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Abstract 

Transmitted noise is a major problem in industrial and aero-engine gas turbines. One of a 

noise generating part in the preceding systems is exit nozzle which can play as encouraging 

or discouraging sound waves. The generated noise may arise from an incident acoustic wave 

or entropy wave. In this paper, the effect of heat transfer and inlet Mach number of the exit 

nozzle as well as replacing the traditional hydrocarbon fuels with hydrogen and composite of 

hydrogen-hydrocarbon on noise generation is studied. Further, the influence of the 

hydrodynamic decaying mechanisms in a nozzle on the noise generated by entropy waves is 

investigated. It is found that hydrogen can reduce transmitted noise in a subcritical nozzle 

with an acoustic incident wave or in a supercritical nozzle with an incident entropic wave.  

Keywords: Transmitted noise; hydrogen-hydrocarbon composite fuel; convergent-divergent 

nozzle. 

1. Introduction 

Moving toward the usage of alternative fuels due to hydrocarbon sources leakage, hydrogen 

has been interested in previous years. Although hydrogen has been an efficient fuel in on-

ground industries such as power plants, this has been as a working fuel in aero-engine gas 

turbines from about half century later. Hydrogen is currently used in propulsion of many 

subsonic and supersonic flight engines [1]. One of the most important benefits of hydrogen 

fuel is related to the environmental pollution. Hydrogen burned gases are wholly free from 

carbon monoxide (CO), carbon dioxide (CO2), sulfur oxides (SOx), unburnt hydrocarbons 

(UHC), and smoke. The only released emissions, however, are water and nitrogen oxides 

(NOx) which fall in a low level compared to the traditional fuels [2].  

A major problem in combustion system, regardless the fuel used, is noise generation in the 

combustor exit nozzle against acoustic or entropic excitation wave [3]. Entropy waves are 

essentially density inhomogeneities that are produced by the unsteady combustion processes 
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[4]. Entropy noises can be produced by accelerating or decelerating entropy waves in the 

flow [5]. They can be, for example, by passing entropy waves through a nozzle or guide 

vanes in the first stage of a gas turbine. The transmitted noises produce harsh environmental 

pollution, while, the reflection noises impact on stability of the combustion which may lead 

to serious operational problems and hardware damage [3]. Hence, during the last 30 years, 

many researches have been conducted to reveal the role of entropy and acoustic waves in the 

noise emission and combustion instability. 

One of the first attempt to find the transmitted and reflected noise from a nozzle is belonged 

to Marble and Candel [6]. They found the analytical expressions for the noise produced by 

entropic or acoustic wave passing through a convergent-divergent nozzle. They applied the 

compact nozzle and Eulerian flow assumption. Their results have been a useful tool to 

calculate the transmitted and reflected noise up to now. Cumpsty and Marble [7] studied the 

noise generation in a gas turbine stage. They found that the noise was fully depended on the 

pressure gradient through the stage. Further, Cumpsty [8] compared the noise caused from 

acoustic, entropic and vorticity waves in a flow with heat release and concluded that the 

entropy noise was dominant. One the most solid experiments on the transmitted noise, 

especially entropy one, of a nozzle is the series work of Bake et al. [9,10]. They presented 

that the entropy noise was strongly Mach number dependent, especially at the low values.   

In reality, all exit nozzles include heat transfer and hydrodynamic effects. Hydrodynamic 

mechanisms, such as vorticity generation and breakdown as well as interaction between flow 

and boundaries, can decay the entropy wave strength and thus, they can reduce the noise 

generation [11, 12]. Transfer of heat can also modify acoustic and entropic waves. Further, it 

can affect the velocity field in compressible flows and therefore leaves an indirect influence 

on the acoustic waves [13, 14]. It follows that these should be, therefore, involved in a 

realistic model of noise generation in nozzles. The problems of heat transfer in ducts have 

received some attentions in the literature [13-15]; in particular, Karimi et al. [13, 14] 

demonstrated the significant effect of mean temperature gradient upon the reflection and 

transmission of acoustic and entropic waves. They studied various sound sources such as, 

steady and unsteady heat communications.    

As stated above, the influence of heat transfer on noise generation is currently obvious [13, 

14] and accordingly, this should be considered in transmitted noise calculation. Further, in 

spite of many studies stated some of them above, one of the important keynotes partly missed 

in the literature is decay of the entropy waves and its relative effects on the noise generation. 

This can be due to whether cooling heat transfer or hydrodynamic mechanisms. Additionally, 
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although some attentions have been devoted on the effect of fuel type in combustion 

instability [16-18] and combustion noise [19], no work has been focused on the transmitted 

noise rising from a burned gases of a traditional or novel composite fuel in an exit combustor 

nozzle; as the whole above studies applied hot air as the working fluid. These conditions, 

however, are really found in an exit nozzle of a combustor in industrial or aero-engine gas 

turbines. Thus, it follows that detection of a non-adiabatic nozzle response to entropy and 

acoustic waves, in the existence of hydrodynamic decaying mechanisms when an economical 

and clear fuel (hydrogen, for instance) is used, is central to predict the amplitude of the 

transmitted noises as this is seeking in the current work.  

 

2. Governing Equations of motion 

Before starting this section, the following assumptions should be noted. 

(a) The heat sink is only radiative due to low residence time of the hot gases, 

(b) cooling doesn’t change the critical statues of the nozzle, 

(c) there is no shock wave in the divergent part of the supercritical nozzle, 

(d) there is no any friction losses, 

(e) unsteady heat transfer will be negligible,  

(f) the working fluid is an ideal gas with Newtonian, inviscid, non-heat-conducting 

characteristics. This is a mixture of the burned gases of hydrogen and hydrogen-hydrocarbon 

(means steam, carbon dioxide and nitrogen),  

(g) the nozzle is assumed to be compact. This means the nozzle length is too small compared 

to the entropy and acoustic wave length.  

The one-dimensional conservation equations of mass, momentum and energy are [13] 

1
ρ
�∂ρ
∂t

+ u ∂ρ
∂x
�+ ∂u

∂x
= 0,  (1) 

∂u
∂t

+ u ∂u
∂x

+ 1
ρ
∂p
∂x

= 0,  (2) 

Ds
DT

= q
ρT

.  (3) 

 

In the above equations, p, ρ, u, s  and t are respectively the static pressure (Pa), fluid density 

(kg/m3), velocity (m/s), entropy (kJ/kgK) and time (s). Further, T is the fluid absolute 

temperature and q is the heat addition or loss per unit volume.  
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Flow variables are then substituted by the summation of the steady and perturbation parts 

such that g = g� + g′ in which g is a flow property. The following analysis will be on the basis 

of linear method. The linear methods have received many attentions due to its validity to 

predict combustion instabilities in a wide range when they combined in low order models [3]. 

The linear analysis has its comparable benefits, such as simplicity and accuracy in many 

engineering cases. Ignoring the second order terms results in the linearized form of mass, 

momentum and energy equations of (1)- (3). These are 

 

( ∂
∂t

+ u� ∂
∂x

) ρ́
ρ�

+ u� ∂
∂x

(ú
u�
) = 0,  (4) 

∂
∂t
�ú
u�
� + u� ∂

∂x
�ú
u�
� + ρ́

ρ�
∂u�
∂x

+ 2ρ�u� ú
u�
∂u�
∂x

+ p� ∂
∂x
�ṕ
p�
� + ṕ

p�
∂ṕ
∂p�

= 0,  (5) 

Ds′
Dt

= q�R
p�
�q

′

q�
− u′

u�
− p′

p�
�.  (6) 

 

It, further, follows from the first law of thermodynamics that 
ś
cp

=  ṕ
γp

+ ρ́
ρ
.  (7) 

 

Combining Eqs. (4), (6) and (7) yields 

� ∂
∂t

+ u� ∂
∂x
� � ṕ

γp�
� + u� ∂

∂x
�u

′

u�
� = q�R

p�
�q

′

q�
− u′

u�
− p′

p�
�.  (8) 

 

The acoustic waves are assumed to be planar propagating waves in both directions of the one-

dimensional domain. Thus, 

(9) 𝑝′

𝛾𝑝̅
= 𝑃+ 𝑒𝑒𝑒 �𝑖𝑖 �𝑡 − 𝑥

𝑢�+𝑐
��+ 𝑃− 𝑒𝑒𝑒 �𝑖𝑖 �𝑡 − 𝑥

𝑢�−𝑐
�� ,  

(10) 𝑢′

𝑐
= 𝑈+ 𝑒𝑒𝑒 �𝑖𝑖 �𝑡 − 𝑥

𝑢�+𝑐
��+ 𝑈− 𝑒𝑒𝑒 �𝑖𝑖 �𝑡 − 𝑥

𝑢�−𝑐
�� ,  

 

in which ω is the angular frequency and the superscript  + and – respectively denote 

downstream-travelling and upstream-travelling waves. Further, the convected entropy wave 

can be presented as  
s′

cp
= σ exp �iω�t − x

u
��.  (11) 
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By substitution of the harmonic solutions for the pressure and velocity into Eq. (4) and (8), 

the following expressions can be developed.  

ρ+ = U+,  (12-a) 

ρ− = −U−,  (12-b) 

U+ = P+,  (12-c) 

U− = −P−,  (12-d) 

q+ = P+ �γ + 1
M
� + P− �γ − 1

M
�.  (12-e) 

 

Due to the fixed geometry of the nozzle, the mass variation at the inlet and outlet are 

identical. Hence, 
1
M
�ú
c
� + ρ′

ρ�
= const.  (13) 

  

Because of the heat transfer effects on the entropy waves, an energy balance should be 

introduced. This is  

𝑞̇ = 𝑚̇𝐶𝑝(𝑇𝑡2 − 𝑇𝑡1), (14) 

 

where Tt,  ṁ  and q̇ are the stagnation temperature, mass flow rate and heat transfer rate, 

respectively. Linearizing Eq. (14) and considering �ḿ̇
ṁ�
�
1

= �ḿ̇
ṁ�
�
2
 [20] for the two parts of the 

nozzle reveals that  
𝑇́𝑡1
𝑇�𝑡1

+ 𝑞́̇
𝑚̇�𝐶𝑝𝑇�𝑡1

= 𝑇́𝑡2
𝑇�𝑡2
�1 + 1

 𝐵
�+ 1

𝐵
𝑚́̇
𝑚̇�

.  (15) 

 

As mentioned before, q is the heat transfer per unit volume and 

𝑞 = 𝑚̇
𝑉
𝐶𝑝∆𝑇𝑡 = 𝜌1𝑢1

𝑉
𝐴

𝐶𝑝∆𝑇𝑡.  (16) 

 

By linearizing Eq. (16), the heat transfer fluctuation can be expressed as  
𝑞′
𝑞�

= 𝐴 𝑇′𝑡2
𝑇�𝑡2

− 𝐵 𝑇′𝑡1
𝑇�𝑡1

+ 𝜌′1
𝜌�1

+ 𝑢′1
𝑢�1

,  (17-a) 

 

in which 

𝐴 = − 𝑇�𝑡2
𝑇�𝑡2−𝑇�𝑡1

,  (17-b) 
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𝐵 = − 𝑇�𝑡1
𝑇�𝑡2−𝑇�𝑡1

.  (17-c) 

 

The stagnation temperature is defined as 

Tt = T(1 + γ−1
2

M2)  (18) 

 

Linearization of this relation yields 
T́t
T�t

= 1
1+12(γ−1)M2 �γ �

p′

γp�
� − ρ́

ρ
+ (γ − 1)Mú

c
� =  

1
1+12(γ−1)M2 �(γ − 1) �p

′

γp�
� − ś

cp
+ (γ − 1)Mú

c
�.  

(19) 

 

Further, the cross sectional variation in a choked nozzle is associated with [20] 

A
A∗

= 1
M

( 2
γ+1

(1 + 1
2

(γ − 1)M2))
γ+1

2(γ−1) exp ��− ∆s
R
� �1 − T

Tt
��,  (20) 

 

where A∗ is the throat surface area and ∆s is the entropy change. Through linearization of this 

equation and considering constant temperature through each part of the nozzle (∆ś = 0), it 

can be readily shown that Ḿ
M

= 0 [20]. This implies that 

ú
c
− γ

2
M � ṕ

γp
� + 1

2
M ρ́

ρ
= 0.  (21) 

 

For a choked nozzle without any shock waves, the following relation holds [6] 

P1+ + P1− − P2+ − P2− = 0 . (22) 

 

Heat transfer modifies the Mach number at the outlet of a conduit with a constant cross 

section [21]. However, the variation of Mach number through a heat transferring conduit with 

variable area section (e.g. a nozzle) differs from that of a constant area conduit traditionally 

presented by Rayleigh line [22]. Considering the nozzle geometry, inlet condition and the 

variation of the stagnation temperature, outlet Mach number can be found by an iterative 

method [22].   

 

3. Dispersion and dissipation of the entropy waves 

As mentioned in the introduction, detection of the decay mechanisms of the entropy waves is 

a crucial keynote missed in the literature. The effect of preceding annihilation mechanisms on 
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entropy wave strength, which include hydrodynamic mechanisms and heat transfer, is 

theoretically considered here by details. The change in the entropy wave then varies the noise 

generated by the wave. 

 
3.1. Hydrodynamic mechanisms 

A number of hydrodynamic effects such as vorticity generation and flow and boundaries 

interactions may disturb the flow and cause the decay of entropy waves [23, 24]. These are 

highly complicated and problem dependent phenomena. In the current investigation, the net 

effect of these is represented by a decay coefficient (kn) for the entropy wave attenuation. 

Thus, 
σ2
σ1

= 1 − kn,  (23) 

 

where σ2 and σ1 respectively denote the amplitude of the entropy wave (σ = ś
cp

) in the 

downstream and upstream sections of the nozzle throat. kn depends on the nozzle geometry 

and fluid flow and should be exclusively determined for each nozzle and flow condition. 

Considering Eqs. (7), (13), (15) and assuming an adiabatic- i.e. T�t1 = T�t2 -compact nozzle in 

cooperating Eq. (23), the response of a subcritical nozzle to a dissipative incident entropy 

wave is expressed by 

(24) 𝑃1− = �
−𝑀1𝑀2𝑘𝑛�1+

1
2

(𝛾−1)𝑀1
2�+𝑀1

2 (𝑀1
2(1−𝑘𝑛)−𝑀2

2−2𝑘𝑛𝛾−1)

(1−𝑀1)[𝑀1�1+
1
2

(𝛾−1)𝑀2
2�+𝑀2�1+

1
2

(𝛾−1)𝑀1
2�]

�𝜎,  

(25) 𝑃2+ = 𝑀2
𝑀2+1

�
−𝑀1𝑘𝑛�1+

1
2

(𝛾−1)𝑀2
2�+𝑀1

2

2
(1−𝑘𝑛)−𝑀2

2

2 − 𝑘𝑛
𝛾−1

𝑀1�1+
1
2

(𝛾−1)𝑀2
2�+𝑀2�1+

1
2

(𝛾−1)𝑀1
2�

�𝜎.  

 

It should be noted that the P1+  and P2− are wholly assumed to be zero in the subcritical 

condition. It is because of neglecting the entering acoustic wave at the inlet and prevention of 

penetrating the acoustic response wave through divergent to convergent part, respectively.  

Combining Eqs. (7), (21), (22) and (23), and assuming compactness, the acoustic response of 

a supercritical nozzle to a dissipative entropy wave is expressed by 

(26) 𝑃2− = 1
4
�
−𝑀1+

𝑘𝑛
2

(𝛾−1)𝑀1𝑀2−𝑀2(1−𝑘𝑛))

1+12(𝛾−1)𝑀1
�𝜎,  

(27) 𝑃2+ = 1
4
�
−𝑘𝑛2 (𝛾−1)𝑀2𝑀1+𝑀2(1−𝑘𝑛)−𝑀1

1+12(𝛾−1)𝑀1
�𝜎,  
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and, the reflected component takes the same form as that derived by Marble and Candel [6], 

(28) 𝑃1− =
−𝑀1

2
1+12(𝛾−1)𝑀1

𝜎.  

 

3.2. Heat transfer 

Heat transfer can leave a decaying effect on the incident entropy wave. The entropy wave 

may lose part of its thermal energy as it radiates heat to the surroundings. Once again, it is 

assumed that an entropy wave is incident upon a subcritical nozzle. As explained earlier, in 

such configuration P1+ = P2− = 0. Setting σ1 = σ and manipulating Eqs. (7), (15) and (19), 

for a subcritical nozzle reveals 

(29) 

1
1+12(𝛾−1)𝑀1

2 [(𝛾 − 1)(1 −𝑀1)𝑃1− + 𝜎] + 𝑄́̇
𝑚̇�𝐶𝑝𝑇�𝑡1

+  

[−�1 + 1
𝐵
� 1
1+12(𝛾−1)𝑀2

2 (𝛾 − 1)(1 + 𝑀2) − 1
𝐵
� 1
𝑀2

+ 1� 𝑃2+ = 𝜎2 �
1−𝐵

−1

2
(𝛾−1)𝑀2

2

1

1+12(𝛾−1)𝑀2
2
�.  

 

By applying Eq. (13) to the upstream and downstream sections of the nozzle and assuming 

zero unsteady heat transfer, a relation among the amplitudes of the transmission and 

reflection acoustic waves and that of the entropy wave is derived. This is 

(30) 𝑃2+ = 𝑀2(𝑀1−1)
𝑀1(𝑀2+1)

𝑃1− −
𝑀2

𝑀2+1
𝜎 + 𝑀2

𝑀2+1
𝜎2.  

 

Substituting Eq. (30) into (29), results in 

(31-a) 
𝐾𝑝1

𝐾𝑠𝑠𝑠𝑠,𝜎2
𝑃1− + 𝐾𝑠𝑠𝑠𝑠,𝜎

𝐾𝑠𝑠𝑠𝑠,𝜎2
𝜎 = 𝜎2,  

where 

(31-b) 𝐾𝑃1 = 1
1+12(𝛾−1)𝑀1

2 (𝛾 − 1)(1 −𝑀1) − �1 + 1
𝐵
� 1
1+12(𝛾−1)𝑀2

2 (𝛾 − 1) 𝑀2(𝑀1−1)
𝑀1

− 1
𝐵

(𝑀1−1)
𝑀1

,  

(31-c) 𝐾𝑠𝑠𝑠𝑠,𝜎 = 1
1+12(𝛾−1)𝑀1

2 + �1 + 1
𝐵
� 1
1+12(𝛾−1)𝑀2

2 (𝛾 − 1)𝑀2 + 1
𝐵

,  

(31-d) 𝐾𝑠𝑠𝑠𝑠,𝜎2 = �1+𝐵−1�((𝛾−1)𝑀2+1)

1+12(𝛾−1)𝑀2
2 . 

 

In Eqs. (31-c) and (31-d), subscript "subc" denotes subcritical status.  
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Due to the smaller length and flow residence time of the upstream part compared to those in 

the downstream section, it is assumed that heat transfer has a negligible effect on the 

convergent part. Considering this assumption, the reflected entropic wave is expressed by 

(32) 𝑃1− = −�𝑀2−𝑀1
1−𝑀1

� �
1
2𝑀1𝜎

1+12(𝛾−1)𝑀1𝑀2
�.  

 

The ratio of transmission and incident entropy waves is defined as 

(33) 𝜎2
𝜎

= 𝐾𝑝1
𝐾𝑠𝑠𝑠,𝜎2

�𝑀1−𝑀2
1−𝑀1

� �
1
2𝑀1

1+12(𝛾−1)𝑀1𝑀2
� + 𝐾𝜎

𝐾𝑠𝑠𝑠,𝜎2
.  

 

By substituting this ratio into kn = 1 − σ2
σ

 and Eq. (25), one can readily find the amplitude of 

the transmitted wave.  

In the supercritical case, P1−, P2+and P2− should be considered. By assuming negligible heat 

transfer effect on the upstream section of the nozzle, the reflected entropy wave becomes the 

same as Eq. (28). Using Eq. (7), 

(34) 𝜌2+ = 𝑃2+ − 𝜎2. 

 

Eq. (18) then provides the transmission wave, 

(35) 𝑃2+ = 𝑃2− �
1+12(𝛾−1)𝑀2

1−12(𝛾−1)𝑀2
� + 𝜎2

2
� 𝑀2

1−12(𝛾−1)𝑀2
�.  

By using Eq. (22) and after some algebraic manipulation, it can be shown that 

(36) 𝑃2+ = −𝑀1
4
�
1+12(𝛾−1)𝑀2

1+12(𝛾−1)𝑀2
�𝜎 + 𝑀2

4
𝜎2.  

 

Combining Eqs. (15) and (22) yields the following  

(37) 

�
1+12(𝛾−1)𝑀2

2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
�� 1

1+12(𝛾−1)𝑀1
2 (𝛾 − 1)(1 −𝑀1) − 1

1+12(𝛾−1)𝑀2
2 (1 + 𝐵−1)(𝛾 − 1)(1 −𝑀2) −

𝐵−1(1 − 1
𝑀2

)�𝑃1− + 1
1+12(𝛾−1)𝑀1

2 �
1+12(𝛾−1)𝑀2

2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
� 𝜎 − �

1+12(𝛾−1)𝑀2
2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
� �2𝑀2(𝛾−1)(1+𝐵−1)

1+12(𝛾−1)𝑀2
2 +

2𝐵−1

𝑀2
�𝑃2+ = 𝜎2 −

𝑄́̇
𝑚̇�𝐶𝑝𝑇�𝑡1

�
1+12(𝛾−1)𝑀2

2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
�  

 

Considering Eqs. (22), (28), (36) and (37), the ratio of the incident and transmitted entropy 

waves becomes 
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(38-a) 
𝜎2
𝜎

= 𝐾𝑠𝑠𝑠𝑠,𝜎

𝐾𝑠𝑠𝑠𝑠,𝜎2
,  

where 

(38-b) 

𝐾𝑠𝑠𝑠𝑠,𝜎 = �
1+12(𝛾−1)𝑀2

2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
��

−𝑀1
2

1+12(𝛾−1)𝑀1
�(𝛾−1)(1−𝑀1)

1+12(𝛾−1)𝑀1
2 −

�1+𝐵−1�(𝛾−1)(1−𝑀2)

1+12(𝛾−1)𝑀2
2 −

𝐵−1 �1 − 1
𝑀2
�� + 1

1+12(𝛾−1)𝑀1
2� + �

1+12(𝛾−1)𝑀2
2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
��2𝑀2(𝛾−1)�1+𝐵−1�

1+12(𝛾−1)𝑀2
2 + 2𝐵−1�  

(38-c) 𝐾𝑠𝑠𝑠𝑠,𝜎2 = 1 + 𝑀2
4
�

1+12(𝛾−1)𝑀2
2

1−𝐵
−1
2

(𝛾−1)𝑀2
2
��2𝑀2(𝛾−1)(1+𝐵−1)

1+12(𝛾−1)𝑀2
2 + 2𝐵−1

𝑀2
�  

 

and subscript "supc" stands for the supercritical condition. P2+ and P2− are obtained by Eqs. 

(26) and (27). Further, P1− is found through Eq. (22). 

Here, the response of heat transferring nozzle to an incident acoustic wave by the strength of 

P1+ = ε is further analysed. Considering Eqs. (12) and (13), in the subcritical regime, a 

relation among the transmitted acoustic wave in the diverging part and the acoustic 

components in the converging section is derived. This is 

(39) 𝑃2+ = 1
𝑀1(1+𝑀2)

�𝑀2�𝑃1+−𝑃1−� + 𝑀1𝑀2�𝑃1++𝑃1−��.  

 

As stated earlier, in this subcritical nozzle, P2− is assumed to be zero. Combining Eqs. (12), 

(17) and (19) gives 

(40-a) 𝑃1− = 𝐾1+

𝐾1−
𝜀,  

where 

(40-b) 

𝐾1+ = −𝐵 �1 + 1
2

(𝛾 − 1)𝑀2
2� (𝛾 − 1)(1 + 𝑀1) + 𝐴 �1 + 1

2
(𝛾 − 1)𝑀1

2� (𝛾 −

1) �𝑀2
𝑀1

+ 𝑀2� + �1 + 1
2

(𝛾 − 1)𝑀1
2� �1 + 1

2
(𝛾 − 1)𝑀2

2� �−(𝛾𝛾2+1)
𝑀1(1+𝑀2) −

(𝛾𝛾2+1)
(1+𝑀2) +

(𝛾 − 1)�,  

(40-c) 

𝐾1− = 𝐵 �1 + 1
2

(𝛾 − 1)𝑀2
2� (𝛾 − 1)(1−𝑀1) + 𝐴 �1 + 1

2
(𝛾 − 1)𝑀1

2� (𝛾 − 1) �𝑀2
𝑀1
−

𝑀2�+ �1 + 1
2

(𝛾 − 1)𝑀1
2� �1 + 1

2
(𝛾 − 1)𝑀2

2��(𝛾𝛾2+1)
(1+𝑀2) −

(𝛾𝛾2+1)
𝑀1(1+𝑀2) + (𝛾 − 1)�.  

 

The transmitted acoustic wave in the downstream section is found by substituting Eq. (40-a) 

into Eq. (39) which gives 
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(41) 𝑃2+ = 1
𝑀1(1+𝑀2)

[𝑀2𝜀(1 − 𝐾1+

𝐾1−
) + 𝑀1𝑀2𝜀(1 + 𝐾1+

𝐾1−
)]  

 

In the supercritical regime, relations derived by Marble and Candel [6] are still valid. These 

are 

(42) 𝑃1− =
1−12(𝛾−1)𝑀1

1+12(𝛾−1)𝑀1
𝜀,  

(43) 𝑃2+ =
1+12(𝛾−1)𝑀2

1+12(𝛾−1)𝑀1
𝜀,  

(44) 𝑃2− =
1−12(𝛾−1)𝑀2

1+12(𝛾−1)𝑀1
𝜀.  

 

However, the outlet Mach number should be now calculated by Eq. (23) which involves heat 

transfer effect. 

 
4. Burning chemical reaction of the fuels 

Complete combustion of pure methane and hydrogen are 

(45) CH4 + O2 + 3.76N2 → CO2 + 2H2O + 3.76N2, 

(46) 2H2 + O2 + 3.76N2 →  2H2O + 3.76N2. 

The composite fuel is chosen by the equal mole fraction of hydrogen and methane. Thus, its 

complete combustion is 

(47) CH4 + H2 + 2.5(O2 + 3.76N2) → CO2 + 32H2O + 9.4N2. 

The specific heat coefficient and heat capacity for the working fluid (the mixture of 

CO2, H2O  and N2) are calculated in consideration with their mole fractions using Dalton 

model [25].  

 
5. Validation 

To validate the relations, three following points are targeted.  

(1) When the variation of the stagnation temperature tends to zero (flow becomes adiabatic), 

the value of A and B in Eq. (17) approaches infinity. Under this condition, Eqs. (24) to (27), 

(30), (31), (36), (39) and (40-a) reduce to those of Marble and Candel [6]. Moreover, setting 

the decay of entropy waves to zero, Eqs. (33) and (38) tend to unity, which means σ2 = σ1, 
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(2) Karimi et al. [13, 14] calculated the acoustic energy of reflection (ΣR) and transmission 

(ΣT) coefficient in a duct with a mean temperature gradient. In their setting, the incident wave 

was entropic (σ), and they defined acoustic energy reflection and transmission coefficients as  

(48) ΣR = (γ−1)(1−M�0)2

ρ�02M�0c�04
�R
σ
�
2

, ΣT = (γ−1)(1+M� l)2

ρ�0ρ�lM� 0c�0c�l
�T
σ
�
2

,  

where R and T are the reflected and transmitted components of the acoustic wave [13,14]. 

Under compact conditions, these coefficients are calculated by the current relations and 

compared by the low frequency simulation of Karimi et al. [13], in which Tt2
Tt1

= 0.5. Fig. 1 

depicts this comparison, which clearly shows a good agreement. 

  
(b) (a) 

Fig.1. The reflected (a) and transmitted acoustic energy (b) to the incident entropic wave: the 
current relations (solid lines) and numerical simulation of Karimi et al. [13] (circle symbols) 

 
The deviation may be arisen from non-zero frequency in [13] because of features of their 

computer code in comparison with the current compact results with zero frequency, 

(3) Karimi et al. [13, 14] agreed that in a one-dimensional, adiabatic duct flow and in the 

absence of entropy wave, the sum of acoustic reflected and transmission is unity. They 

expressed this summation as 

(49) 𝛴𝑅 + 𝛴𝑇 = (1−𝑀�0)2

(1+𝑀�0)2
�𝑅
𝐼
�
2

+ 𝜌�0𝑐0̅(1+𝑀�𝑙)2

𝜌�𝑙𝑐𝑙̅(1+𝑀�0)2
�𝑇
𝐼
�
2
, 

where the first and second terms are the reflected and transmitted energy.  
 
6. Results and Discussions 

6.1. The nozzle geometry 
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The area change affects quasi-one-dimensional relations of a nozzle. In the current study, a 

nozzle with a convergent length smaller ten times than the divergent length is considered. 

The area ratio are chosen in such a way that the outlet Mach numbers do not change in a 

constant heat transfer condition for the selected inlet Mach numbers [20], as Table 1 shows. 

 
 

Table 1- The various inlet and outlet Mach numbers and area ratios of the nozzle studied [20] 
The choked condition The unchoked condition 

 
𝑀2 = 1.2 𝑀2 = 0.4 

23.365  14.604  𝐴1/𝐴∗  
𝑀1 = 0.025  1.032  1.000  𝐴2/𝐴∗  

11.695  7.310  𝐴1/𝐴∗  
𝑀1 = 0.05  1.032  1.000  𝐴2/𝐴∗  

5.873  3.671  𝐴1/𝐴∗  
𝑀1 = 0.1  1.032  1.000  𝐴2/𝐴∗  

  
6.2. Nozzle response with an acoustic incident wave 

The transmitted (P2+) of the nozzle response with an incident acoustic wave is presented in 

Fig. 2 in subcritical condition versus the stagnation temperature ratio at the outlet to the inlet 

(θ). The incident acoustic wave may produce by the turbulence dependent phenomena or the 

interaction of the turbulence with the flame. As can be seen, the response waves rise at lower 

inlet nozzle Mach number. This increases up to 18 and 30 percent for transmitted and 

reflected waves, respectively, when the inlet Mach number reduces from 0.1 to 0.025. The 

important issue observed in Fig. 2 is that the burned gas of the hydrogen fuel generates a 

lower transmitted noise level compared to the other fuels, especially when the burned gases 

are cooled. For instance, this can reduce up to 25 percent transmitted noise in the inlet Mach 

number of 0.025 at θ = 0.9. All trends of subcritical condition in Fig. 2 show a counterpoint 

near the adiabatic condition.  
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(a) (b) 

 
(c) 

Fig. 2. The transmitted (P2+) wave versus 𝜃 for a supercritical nozzle and the inlet Mach number of (a) 
0.025, (b) 0.05, (c) 0.1. 

 
The inverse trend of transmitted noise seen in subcritical condition is found in supercritical 

nozzle, as Fig. 3 shows. The transmitted noise is increased by using hydrogen fuel. This may 

increase about 8 percent in transmitted noise from the exit nozzle. Similar to the subcritical 

condition, P2+ noise is increased by decreasing inlet nozzle Mach number and θ (increasing 

cooling). Mitigating inlet Mach number from 0.1 to 0.025 can increase the transmitted noise 

of supercritical nozzle up to 15 percent.  
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(c) 

Fig. 3. The transmitted (P2+) wave versus θ for a supercritical nozzle and the inlet Mach number of (a) 
0.025, (b) 0.05, (c) 0.1. 

 
6.3. Nozzle response with an entropic incident wave 

The transmitted noise versus θ for various inlet nozzle Mach numbers with an entropic 

incident wave in subcritical condition is presented in Fig. 4. The variation is independent of 

burned fuel. Similar to the acoustic excitation, the transmitted noise intensifies at lower inlet 

Mach numbers, but, the values of noise, is too smaller compared to the noise generated by the 

entropic waves. Fig. 4 also shows the ratio of the entropy wave at the outlet to the inlet in a 

subcritical nozzle. So small variation is found by changing fuel which somewhat highlights at 

the lowest θ studied here. Further, the ratio is mitigated by intensifying cooling; this is the 

reason of such behavior in the transmitted noise. The variation of the ratio, however, can be 

deemed negligible by changing the inlet nozzle Mach number. As a result, modifications 

related to changing the Mach number in transmitted noise presented in Fig. 4 arise from the 

effect of velocity variations on the produced noise not on the entropy waves. 
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(b) 

  
(c) 

Fig. 4. The transmitted (P2+) wave and the ratio of the entropy wave at the outlet to the inlet (σ2 σ1⁄ ) 
versus θ for a subcritical nozzle and the inlet Mach number of (a) 0.025, (b) 0.05, (c) 0.1. 

 
Fig. 5 depicts the effect of hydrodynamic decaying mechanisms on the transmitted noise in 

an adiabatic and subcritical nozzle. Indeed, these decaying mechanisms (presented by kn) 

affect directly the entropy waves amplitude and then, the noise is modified. Due to low 

residence time of the fluid in the nozzle, low values of the annihilation factor (kn<0.1) are 

chosen. Fig. 5 shows that only 10 percent decrease in the entropy wave strength can reduce 

the transmitted noise up to 100 percent. Although the noise generated by the entropy wave is 

not serious, these results illustrate that intensification of decaying mechanisms of entropy 

waves, even low values, can reduce the noise considerably. As observed, fuel changing 

remains no effect on the nozzle response by variation hydrodynamics decaying mechanisms.  
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(a) (b) 

 
(c) 

Fig. 5. The transmitted (P2+) wave versus kn for a subcritical nozzle and the inlet Mach number of (a) 
0.025, (b) 0.05, (c) 0.1. 

 
Fig. 6 demonstrates the transmitted noise of entropy wave versus θ in supercritical condition. 

On the contrary of the subcritical condition, the transmitted noise increases by increasing 

cooling. Further, the value of noise is more considerable compared to the subcritical 

condition. By increasing inlet nozzle Mach number, the transmitted noise decreases and, the 

effect of fuel change, further, become more obvious. Changing fuel, however, remains 

negligible effect on the generated noise. Fig. 6 also shows the ratio of the entropy wave at the 

outlet to the inlet in a supercritical nozzle. Surprisingly, this ratio depicts the inverse trend by 

increasing cooling compared to the transmitted noise. This shows that although the entropy 

wave strength decreases by decreasing θ, the transmitted wave increases due to the effect of 

the cooling as a sound source [13].  
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(a) 

  
(b) 

  
(c) 

Fig. 6. The transmitted (P2+) wave and the ratio of the entropy wave at the outlet to the inlet (σ2 σ1⁄ ) 
versus θ for a supercritical nozzle and the inlet Mach number of (a) 0.025, (b) 0.05, (c) 0.1. 

 
 

Fig. 7 shows the transmitted noise versus the hydrodynamic decaying effect (kn) for 

supercritical condition. By increasing the inlet Mach number nozzle, the transmitted noise is 

decreased and the effect of changing fuel becomes somewhat obvious. Reducing 10 percent 
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in the strength of entropy wave by hydrodynamic mechanisms can mitigate slightly more 

than this reduction in the transmitted noise at the Mach number of 0.1. 

  

  
(a) (b) 

 
(c) 

Fig. 7. The transmitted (P2+) wave versus kn for a supercritical nozzle and the inlet Mach number of 
(a) 0.025, (b) 0.05, (c) 0.1. 

 
7. Conclusions 

The transmitted noise emitted from an exit nozzle of a combustor in subcritical and 

supercritical condition is theoretically investigated. All real nozzles include heat transfer and 

hydrodynamic decaying mechanisms. Accordingly, the effect of the preceding factors is 

studied. Further, the effect of adding hydrogen to the hydrocarbon fuel on the emitted noise is 

considered. The main findings of this work can be summarized as the following. 

1) In a nozzle with the incident acoustic wave, 

- hydrogen fuel reduces the transmitted noise of a subcritical nozzle, while it increases 

the noise in the supercritical condition,  

- cooling of a nozzle increases the transmitted noise,  
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- the transmitted noise decreases by increasing the nozzle inlet Mach number. 

2) In a nozzle with the incident entropic wave, 

- the transmitted noise is so smaller than those of incident acoustic wave,  

- hydrogen remains no considerable effect on the noise, 

- transmitted noise is increased with cooling in subcritical condition, while this is 

mitigated in supercritical condition, 

- the transmitted noise decreases by increasing the nozzle inlet Mach number.          

Further, as this is found by the relations, the main parameters which cause the 

differences among noise of hot gases are heat capacity and heat capacity ratio. On 

other words, the physical properties of the gases can change the acoustic responses 

caused by them. 
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