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Abstract
The simultaneous influences of an intense laser field and static electric field on one-electron
states and intraband optical absorption coefficient are investigated in two-dimensional GaAs/Ga
0.7Al0.3 As quantum ring. An analytical expression of the effective confining potential in the
presence of the external fields is obtained. The one-electron energy levels and wave functions are
calculated using the effective mass approximation and an exact diagonalization technique. We
show that changes in the incident light polarization lead to blue- or redshifts in the intraband
optical absorption spectrum. Moreover, we found that blueshift and redshift are induced by the
simultaneous influences of an intense laser and lateral electric fields. The obtained theoretical
results indicate a novel opportunity to tune the performance of quantum rings and to control their
specific properties by means of intense laser and homogeneous electric fields.

Keywords: quantum ring, laser field, electric field

(Some figures may appear in colour only in the online journal)

1. Introduction

Quantum mechanical experiments in ring-like geometries
have long fascinated the physics community, as electrons
confined in nanometric rings manifest a topological quantum
mechanical coherence, the Aharonov–Bohm effect [1].
Unlike quantum dots (QDs) the ground state total angular
momentum in QR changes from zero to nonzero value by
increasing the magnetic field [2, 3]. With the developments in
nanotechnology, the formation of different types of semi-
conductor QRs is now possible [4, 5]. Most of the experi-
mental work is based on self-assembled QRs made of InAs
quantum dots capped with a thin GaAs layer subjected to a

short (but crucial) annealing, but also lithographic techniques
have been used for the fabrication of InGaAs QRs [6]. The
self-assembling of non-III–V semiconductor QRs of SiGe has
been achieved, too [7]. The tendency toward enlargement of
the semiconductor QRs family in the nearest future is quite
clear by now. Note that many studies revealed great poten-
tialities of QRs as basis elements for a broad spectrum of
applications, starting from terahertz detectors [8], efficient
solar cells [9] and memory devices [10], through electrically
tunable optical valves and single photon emitters [11], and
further to spin qubits for quantum computing [12].

In the past few years, the development of modern high-
power, tunable laser sources, e.g. free-electron lasers, has
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allowed the experimental study of the interaction of intense
laser fields (ILFs) with charge carriers in semiconductors,
mainly in the terahertz frequency range [13–15]. Interestingly,
by illuminating nanostructures with ILFs some new physical
phenomena were theoretically anticipated and observed. We
can mention, for instance, terahertz resonant absorption [16],
strong distortions in the optical absorption spectra [17], and
Floquet–Bloch states in single-walled carbon nanotubes [18].

On the other hand, the characteristic wavelengths deter-
mined by the position of the energy levels are very important
in many applications. One way to change the position of the
levels is to tailor the size of the nanostructures. However, for
a given structure the transition energy between two levels is
almost fixed (neglecting the fluctuations of temperature and
external hydrostatic pressure) in the absence of external fields.
An externally applied electric field alters the potential energy
profile of the structure and accordingly the positions of the
energy levels.

In the past decade a large number of theoretical investi-
gations were devoted to the study of electronic and impurity
states and intraband optical properties in nanostructures under
the simultaneous influence of ILF and external electric field.
The effect of the high-frequency laser field on the intersub-
band optical absorption in a quantum well (QW) hetero-
structure in the presence of an external electric field was
studied in [19]. The ILF, electric field, and the geometric
confinement effects on the intersubband absorption coeffi-
cient in a double-graded QW were investigated in [20]. The
effect of the ILF on the nonlinear optical properties of a
square QW under the applied electric field were studied in
[21]. In [22], based on the effective-mass approximation, the
competition effects between the ILF and applied electric field
on impurity states were investigated in the GaN/AlGaN QW.
The combined effects of intense laser field and applied elec-
tric field on the nonlinear optical absorption and refractive
index change in Ga1−xAlxAs/GaAS single QW [23] and Ga −x1

InxNyAs −y1 /GaAs double QWs [24] were reported within the
framework of the compact density matrix approach and
iterative method. The effect of the ILF on the optical
absorption coefficients and the refractive index changes in a
GaAs/GaAlAs parabolic quantum well under the applied
electric field were investigated in [25]. In [26] the laser-field
dependence of the impurity binding energy and the donor-
related photoionization cross-section in a graded quantum-
well wire (QWW) under an external static electric field were
calculated by a variational method and in the effective mass
approximation. Based on the effective-mass approximation,
the effects of external electric field and ILF on the binding
energy of an on-center hydrogenic donor impurity in a
spherical QD embedded in a cylindrical nano-wire was stu-
died in [27]. Using the effective mass and parabolic band
approximations and a variational procedure Duque et al cal-
culated the combined effects of intense laser radiation,
hydrostatic pressure, and applied electric field on a shallow-
donor impurity states confined in cylindrical-shaped single
and double GaAs/Ga −x1 AlxAs QD [28]. Using a perturbative
method, Burileanu has investigated the behavior of the

binding energy and photoionization cross-section of a donor
impurity in spherical QD under the influence of electric and
laser fields [29]. The ILF effect on the impurity states in a
CdS/SiO2 QD under applied electric field was studied within
the effective massapproximation by using a finite difference
method [30].

Note that, in our previous work [31] the influence of
intense laser field on one-electron states and intraband optical
absorption were investigated in two-dimensional GaAs/Ga0.7

Al0.3As QR. Our results showed that the change of the inci-
dent light polarization direction can induce red and blue shifts
in the absorption spectrum of the quantum ring. We have also
found that only blueshift is obtained with the increasing of
outer radius of the QR.

Having this motivation, the present work aims at the
theoretical investigation of the combined influences of the
ILF and lateral electric field (electric field direction is con-
tained in the plane of the structure) on one-electron states and
intraband optical absorption coefficient of GaAs/Ga0.7Al0.3As
two-dimensional QR. The paper is organized as follows. In
section 2 we describe the theoretical framework. Section 3 is
dedicated to the results and discussion, and our conclusions
are given in section 4.

2. Theoretical framework

We consider a cylindrical GaAs QR surrounded in the radial
direction by a material with a larger energy gap, such as
AlxGa −x1 As. Usually, the thickness of the ring along the
growth direction is much smaller than the radial dimensions.
Consequently, without loss of generality, our system can be
considered two-dimensional, with the electron confined in the
plane z = 0 [32, 33]. For the lateral confining potential we
have taken a finite, square-type well
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where i and j are the unit vectors along the laser polarization
and the y- axis respectively, R1 and R2 are the inner and outer
radii of the QR, respectively, and V0 is the conduction band
offset.

We assume the system to be under the action of laser
radiation represented by a monochromatic plane wave of
frequency ω0, and external lateral electric field. We choose
the electric field oriented along the x- axis. The laser beam is
non-resonant with the semiconductor structure, and linearly
polarized along a radial direction of the QR, chosen as the
direction of the electric field. In the high-frequency regime the
particle is subjected to the time-averaged potential [34, 35]
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where α ω= eA m( )0 0 0 denotes the laser field parameter, m-
is the electron effective mass, and = AA i0 0 is the vector
potential.
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Taking into account equations (1) and (2)one may obtain
a closed analytical form of V x y( , )d , as in [31]. Taking for
simplicity the same effective mass of the electron inside and
outside the QR under electric field, the laser-dressed energies
are obtained from the time-independent Schrödinger equation
[36–38]
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The laser-dressed energy eigenvalues Ed
j and eigenfunc-

tions Φ x y( , )d
j may be calculated by solving equation (3) with

a 2D diagonalization technique [39]. The eigenfunctions
Φ x y( , )d

j are presented as a linear expansion of the

eigenfunctions of the rectangle with dimensions ×L Lx y and
quantum numbers (n, m) [40–42].

Calculations of the optical absorption coefficient are
based on Fermi’s golden rule. The intraband absorbtion
coefficient can be written as [43]
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where nr is the refractive index of the semiconductor, V is the
volume of the sample per QR (in this work = −V 6 · 10 18 cm3

[2]), βFS is the fine structure constant, and ω is the incident
photon energy, Ef and Ei are the energies of the final and
initial states, respectively. Finally, = −N N Nif i f is the
difference of the numbers of electrons in the initial and final
states. Since we consider here only a one particle problem, we
have taken =N 1i for the ground state and =N 0f for all
upper states. In equation(4) Mfi is the matrix element of the
dipole operator [44]. We calculate the dipole matrix elements
for ‐x and y-polarizations of the incident light and substituted
the δ- function by a Lorentzian profile with the full width at
half maximum of 0.8 meV.

3. Results and discussion

The calculations are performed for a GaAs/ Ga0.7Al0.3As QR
with parameter values V0 = 228 meV, =n 3.6r ,

=m m0.067 ,0 where m0 is the free-electron mass [45]. Note
that, the photon energy ω 0 of dressing laser must be much
higher than the considered intraband transition energies such
as the high-frequency dressing model to apply (∼35 meV in
our paper) but smaller than the energy barrier of the con-
finement such as the electron to remain confined and also no
interband absorption to occur. This means that the laser fre-
quency should be much higher than ∼10 THz and lower than
∼70 THz.

It should be recalled that for any finite barrier potential
well under the action of an electric field there is no veritable
electron bound state. Every energy level associated with a
quantum state has a non-zero linewidth correlated with the
mean time of tunneling out of the biased structure [46]. As the
static electric field increases, the electron energies descend
(quantum confined Stark effect), the tunneling time of a given
state becomes smaller and the energy linewidth of the level
augments [47]. However, this could be a real theoretical
problem only for highly excited states which will become
unsteady at high enough values of the electric field. The lower
electronic states are quasi-bound since the associated tun-
neling time is much longer than any characteristic time
involved in the intraband or interband transitions [46]. In this
work we will not discuss this issue in more details but we will
further establish a simple criterion for considering an excited
state as being ‘quasi-bound’.

Figure 1 presents the biased laser-dressed confinement
potential of the QR. As is observable from figure 1(a) the
dressing laser field ‘stretches’ the potential well on the x-

Figure 1. (a) Confinement potential of the QR modified by
simultaneous actions of the laser and electric fields. The effective
radius Rx in the field direction depends on the laser field parameter.
(b) Axial section of the confinement potential along the x- axis. The
grey area symbolizes the ‘stability zone’ of the electron bound states.

3

Semicond. Sci. Technol. 30 (2015) 045006 A Radu et al



direction at the same time as the collinear electric field ‘tilts’
the potential well on the same axis. Let us further consider as
the ‘interior’ of the unbiased dressed potential well all points
having the potential smaller than V0. We will denote by Rx

and Ry the ‘effective radii’ (the effective radius is defined as
the half of the maximum confinement length on some parti-
cular direction) of the potential well on the fields’ direction x
and on the transverse direction y, respectively. Figure 1(b)
shows the confinement potential as a function of x along the
section y = 0. One may observe that the right edge of the
potential well at α= +R Rx 2 0 is the lowest point of the
confinement zone. Our approximate criterion of energy level
stability will be based on the assumption that any electronic
state j in the well whose energy Ej

d is still far below the lowest
point of confinement may be considered as ‘quasi-bound’:

α≪ − +E V eF R( )d
j

0 2 0 . As an example, for =R 252 nm,
and α = 50 nm the lowest energy of confinement is 78 meV.
In this case only excited states with considerably smaller
energies should be considered in the calculations.

In figure 2 we present the colored surface of the QR’s
confinement potential which is modified by the simultaneous
actions of the laser and electric fields. The dimensions of the
QR are fixed =R 51 nm and =R 252 nm. The color scaling is

determined by the value of the potential in each point. For a
fixed barrier thickness the shape of the potential, that affects
the carrier confinement, significantly changes in the presence
of the laser field. With the increase of the laser field the
effective length of the confining potential along the laser field
polarization (x- direction) decreases in the lower part of the
QR potential well. On the other hand, with the increase of the
electric field the ‘tilt’ of the confinement potential increases.
As a consequence, both fields destroy the cylindrical sym-
metry of the confinement potential.

In figure 3 the dependences of the first three undressed
energy levels of the confined electron on the electric field
strength F are presented. It should be mentioned that in the
absence of both fields the excited state is twice degenerated.
The electric field (laser field also, see figure 4(a)) removes this
degeneracy as a result of broken axial symmetry. With the
increase of the electric field strength, the ground state energy
always decreases due to lowering of the bottom of the con-
finement potential, which is the analogue of the quantum
confined Stark effect in quantum wells [48].

In figure 4(a)–(c) the dependences of first three dressed
energy levels of the confined electron on the laser field
parameter α0 are presented for different values of electric field

Figure 2. Density plot of the confinement potential of the QR modified by laser and electric fields.

4
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strength F. It should be mentioned that with the increase of
the laser field the effective length (the dressing effect of the
laser ‘reshape’ the confinement potential by enlarging the
QR) of the confinement potential (for low lying states) along
the laser field polarization (x-direction) decreases. For this
reason, in all investigated cases the laser field brings to the
increment of the dressed energies. On the other hand, in all
regions of the laser field parameter variation the increment of
the electric field strength moves the energy levels down, as
was expected. Also, it is worth noting that the influence of the
laser field on the ground state energy is stronger for bigger
values of the electric field strength. To explain the above-
mentioned effect in figure 5 we present the wave functions of
the first three dressed stated of the electron (j = 1, 2, 3) as
functions of the laser field parameter and electric field
strength. If we compare ground state wave functions with no
laser field in two cases: F = 0 (left panel below) and
F = 30 kV cm−1 (right panel below), we clearly see that the
effect of the electric field on the electron distribution in the
structure is equivalent to an increasing of the spatial con-
finement. At F = 0, the localization probability will be uni-
formly distributed in the ring and the electron will be ‘less
confined’. At F = 30 kV cm−1, the electron will be strongly
‘pushed’ against the right side of the QR and will be much
‘more confined’. So it is a supplementary spatial confinement
induced by the electric field. For example, in the case with
F = 0, an increase in the laser field parameter from 0 to 5 nm
produces an increase of the ground state energy of 3.3 meV,
while in the case with F = 15 kV cm−1 and F = 30 kV cm−1

the ground state energies changes are 9.3 meV and 10.4 meV,
respectively.

As seen in figure 5 for F = 0, the laser dressing radiation
breaks down the polar symmetry of the wave function in the
ground state. In the same time, the peaks of the wave function
for j = 2 and j = 3 become exactly located along y- and x-
axis, respectively. The first two excited states will correspond

Figure 3. The first three undressed (α = 00 ) energy levels of the
electron as function of the electric field strength F. The results are
presented for =R 51 nm and =R 252 nm.

Figure 4. The first three dressed energy levels of the electron as
function of the laser field parameter α0. The results are presented for

=R 51 nm and =R 252 nm. Several values of the electric field
strength F are considered.
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to different energies, since the original degeneracy =E E2 3

was lifted by the laser field. So the laser field polarized on x-
axis creates a radial anisotropy which is manifest by the two-
fold splitting of the first excited state for no laser. In the
presence of the electric field (lower half of figure 5), there is
no degenerate state, even in the absence of the laser dressing.
For all the first three states, the peaks of the electronic wave
function are forced to locate in the QR in the lower part of the
confinement potential (see figures 1 and 2). This is clearly
visible in figure 5 where the localization probability is almost
zero in the left part of the QR, for j = 1, 2, 3. The further
increasing of the laser parameter has little effect on the wave

function spatial configuration, but its effect is visible on the
energies.

Let us now express the symmetry of the WFs in terms of
two-variables function parity

- for α = 00 and F = 0 the ground and the excited,
double-degenerate, states have both defined parity wave
functions with respect to any direction in the QR plane
(ground state is even, excited state is odd);

- for α > 00 and F = 0 the polar symmetry is reduced
down to Cartesian symmetry with respect to −x polarization
of the laser field and transverse −y axis:
Φ Φ− =x y x y( , ) ( , )d d

1 1 , Φ Φ− =x y x y( , ) ( , )d d
1 1 ,

Φ Φ− =x y x y( , ) ( , )d d
2 2 , Φ Φ− = −x y x y( , ) ( , )d d

2 2 ,
Φ Φ− = −x y x y( , ) ( , )d d

3 3 , Φ Φ− =x y x y( , ) ( , )d d
3 3 ;

- for >F 0 there is no symmetry with respect to the −y
axis, so there will be no defined parity of the wave functions
in x variable; first and third states will have even wave
functions in y variable while second state will have an odd
wave function in y: Φ Φ− =x y x y( , ) ( , )d d

1 1 ,
Φ Φ− = −x y x y( , ) ( , )d d

2 1 , Φ Φ− =x y x y( , ) ( , )d d
3 3 .

It is well known that the oscillator strength is an
important physical quantity in the investigation of the optical
properties which are related to the electronic dipole-allowed
transitions, and it is a dimensionless quantity. The oscillator

Figure 5. The wave functions of the first three dressed states of the
electron (j = 1, 2, 3) as depending on the laser field parameter and
electric field strength. The results are presented for =R 51 nm and

=R 252 nm. Three values of the laser parameter (0, 3, 5 nm) and
two values of the electric field strength (0, 30 kV cm−1) are
considered.

Figure 6. Oscillator strength as a function of laser field parameter
(with F = 0) and electric field strength (with α = 00 ), respectively.
Figure insets show the absolute value of the matrix elements ∣ ∣M efi

as functions of the laser field parameter and electric field strength.
The results are presented for =R 51 nm and =R 252 nm. Different
light polarizations are considered.
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strength Pfi is expressed as follows [49]:
Δ= ∣ ∣− −P m e E M2fi fi fi

2 2 2, where Δ = −E E Efi f i. As can
be seen from the expression, the behavior of the oscillator
strength depends on the energy difference and matrix element.
Taking into account the importance of the mentioned physical
quantities, the laser field parameter α0 and electric field
strength F dependent oscillator strengths are presented in
figures 6(a) and (b), respectively. The sizes of the structure
are fixed =R 51 nm and =R 252 nm and different incident
light polarizations are considered. The inset figures of
figure 6(a) and (b) show the absolute value of matrix elements
of the allowed transitions as a function of laser field parameter
and electric field strength, respectively. For nonzero values of
α0 and F different selection rules are obtained. In the case of
x-polarization, transitions from the ground state j = 1 to the
second excited state j = 3 are allowed (see red lines in
figure 6) and in the case of y-polarization, the →1 2 transi-
tions are allowed (see blue lines in figure 6).

The obtained selection rules can be explained as follows.
Each time initial (i) and final (f) states have different, defined
parity with respect to an axis, the transition matrix element
will be non-zero for a light wave polarized on that axis

- for α = 00 and F = 0 (i) is even and (f) is odd no matter
the polarization of the absorbed light; therefore, it is expected
that the transition matrix element be non-zero and invariant to
the light polarization, which is confirmed by the numerical
calculation of the oscillator strength in figure 6(a) and the
matrix elements in the inset;

- for α > 00 and F = 0 transition, →1 2 will be forbidden
for x-polarization since Φd

1 and Φd
2 have the same parity

(even) with respect to x variable so that the associated matrix
element will be zero at all non-zero values of the laser
parameter; similarly, transition →1 3 will be forbidden for y-

polarization of the light, since Φd
1 and Φd

3 are both even
functions of variable y; these remarks are confirmed by the
numerical calculation of the matrix elements in the inset of
figure 6(a);

- similarly, for >F 0 transitions, →1 2 (in the case of x
-polarization) and →1 3 (in the case of y-polarization) are
forbidden by the parities of the wave functions, as illustrated
in the lower part of figure 5 and confirmed by the calculations
in the inset of former figure 6(b).

The physics behind the behaviors of the matrix elements
can be explained using the wave function distributions of
corresponding states [50]: As can be seen from Figure5, with
the increase of α0, overlapping of j = 1 and j = 2 states
decreases, while the overlapping of j = 1 and j = 3 states
increases. Therefore, the matrix elements M12 and M13 aug-
ment and diminish, respectively. The opposite behavior has
the oscillator strength of mentioned transitions, which can be
explained by the simultaneous variations of energy difference
and squared matrix elements.

In figure 7 we present the intraband optical absorption
coefficient as a function of the incident photon energy for
several values of the laser field parameter α0 (figures 7(a)–(c))
and electric field strength (figures 7(d)–(f)). The sizes of the
structure are fixed =R 51 nm and =R 252 nm and different
incident light polarizations are considered. As can be seen
from figure 7, the simultaneous influences of the intense laser
field and lateral electric field result on the following effects in
the intraband absorption spectrum:

1. In both cases of light polarization the increment of the
electric field results in a blueshift in the intraband absorption
spectrum, which is induced by the increment of the energy
distances between the ground and both excited energy levels.
On the other hand, in the case of x- polarization a decrease of

Figure 7. Dependence of the intraband optical absorption coefficient on incident photon energy in QR. The results are presented for =R 51

nm and =R 252 nm. Both x-and y-light polarizations are considered for several values of the laser field parameter α0 and electric field
strength F.
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the peak value is observed, and in the case of y- polarization
the peak value increases. These are the results of the increase
and decrease of the oscillator strength (see figure 6 (b)) in the
case of x- and y-polarizations, respectively.

2. If F = 0 the increasing of the laser field parameter the
blueshift in the intraband absorption spectrum is observed in
the case of x-polarization due to the increment of the energy
distance between j = 3 and j = 1 states. Meanwhile, the
strengthening of the laser field results in the decreases of the
energy difference between the j = 2 and j = 1 states leading to
the redshift in the absorption spectrum. On the other hand, in
the case of ≠F 0 the increment of the laser field makes the
redshifts in the spectrum, due to the decrease of the energy
differences between the ground and both excited states. The
variations of the peak values in different cases result from the
appropriate behavior of the oscillator strength (see
figure 6(a)).

4. Conclusions

We have studied the simultaneous influences of the ILF and
lateral electric field on one-electron states in GaAs/Ga0.7Al0.3

As single QRs. Also, we have investigated the influence of
the light polarization direction on the intraband absorption
coefficient. We have observed the splitting and increasing of
energy levels induced by the ILF. Meanwhile, the energy
splitting, decreasing and increasing of energy levels induced
by the lateral electric field were obtained. Our results show
that the incident light polarization can induce redshifts and
blueshifts in the intraband absorption spectrum of the QR. On
the other hand, the simultaneous influences of the ILF and
lateral electric field can lead both to the blueshift and redshift
of the intraband optical absorption spectrum. To our knowl-
edge this is the first systematic theoretical study of the
simultaneous effects of the ILF and lateral electric field on the
electronic and optical properties of ring-like nanostructures.
Thereby, in our model calculations we have shown that by
manipulating the laser field paramater and homogeneous
electric field strength we can alter the overlap of the electron
wave functions so that the transition probability will be
enhanced or suppressed on demand. Thus, the basic issues of
quantum mechanics can be explored to design new semi-
conductor QR devices in which specific properties can be
optimized.
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