.

ke2h
00
2 ¼ 0 Y1 < Y 6 1 ð17aÞ
kh00nf þ Biðhs � hnf Þ þ D2 coshð2SYÞ þ D3 coshðSYÞ þ D4 ¼ 0

� Y1 6 Y < Y1 ð17bÞ

h00s � Biðhs � hnf Þ ¼ 0 � Y1 6 Y < Y1 ð17cÞ

ke1h
00
1 ¼ 0 � 1 6 Y < �Y1 ð17dÞ
Algebraic manipulation of Eqs. (17b) and (17c), yields

kh00
00

nf � Bið1þ kÞh00nf þ ð4S2 � BiÞD2 coshð2SYÞ
þ ðS2 � BiÞD3 coshðSYÞ � BiD4 ¼ 0 ð18aÞ

kh00
00

s � Bið1þ kÞh00s � BiðD2 coshð2SYÞ þ D3 coshðSYÞ þ D4Þ ¼ 0

ð18bÞ
Eqs. (4b) and (4d) along with Eqs. (17b) and (17c) allow for the

calculation of the 8 boundary conditions of the two fourth order
differential Eqs. (18a) and (18b). These equations are, however,
linked to Eqs. (17a) and (17d), which then require further four
boundary conditions in order for a solution to be obtained. Eqs.
(4a, b, d, and e) provide the necessary extra boundary conditions.
These give the following 12 boundary conditions required for the
closure of the system:

hnf ð�Y1Þ ¼ hsð�Y1Þ ¼ 0; hnf ð�Y1Þ ¼ hsð�Y1Þ ¼ hw2; ð19a;bÞ

h00s ð�Y1Þ¼ h00s ðY1Þ¼0;

h00nf ð�Y1Þ¼ h00nf ðY1Þ¼�1
k
ðD2 coshð2SYÞþD3 coshðSYÞþD4Þ; ð19c;dÞ

h1ð�Y1Þ ¼ 0; ke1h
0
1ð1Þ ¼ 2ð1� QÞ; ð19e; fÞ

h2ðY1Þ ¼ hw2; ke2h
0
2ð1Þ ¼ 2Q : ð19g;hÞ

Applying the boundary conditions given by Eqs. (19a-h) allows
the analytical solutions of the system of Eqs. (17a), (17d), (18a),
and (18b) to be found. The resultant closed-form dimensionless
temperature profiles in the transversal direction are:

h2ðYÞ ¼ E1 þ E2Y Y1 < Y 6 1 ð20aÞ

hnf ðYÞ ¼ E3 coshð2SYÞ þ E4 coshðSYÞ þ E5 coshðaYÞ
þ E6Y

2 þ E7Y þ E8 � Y1 6 Y < Y1 ð20bÞ

hsðYÞ ¼ E9 coshð2SYÞ þ E10 coshðSYÞ þ E11 coshðaYÞ
þ E6Y

2 þ E7Y þ E12 � Y1 6 Y < Y1 ð20cÞ

h1ðYÞ ¼ E13 þ E14Y � 1 6 Y < �Y1 ð20dÞ
in which

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bið1þ k�1Þ

q
: ð21Þ

Through substitution of the dimensionless axial and transverse
temperature profiles into Eq. (13), the final two-dimensional tem-
perature profiles become

h2ðX;YÞ ¼ 2X½1þ Br0D1S
2Y1 coshðSY1Þ�

RePrkY1n
þ E1 þ E2Y Y1 < Y 6 1

ð22aÞ

hnf ðX;YÞ ¼ 2X½1þ Br0D1S
2Y1 coshðSY1Þ�

RePrkY1n
þ E3 coshð2SYÞ

þ E4 coshðSYÞ þ E5 coshðaYÞ þ E6Y
2 þ E7Y þ E8

� Y1 6 Y < Y1 ð22bÞ
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hsðX;YÞ ¼ 2X½1þ Br0D1S
2Y1 coshðSY1Þ�

RePrkY1n
þ E9 coshð2SYÞ

þ E10 coshðSYÞ þ E11 coshðaYÞ þ E6Y
2 þ E7Y þ E12

� Y1 6 Y < Y1 ð22cÞ

h1ðX;YÞ ¼ 2X½1þ Br0D1S
2Y1 coshðSY1Þ�

RePrkY1n
þ E13 þ E14Y � 1 6 Y < Y1

ð22dÞ
where the expressions for E1 � E14 are provided in Appendix B.

2.4. Nusselt number and mass transfer

The heat transfer coefficients at the bottom and top walls of the
channel are defined as

Hw1 ¼ q00
1

Tw1 � �Tnf
; ð23aÞ

Hw2 ¼ q00
2

Tw2 � �Tnf
: ð23bÞ

Thus, Nusselt number on the basis of the channel height h1 is
expressed and converted to dimensionless terms as follows,

Nuw1 ¼ 2Hw1h1

kenf
¼ 4ðQ � 1ÞY1

k�hnf
; ð24aÞ

Nuw2 ¼ 2Hw2h1

kenf
¼ 4QY1

kðhw2 � �hnf Þ
: ð24bÞ

The dimensionless bulk mean temperature of the nanofluid, �hnf
may be found by determining a dimensionless form of Eq. (16) and
then integrating over the channel. This yields

�hnf ¼ D1

2Y1

Z Y1

�Y1

hnf ½coshðSY1Þ � coshðSYÞ�dY : ð25Þ

Seeking a solution to the governing equation of mass transfer of
the form:

Cðx; yÞ ¼ gðyÞ þ hðxÞ: ð26Þ
A control volume over a section of the channel with the length

dx is considered and the thickness in the z direction is chosen to be
1. Application of the Taylor series expansion on a species balance
written for this control volume leads to the following equation,

Z h1

0
u:Cdy

" #
þ KRdx�

Z h1

0
u:Cdyþ @

@x

Z h1

0
u:Cdy

 !
dx

" #
¼ 0:

ð27Þ

Gathering terms and applying Leibniz rule leads to:

Z h1

0
u
@C
@x

dy ¼ KR: ð28Þ

The velocity profile is symmetric over the channel and so the
half channel may be used, thus the mean velocity across the half
channel is given by:

�u ¼ 1
h1

Z h1

0
udy: ð29Þ

Noting that the desired form of the solution means that @C
@x does

not rely on y and utilising Eq. (29) results in:

@C
@x

¼ KR

h1�u
: ð30Þ
Assigning C0 as the initial concentration, the solution of Eq. (30)
takes the form of

CðxÞ ¼ KRx
h1�u

: ð31Þ

Using the dimensionless parameters defined in Eqs. (6) then
Eqs. (31) can be non-dimensionalised in the following form,

UðXÞ ¼ cX
PeY1n

ð32Þ

Substitution of Eq. (30) into Eq. (3) gives

uKR

h1�u
¼ D

@2C
@y2

� DT
@2Tnf

@y2
ð33Þ

By employing the dimensionless parameters of Eqs. (6), and the
velocity ratio of Eq. (11) allows Eq. (33) to be non-dimensionalised
and rearranged in the form of

U00ðYÞ ¼ Srk
Y1e

h00nf ðYÞ þ
cD1ðcoshðSY1Þ � coshðSYÞÞ

Y2
1

: ð34Þ

Since h00nf ðYÞ may be determined from Eq. (20b) only the bound-
ary conditions Eqs. (5a) and (5b) require to be non-
dimensionalised. These are expressed by,

U0ð0Þ ¼ Srk
Y1e

h0nf ð0Þ ð35aÞ

Uð�Y1Þ ¼ 1: ð35bÞ

Through applying Eqs. (35a) and (35b), Eq. (34) can be solved
analytically to obtain the dimensionless concentration profile in
the transverse direction. This reads

UðYÞ ¼ F1 þ F2Y þ F3Y
2 þ F4 coshð2SYÞþ F5 coshðSYÞþ F6 coshðaYÞ:

ð36Þ
Finally, substituting Eqs. (36) and (32) into Eq. (26) gives the

dimensionless concentration profiles in the axial and transverse
directions,

UðX;YÞ ¼ e
cX

PeY1n
þ F1 þ F2Y þ F3Y

2 þ F4 coshð2SYÞ
þ F5 coshðSYÞ þ F6 coshðaYÞ: ð37Þ

Analytical expressions for F1 � F6 are lengthy and rather cum-
bersome and thus are not provided explicitly.

2.5. Entropy generation

The volumetric entropy generation for the system are expressed
by [12,14,32],

_S000w1 ¼ k1
T2
1

@T1

@x

� �2

þ @T1

@y

� �2
" #

; ð38aÞ

_S000S ¼ kes
T2
s

@Ts

@x

� �2

þ @Ts

@y

� �2
" #

� hsf asf ðTs � Tnf Þ
Ts

; ð38bÞ

_S000nf ¼
kenf
T2
nf

@Tnf

@x

� �2

þ @Tnf

@y

� �2
" #

þ hsf asf ðTs � Tnf Þ
Tnf

; ð38cÞ

_S000FF ¼
lnf

jTnf
u2 þ leff

Tnf

@u
@y

� �2

; ð38dÞ
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_S000DI ¼
RD
C

@C
@x

� �2

þ @C
@y

� �2
" #

þ RD
Tnf

@C
@x

� �
@Tnf

@x

� �
þ @C

@y

� �
@Tnf

@y

� �� �
;

ð38eÞ

_S000w2 ¼ k2
T2
2

@T2

@x

� �2

þ @T2

@y

� �2
" #

: ð38fÞ

In Eqs. (38) entropy generation terms have been split into con-

tributions from different sources of irreversibility. The terms _S000w1

and _S000w2 account for the entropy generation in the lower and upper
thick walls respectively. Entropy generation in the solid phase of
the porous medium due to heat transfer is accounted by _S000s , simi-

larly _S000nf accounts for the entropy generation rate in the nanofluid
phase. The contributionmade by the irreversibility due to flow fric-
tion is calculated as _S000FF . The term _S000DI is the entropy generation
caused by the combination of concentration gradients and also that
by mixed thermal and concentration gradients.

To non-dimensionalise Eqs. (38a-f) the following parameters
are required. These are the dimensionless entropy generation,
dimensionless heat flux and an irreversibility distribution ratio
respectively.

Ni ¼
_S000i h

2
2

kes
; i ¼ w1; s;nf ; FF;DI;w2 ð39Þ

x ¼ ðq00
1 þ q00

2Þh2

2kesTw;in
ð40Þ

u ¼ RDC0

kes
ð41Þ

The resultant non-dimensionalised version of Eqs. (38a-f) are:

Nw1 ¼ ke1x2

ðxh1 þ 1Þ2
@h1
@X

� �2

þ @h1
@Y

� �2
" #

� 1 6 Y < �Y1 ð42aÞ

Ns ¼ x2

ðxhs þ 1Þ2
n2

@hs
@X

� �2

þ @hs
@Y

� �2
" #

� Bixðhs � hnf Þ
ðxhs þ 1Þ

� Y1 6 Y < Y1 ð42bÞ

Nnf ¼ kx2

ðxhnf þ 1Þ2
n2

@hnf
@X

� �2

þ @hnf
@Y

� �2
" #

þ Bixðhs � hnf Þ
ðxhnf þ 1Þ

� Y1 6 Y < Y1 ð42cÞ

NFF ¼ D2x
ðxhnf þ 1Þ ½cosh

2ðSY1Þ � 2 coshðSYÞ coshðSY1Þ þ coshð2SYÞ�

� Y1 6 Y < Y1 ð42dÞ

NDI ¼ u
U

n2
@U
@X

� �2

þ @U
@Y

� �2
" #

þ ux
ðxhnf þ 1Þ n2

@U
@X

� �
@hnf
@X

� ��

þ @U
@Y

� �
@hnf
@Y

� ��
� Y1 6 Y < Y1 ð42eÞ

Nw2 ¼ ke2x2

ðxh2 þ 1Þ2
@h2
@X

� �2

þ @h2
@Y

� �2
" #

Y1 6 Y < 1 ð42fÞ

To facilitate the study of entropy generation and compare the
contributions from different sources of irreversibility, the equa-
tions for the nanofluid and the solid phases of the porous medium
are broken down. This provides the following equations for the
irreversibility of heat transfer in the system.
Ns;ht ¼ x2

ðxhs þ 1Þ2
n2

@hs
@X

� �2

þ @hs
@Y

� �2
" #

; ð43aÞ

Nnf ;ht ¼ kx2

ðxhnf þ 1Þ2
n2

@hnf
@X

� �2

þ @hnf
@Y

� �2
" #

: ð43bÞ

By adding the components of Eqs. (42b) and (42c) the intersti-
tial volumetric entropy generation term can be expressed by,

Nint ¼ Bix2ðhnf � hsÞ2
ðxhs þ 1Þðxhnf þ 1Þ : ð44Þ

The volumetric entropy generations for the porous insert, Npm is
simply the sum of the equations that are applicable to the porous
medium. This is a function defining the entropy generation for the
combined processes of heat transfer, viscous dissipation, and con-
centration gradients for any given points (X, Y).

Npm ¼ Ns;ht þ Nnf ;ht þ Nint þ NFF þ NDI: ð45Þ
For the total entropy generation in the microreactor, NTot , the

sum of the parts of volumetric entropy generation in the ranges
in which they are valid is integrated over the volume of the chan-
nel. The contributions from the walls are then added. This gives a
numerical value for the total entropy for any given configuration,
and is obtained using the following equation

NTot ¼
Z 1

�1

Z 1

0

X
NidXdY; i ¼ w1; s;nf ; FF;DI;w2: ð46Þ
2.6. Validation

Appendix C shows that the analytical solution of the tempera-
ture fields developed in Section 2.3 can be rigorously reduced to
those of Ting et al. [32] for a two-dimensional porous channel. This
is achieved by ignoring the catalytic surfaces and approaching the
wall thicknesses to zero such that the configuration shown in Fig. 1
is converted to that in Ref. [32] in the absence of internal heat
generation.

3. Results and discussions

The problem solved in Section 2 features a large number of
dimensionless parameters. To conduct quantitative analyses
default values are assigned to them in Table 1.

3.1. Temperature fields

Figs. 2–5 show contours of the dimensionless temperatures
plotted for the entire duct. The non-dimensional temperature
fields of the nanofluid and porous solid phases are shown and
the figures do not include the temperature distributions inside
the solid walls. It should be noted that the dimensionless temper-
ature defined in Eqs. (6) is on the basis of the wall temperature at
the inlet of the duct. Hence, both negative and positive dimension-
less temperatures may exist throughout the duct. Fig. 2 depicts the
variation of the solid and nanofluid temperature fields for different
values of thermal conductivity of the lower wall. Other parameters
have been given in Table 1. The asymmetric behaviour of the
dimensionless temperature fields is evident in this figure. This is
primarily due to the imbalance in the thermal loads applied to
the top and bottom external surfaces of the system. It is also due
to the variations in the thermal conductivity of the lower wall,
which changes the thermal resistance of this wall and hence can
contribute with the asymmetry of the temperature profiles.
Fig. 2a and b show that there exists a considerable temperature



Table 1
Default values of the dimensionless parameters used in the figures.

Dimensionless
parameter

Default value Dimensionless
parameter

Default
value

/ 2% k 0.05
Bi 1 ke1 0.5
Br0 0.01

0.00001 (Entropy
analysis)

ke2 0.5

c 1 Q 0.75
Da 0.1 x 0.001
Pe 10 u 0.01
Pr 5 Y1 0.8
Re 150 X0 0.1
Sr 0.7 n 0.05
e 0.95
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difference between the wall and the nanofluid at the inlet of the
duct. This is depicted by a relatively large negative dimensionless
temperature at the entrance of the microchannel. Continuous heat-
ing results in increase of the solid and nanofluid temperatures,
which in turn pushes the dimensionless temperatures towards
zero and positive values. When the values of thermal conductivity
of the lower wall increase, the sign change in the dimensionless
temperatures occurs earlier along the duct. Fig. 2c and d show that
as the thermal conductivities of the wall increases a larger fraction
of the duct volume features small values of dimensionless temper-
atures. This behaviour implies that the temperature differences
Temperatu

a) 

c) 

Fig. 2. Temperature contours for varying lower wall thermal conductivity, ke1, (a, and c) n
ke1 values of 0.1, and 0.5, respectively.
between the solid and fluid phases at the inlet of the duct are lower
at higher thermal conductivities of the wall. This is to be expected,
as enhancing the thermal conductivity of the wall reduces its ther-
mal resistance and results in lowering the required temperature
differences for the transfer of the imposed thermal load to the
nanofluid. Fig. 2 also reflects the significant difference between
the temperature fields in the nanofluid and porous solid phase.
Such difference highlights the importance of the undertaken LTNE
approach.

Fig. 3 shows the contours of the dimensionless temperatures for
different values of the porous solid conductivity. It is clear in this
figure that for low conductivity values of the porous solid
(Fig. 3a and b) the change of dimensionless temperature through
the pipe is minimal. By increasing the thermal conductivity of
the porous solid, the nanofluid and solid phases both experience
more extensive variations in their non-dimensional temperatures.
Fig. 4 illustrates the influences of the wall thickness upon the
dimensionless temperature fields. It is evident from this figure that
by thickening the wall (decreasing the value of Y1) the variations in
the dimensionless temperatures are intensified. This could be read-
ily verified by comparing Fig. 4a and c or b and d. In particular, for
the thicker walls the solid and nanofluid phases experience greater
temperature differences. This result is consistent with the physical
intuition, which requires larger temperature differences for thicker
and more resistive walls. It is also in keeping with the recent
results in Refs. [12–14], which reported one-dimensional analyses
of heat transfer in microreactors. Most importantly, the behaviour
re,

b) 

d) 

anofluid phase with ke1 values of 0.1, and 0.5, respectively. (b and d) solid phase with



Temperature,

a) b) 

c) d) 

Fig. 3. Temperature contours for varying thermal conductivity of the porous solid, ks (a), and (c) nanofluid phase with ks values of 100, and 200 W/m K, respectively. (b), and
(d) porous solid phase with ks values of 100, and 200 W/m K, respectively.
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observed in Fig. 4 is of practical significance in the design of
microreactors as it clearly shows the major effects of wall thick-
nesses on the temperature fields inside the reactor. Such effects
are often negligible in macro-reactors. Nonetheless, the similarity
of channel diameter and wall thickness in microsystems imparts
a pronounced effect on the thermal behaviour of these systems.
The effects of strengthening the imbalance in the exposed thermal
fluxes are investigated in Fig. 5. This figure shows that, as expected,
magnifying the heat flux (q00

2) on the upper wall increases the asym-
metry of the temperature fields. It also shows that the temperature
gradients near the upper wall have increased to enable transversal
transfer of stronger heat loads to the nanofluid and solid phases.

It should be recalled that in practice, temperature is amongst
the most essential characteristics of any chemical system. The
results presented in this subsection showed that the configuration
of the microstructure, as well as the thermophysical properties of
the porous solid can majorly affect the thermal behaviour of the
microreactor.
3.2. Nusselt number and concentration fields

Fig. 6 shows the variations of Nusselt number on the upper and
lower internal walls of the channel against the changes in the
lower wall thickness. As a general trend, this figure shows that
the numerical value of Nusselt number increases significantly by
reducing the thickness of the lower wall. This is a clear manifesta-
tion of the significant role of the microstructure in the thermal
behaviour of microsystems and has been also emphasised in other
recent studies [12]. Fig. 6a depicts the sensitivity of Nusselt num-
ber to the thermal conductivity of the porous solid. As expected,
increases in the value of thermal conductivity of the solid phase
of the porous medium results in enhancement of the Nusselt num-
ber. The effects of thermal load imbalance (Q defined in Eq. (6)) on
the Nusselt number have been investigated in Fig. 6b. According to
this figure as the value of Q approaches unity, the Nusselt number
increases. The effects of permeability of the porous medium on the
rate of heat transfer have been shown in Fig. 6c. In keeping with
the findings of other investigations [24], this figure shows that
the Nusselt number increases at lower values of Darcy number.
Fig. 6d shows the response of Nusselt number to changes in the
volumetric concentration of nanoparticles. A modest improvement
is observed in Nusselt number by increases in the volumetric con-
centration of nanoparticles. This is in total agreements with the
findings of the recent studies of forced convection of nanofluids
in porous media [26,48].

Figs. 7 and 8 show the concentration contours throughout the
entire channel (part a) and also for a selected segment (parts b, c
and d). These figures clearly demonstrate the axial increase of
the concentration due to catalytic activities and the subsequent
advection of species by the flow. Fig. 7 illustrates the effects of
increase in Damköhler number on the concentration field. Parts
b, c and d of this figure indicate that the axial gradient of the con-
centration field is enhanced as the numerical value of Damköhler



Temperature, 

a) b) 

c) d) 

Fig. 4. Temperature contours for varying wall thickness, Y1, (a), and (c) nanofluid phase with Y1 values of 0.8, and 0.4, respectively. (b), and (d) porous solid phase with Y1

values of 0.8, and 0.4, respectively.
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number increases. This is to be expected, as Damköhler number
correlates with the reaction rate on the surface of catalyst and
hence it is a measure of chemical activity of the system. Fig. 7 also
shows that by increasing Damköhler number the transversal gradi-
ent of concentration increases. This can be verified by comparing
the variations of concentration from the lower or upper wall to
the central axis of the channel in Fig. 7b, c and d. Similar beha-
viours are observed in Fig. 8, which depicts the response of the
concentration field to the changes in Soret number. A notable fea-
ture of Figs. 7 and 8 is the symmetricity of the concentration con-
tours. The transport of mass is coupled to that of heat through
Soret effect (see Eq. (3)) and Figs. 2–5 showed the highly asymmet-
ric character of the temperature contours. It may be, therefore,
expected that the distribution of concentration contours should
be also asymmetric. However, it is important to note that only
the second derivative of temperature appears in Eq. (3). This tends
to smear out the asymmetry of the temperature and results in
mostly symmetric concentration contours shown in Figs. 7 and 8.

3.3. Local and total entropy generation

A detailed study of local entropy generation is presented in
Figs. 9–12. Each figure includes 6 sub-figures demonstrating differ-
ent terms in Eq. (45). This division is on the basis of the work of
Ting et al. [32] and extends that to mass transferring flows by
including NDI term. It should be stated that in these figures, only
the microchannel has been considered and the irreversibilities of
the two solid walls have been excluded. Fig. 9 shows the contours
of local entropy generation for the default conditions set in Table 1.
In this figure, the asymmetric behaviour of entropy generation by
intra-phase heat transfer in solid and nanofluid phase is in keeping
with those observed in temperature contours presented in Figs. 2–
5. Interestingly, however, the irreversibility associated with the
interphase heat transfer between the porous solid and nanofluid
is more symmetric, which indicates that the interphase heat trans-
fer is largely unaffected by the asymmetry of the problem.

Fig. 9d shows the local entropy generation by the hydrody-
namic irreversibilities. The highly irreversible regions in the vicin-
ity of the walls and around the centreline of the channel are quite
noticeable in this figure. The former is because of the enhanced vis-
cous effects in the near wall region, while the latter is due to the
higher velocity of the fluid around the centreline of the microchan-
nel. It is noted that a very similar behaviour of hydrodynamic irre-
versibility was reported by Ting et al. [32] with the same order of
magnitude as that shown in Fig. 9d. It should be emphasised here
that the inclusion of viscous dissipation terms in heat transport
equation has a major influence on the magnitude of this source
of irreversibility. Exclusion of this effect often renders the entropy
generation by fluid flow rather negligible in comparison with the
irreversibility of heat transfer [49]. However, Fig. 9 shows that
hydrodynamic and heat transfer irreversibilities in nanofluid phase
are of the same order of magnitude and therefore of comparable



Temperature,

a) b) 

c) d) 

Fig. 5. Temperature contours for varying heat flux ratio, Q , (a), and (c) nanofluid phase with Q values 2/3, and 4/5, respectively. (b), and (d) porous solid phase with Q values
2/3, and 4/5, respectively.
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significance. This conclusion was also made by Ting et al. [32].
Fig. 9e shows the contours of local entropy generation by mass
transfer. There are two distinctive features in this figure. First,
the general configurations of the contours are different to those
of other sub-figures and are correlated with the diffusive-
advected nature of mass transfer from the catalytic surfaces. Sec-
ond, the magnitude of mass transfer irreversibility appears to be
much larger than other sources of irreversibility. As a result, the
overall local irreversibility is completely dominated by entropy
generation through mass transfer.

Although not shown in here, an extensive parametric study
revealed that the dominance of mass transfer irreversibility pre-
vails for a large part of the parametric space. For this reason,
Fig. 10 only includes the contours of local entropy generation
by mass transfer. Fig. 10a depicts the effects of decreasing the
permeability of the medium compared to the default value of
Darcy number in Table 1. A comparison between this figure and
Fig. 9e indicates that the resultant flow modification has affected
the distribution of local entropy generation. This is to be antici-
pated as mass transfer is highly influenced by advection and
therefore changes in the flow affect the irreversibility of mass
transfer. The effect of increasing Damköhler number has been
considered in Fig. 10b. In agreement with the arguments made
about Figs. 7 and 8, magnifying Damköhler number intensifies
the mass transfer rate and hence increases the associated irre-
versibility. Increasing the thermal conductivity ratio in Fig. 10c
leads to an interesting effect. Here the transversal gradient of
the local entropy generation has increased in comparison to that
in Fig. 9e. However, the axial gradient of the local entropy gener-
ation shows a considerable decline with respect to the base case.
This is particularly the case for areas between the walls and the
centreline of the microchannel. An important behaviour is
observed in Fig. 10d, wherein the thickness of the wall has been
doubled in comparison with the default value in Table 1. It is
noted that the local entropy generation in this sub-figure is one
order of magnitude larger than any other sub-figure in Fig. 10.
Once again, this reflects the significance of the wall thickness or
microstructure configuration in the thermal and entropic
responses of the microreactors. Fig. 10e and f show the influences
of imbalance in the imposed heat flux (Q) and Soret number,
respectively. It appears that Q has modest effects on the local
entropy generation, while the influences of Soret number are
more pronounced.

The preceding discussion may imply that in the current prob-
lem the mass transfer irreversibilities are always the most signifi-
cant source of entropy generation. However, this will be an
incorrect generalisation and there exist situations in which entropy
generation by mass transfer is very much comparable with other
sources of irreversibility. Figs. 11 and 12 illustrate two examples
of such situations. In Fig. 11, the microchannel has been exposed
to a high thermal load represented by a significant increase in x
compared to the default values. This has led to a major boost in
the heat transfer irreversibility, shown in Fig. 11a–c, which has
subsequently intensified the entropy generation by fluid flow,



Fig. 6. Nusselt number versus the lower wall thickness, Y1 (a) on the upper wall and for different values of thermal conductivity of the porous medium, ks (W/m K) (b) on the
upper wall and different values of Q, (c) on the lower wall and different values of Darcy number, (d) on the lower wall and different volumetric concentration of nanoparticles.
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shown in Fig. 11d. Yet, entropy generation by mass transfer
remains within the same order of magnitude as the default case
(Fig. 9). Consequently, the overall local entropy generation, shown
in Fig. 11f, is no longer dominated by the irreversibility of mass
transfer. In fact, in this case the additive effect of entropy genera-
tions by heat transfer is the most significant source of entropy gen-
eration. Fig. 12 illustrate a particular case with zero Soret number.
Part e of this figure shows that by excluding the thermal diffusion
of mass the numerical value of entropy generation by mass transfer
declines by about three orders of magnitude. As a result, in Fig. 12
entropy generation by heat and mass transfer are of the same order
of magnitude. This clearly shows the essential role of coupled heat
and mass transfer in entropy generation and identifies the Soret
effect as a major contributor to the total irreversibility encountered
in the microreactor.

The total entropy generation within the system is the sum of
the five different sources of irreversibility within the microchannel
plus entropy generation in the solid walls, see Eq. (46). The total
entropy generation is a measure of irreversibility of the whole sys-
tem and is therefore of obvious practical significance. Figs. 13 and
14 depict the variations of the total entropy generation within the
system against a number of parameters. Fig. 13 illustrates the
effects of Soret number on the total generation of entropy. In
Fig. 13a, the total entropy generation has been plotted against
the dimensionless heat flux and for different values of Soret num-
ber. This figure shows a positive correlation between the total
entropy generation and the non-dimensional heat flux. It also
indicates that for all values of non-dimensional heat flux, magnifi-
cation of Soret number intensifies the total generation of entropy.
A similar trend is observed in Fig. 13b in which total entropy
increases with increasing the thermal conductivity ratio and Soret
number.

Fig. 13c reveals the interactions between the irreversibilities of
the two mechanisms of mass transfer. This figure shows the total
entropy generation in a range of Damköhler number and for a
few discrete values of Soret number. For Soret number of zero,
and thus no thermal diffusion of mass, the total entropy generation
increases monotonically with Damköhler number. Introducing a
finite Soret number results in increasing the total generation of
entropy. Nonetheless, the monotonic trend in increasing the total
entropy through increasing Damköhler number remain
unchanged. Fig. 13d indicates that the total entropy generation
within the system is significantly affected by the variations in
the thickness of the microchannel walls. It should be clarified here
that based upon the definitions provided in Eq. (6), increasing Y1

implies a decrease in the thickness of the microchannel. Thus,
Fig. 13d indicates that through increasing the thickness of the wall
the total irreversibility of the system is intensified quite signifi-
cantly. Once again, Soret number acts in favour of magnifying the
total entropy generation.

Fig. 14 shows the variations of total entropy generation with
non-dimensional heat flux groups of x and Re. Fig. 14a



Fig. 7. Concentration contours for varying Damköhler number, c, (a) the full channel for c ¼ 0:8, (b) mid-section of the channel, for c ¼ 0:8, (c) mid-section for c ¼ 1:0, and (d)
mid-section for c ¼ 1:2.

Fig. 8. Concentration contours for varying Soret number, Sr, (a) the full channel for Sr ¼ 0:5, (b) mid-section of channel, for Sr ¼ 0:5, (c) mid-section for Sr ¼ 0:7, and (d) mid-
section for Sr ¼ 0:9.
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Fig. 9. Entropy contours for the base configuration (Table 1) (a) Ns;ht , (b) Nnf ;ht , (c) Nint , (d)NFF , (e) NDI and (f) Npm .
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demonstrates the strong correlation between the total entropy
generation and the dimensionless heat flux. This figure also indi-
cates that for any fixed value of x, the total entropy increases sig-
nificantly by magnifying the value of Damköhler number. Fig. 14b
shows that the changes of total entropy generation with the Rey-
nolds number (defined in Eq. (6)) can include an extremum point.
This figure clearly shows the dual effects of Reynolds number upon
the total irreversibility of the system. For very small values of Rey-
nolds number, the entropy generation is large. This is because of
the fact that under small flow rates the forced convection mecha-
nism is highly suppressed and therefore the system in Fig. 1 builds
up in temperature and becomes highly irreversible. Increasing Rey-
nolds number brings down the total irreversibility sharply and
leads to the formation of a local minimum point. Any increase of
Reynolds number beyond this point slightly increases the total
irreversibility as the hydrodynamic irreversibilities start to become
noticeable.
4. Conclusions

A two-dimensional analytical model of transport of heat and
mass and also generation of entropy was developed for a microre-
actor featuring catalytic surfaces and exposed to uneven thermal
fluxes. The microreactor was filled by a porous material and the
solid thick walls were taken into account to represent the
microstructure of the reactor. The analysis let the porous medium
be under LTNE and also considered the thermal diffusion of mass
and viscous dissipation of momentum. The results were presented
in the form of contour plots of temperature, concentration and
local entropy generation fields. These visualised the transversal
diffusion of heat and mass and the simultaneous advection of them
in the investigated asymmetric microsystem. Further, the Nusselt
number on the internal surfaces of the microchannel and the total
entropy generation within the entire system were calculated. The
key findings of this work can be summarised as follows.



Fig. 10. Contours of local entropy generation by mass transfer, NDI , (a) Da ¼ 0:05, (b) c ¼ 1:2, (c) k ¼ 0:2, (d) Y1 ¼ 0:4, (e) Q ¼ 0:2, (f) Sr ¼ 0:9.
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� The developed mathematical model provides a two-
dimensional, analytical solution of the temperature and concen-
tration fields in the microreactor. These are of high significance
in the reactor design and, process control and optimisation.

� While there is a long list of parameters that can affect the tem-
perature fields, the wall thicknesses of the microstructure were
found most influential in altering the temperatures of the nano-
fluid and porous solid phases.

� The Nusselt number on the upper and lower internal walls were
shown to be strongly dependent upon the thickness of the
walls. In general, increasing the wall thickness results in signif-
icant reduction of Nusselt number.

� For most combination of parameters, the irreversibility of mass
transfer and in particular that of Soret effect is the dominant
sources of entropy generation within the microreactor.
Nonetheless, this is not the case for elevated values of imposed
heat flux, which result in magnification of thermal
irreversibility.
� The total entropy generation within the system was found to be
monotonically increasing with the thermal conductivity ratio
and the wall thickness. Similarly, Soret and Damköhler numbers
were shown to be very influential in increasing the total
entropy generation inside the microreactor. Minimisation of
the total entropy generation may be sought by varying the value
of Reynolds number.

These points are of clear relevance to the design of more effi-
cient microreactors. Further, the analytical models presented in
this work can be used for validation of the future numerical simu-
lations of microreactors.
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Fig. 11. Entropy contours for heat flux, x ¼ 0:05, (a) Ns;ht , (b) Nnf ;ht , (c) Nint , (d) NFF , (e) NDI and (f) Npm .
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Appendix A. Thermophysical properties of the nanofluid

The effective viscosity for a nanofluid is modelled as a dilute
suspension of small rigid spheres in a base fluid is defined by
Brinkman [52] as:

lnf ¼
lf

ð1� /Þ2:5
; ðA1Þ

where / is the volume fraction of the nanoparticles. The ratio of the
effective thermal conductivity of the nanofluid to the thermal con-
ductivity of the base fluid allows the former to be approximated
using the Maxwell-Garnetts model [53]. That is
knf
kf

¼ kp þ 2kf � 2/ðkf � kpÞ
kp þ 2kf þ /ðkf � kpÞ ðA2Þ

while the effective density and specific heat are defined as follows
[53]:

qnf ¼ qf ð1� /Þ þ qp; ðA3aÞ

ðqCpÞnf ¼ ðqCpÞf ð1� /Þ þ ðqCpÞp/: ðA3bÞ
Appendix B. Closed form constants

Provided here is a list of the closed form constants D1 � D4 and
E1 � E14 pertinent to Eqs. (17) and (22).

D1 ¼ SY1

SY1 coshðSY1Þ � sinhðSY1Þ ðB1aÞ



Fig. 12. Entropy contours for Damköhler number, c ¼ 0:1 with Sr ¼ 0 for; (a) Ns;ht , (b) Nnf ;ht , (c) Nint , (d) NFF , (e) NDI and (f) Npm .
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D2 ¼ Br0D2
1S

2 ðB1bÞ

D3 ¼ D1

Y1
� D2coshðSY1Þ ðB1cÞ

D4 ¼ �D1

Y1
coshðSY1Þ: ðB1dÞ

E1 ¼ 2QY1 � ke2hw2

ke2
; E2 ¼ 2Q

ke2
; ðB2a;bÞ

E3 ¼ BiD2 � 4D2S
2

16kS4 � 4kS2a2
; E4 ¼ BiD3 � D3S

2

kS4 � kS2a2
; ðB2c;dÞ

E5 ¼ �½D4 þ 2E6kþ ðD3 þ E4kS
2Þ coshðSY1Þ þ ðD2 þ 4E3kS

2Þ coshð2SY1Þ�sechðaY1Þ
ka2 ;

ðB2eÞ

E6 ¼ �BiD4

2ka2 ; E7 ¼ hw2

2Y1
; ðB2f ; gÞ
E8 ¼ 1
2ka2 ½2D4 þ 2E6kð2� Y2

1a
2Þ þ ka2hw2 þ 2ðD3 þ E4kðS2

� a2ÞÞ coshðSY1Þ þ 2ðD4 þ E3kð4S2 � a2ÞÞ coshð2SY1Þ�; ðB2hÞ

E9 ¼ BiD2

16kS4 � 4kS2a2
; E10 ¼ BiD3

kS4 � kS2a2
; ðB2i; jÞ

E11 ¼ �½2E6 þ E10S
2 coshðSY1Þ þ 4E9S

2 coshð2SY1Þ�sechðaY1Þ
a2 ;

ðB2kÞ

E12 ¼ 1
2a2 ½4E6 � 2E6Y

2
1a

2 þ a2hw2 þ 2E10ðS2 � a2Þ coshðSY1Þ
þ 2E9ð4S2 � a2Þ coshð2SY1Þ�; ðB2lÞ

E13 ¼ 2ðQ � 1ÞY1

ke1
; E14 ¼ 2ðQ � 1Þ

ke1
ðB2m;nÞ



Fig. 13. Total Entropy generation for different values of Soret number, Sr against varying (a) dimensionless heat flux, x (b) thermal conductivity ratio, k (c) Damköhler
number, c and (d) dimensionless thickness of the lower wall, Y1.

Fig. 14. Total Entropy against (a) dimensionless heat flux, x and (b) Reynolds number, Re.
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Since the top wall temperature is not known in advance, it is
necessary to find the equation by which it is defined. This may
be accomplished by using the dimensionless form of the boundary
condition in Eq. (4b), which defines q00

2:

h0sðY1Þ þ kh0nf ðY1Þ ¼ 2Q : ðB3Þ
Substituting from Eqs. (20b) and (20c) and some algebraic

manipulations lead to

hw2 ¼ Y1½4QSþ 2D4SY1 þ 2D3 sinhðSY1Þ þ D2sinhð2SY1Þ�
Sðkþ 1Þ ðB4Þ
Appendix C. Validation

To validate the mathematical model developed in Section 2, it is
demonstrated here that when the wall thickness tends to zero, the
temperature fields reduce to that presented by Ting et al. [32] with
no internal heat generation term. To produce a system equivalent
to that of Ref. [32], we set h1 ¼ h2, that is in terms of non-
dimensional parameters; Y1 ¼ 1 and also q000

gen ¼ 0, which renders
Xgen ¼ 0. The momentum Eqs. (9)-(11) can clearly be seen to
reduce to the corresponding equations. Utilising these, Eqs. (15)
becomes,
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d�Tnf

dx
¼ 1

2qnf Cp;nf �uh
2
2

h2q00
1 þ h2q00

2 þ
2leff S

3�u2 coshðSÞ
S coshðSÞ � sinhðSÞ

" #
¼ XT

ðC1Þ
This is the same as the axial thermal gradient found by Ting

et al. [32] with no heat generation term. Next, the radial thermal
equations can be determined from Eqs. (17b) and (17c) using the
given conditions to yield the coupled equations:

kh00nf þ Biðhs � hnf Þ þ D0
2 coshð2SYÞ þ D0

3 coshðSYÞ þ D0
4 ¼ 0; �1 6 Y < 1

ðC2aÞ

h00s � Biðhs � hnf Þ ¼ 0; �1 6 Y < 1 ðC2bÞ
where the modified coefficients (which are shown by use of a
prime) are:

D0
1 ¼ S

S coshðSÞ � sinhðSÞ ðC3aÞ

D0
2 ¼ Br0D02

1 S
2 ðC3bÞ

D0
3 ¼ D0

1 � D0
2coshðSÞ ðC3cÞ

D0
4 ¼ �D0

1coshðSÞ ðC3dÞ
The coefficients D0

1 � D0
4 are the same as those calculated by

Ting et al. for the coupled thermal equations investigated therein
under the previously stated conditions. Thus, it follows that the
final nanofluid and porous solid thermal equations, Eqs. (20b)
and (20c) may be recast using these conditions to give the
following:

hnf ðYÞ ¼ E0
3 coshð2SYÞ þ E0

4 coshðSYÞ þ E0
5 coshðaYÞ þ E0

6Y
2

þ E0
7Y þ E0

8 � 1 6 Y < 1 ðC4aÞ

hsðYÞ ¼ E0
9 coshð2SYÞ þ E0

10 coshðSYÞ þ E0
11 coshðaYÞ þ E0

6Y
2

þ E0
7Y þ E0

12 � 1 6 Y < 1 ðC4bÞ
where the new coefficients are defined as:

E0
3 ¼ D0

2ð4S2 � BiÞ
4S2ð�4kS2 þ Bikþ BiÞ

; E0
4 ¼ D0

3ðS2 � BiÞ
S2ðka2 � kS2Þ

; ðC5a;bÞ

E0
5 ¼ �½D0

4 þ 2E0
6kþ ðD0

3 þ E0
4kS

2Þ coshðSÞ þ ðD0
2 þ 4E0

3kS
2Þ coshð2SÞ�sechðaÞ

Biðkþ 1Þ ;

ðC5cÞ

E0
6 ¼ �D0

4

2ðkþ 1Þ ; E0
7 ¼ h0w2

2
; ðC5d; eÞ

E0
8 ¼ 1

2ka2 ½2D
0
4 þ 2E0

6kð2� a2Þ þ ka2h0w2

þ 2ðD0
3 þ E0

4kðS2 � a2ÞÞ coshðSÞ
þ 2ðD0

4 þ E0
3kð4S2 � a2ÞÞ coshð2SÞ�; ðC5fÞ

E0
9 ¼ BiE0

3

Bi� 4S2
; E0

10 ¼ BiE0
4

Bi� S2
; ðC5g;hÞ

E0
11 ¼ �½2E0

6 þ E0
10S

2 coshðSÞ þ 4E0
9S

2 coshð2SÞ�sechðaÞ
a2 ; ðC5iÞ

E0
12 ¼ 1

2a2 ½4E0
6 � 2E0

6a
2 þ a2hw2 þ 2E0

10ðS2 � a2Þ coshðSÞ
þ 2E0

9ð4S2 � a2Þ coshð2SÞ�; ðC5jÞ
With the appropriate rearranging of terms, these coefficients
show that Eqs. (C4a) and (C4b) are analytically identical to the
nanofluid and porous solid thermal equations presented in the
work by Ting et al. [32].
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