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The static deflection profile of a large spin-stabilised
space reflector due to solar radiation pressure acting
on its surface is investigated. Such a spacecraft
consists of a thin reflective circular film, which is
deployed from a supporting hoop structure in an
untensioned, slack manner. This paper investigates
the use of a variable reflectivity distribution across the
surface to control the solar pressure force and hence
the deflected shape. In this first analysis, the film
material is modelled as one-dimensional slack radial
strings with no resistance to bending or transverse
shear, which enables a semi-analytic derivation of the
nominal deflection profile. An inverse method is then
used to find the reflectivity distribution that generates
a specific, for example, parabolic deflection shape
of the strings. Applying these results to a parabolic
reflector, short focal distances can be obtained when
large slack lengths of the film are employed. The
development of such optically controlled reflector
films enables future key mission applications such as
solar power collection, radio-frequency antennae and
optical telescopes.

1. Introduction
Research and development of large, lightweight space
membrane structures emerged in the late 1950s [1], with
the prospect of exploiting this technology concept for
many future space-based applications such as radiofrequency (RF) communication antennae [2], scientific
telescopes [3], solar power satellites [4] and solar sail
propulsion [5]. Early flight experiments with large
inflatable and/or deployable structures have been
1

Figure 1. Space reflector with circular film attached to rigid inflatable hoop structure and surface covered with electrochromic coatings

conducted since the early 1960s. Recent developments encompass the in-space demonstration of
the 14 m diameter L’Garde Inflatable Antenna Experiment (IAE) in 1996 [6] and the 12.2×18 m
Sun-shield membrane of the James Webb Space Telescope (JWST) [7].
Once delivered into orbit, the thin reflective membrane is deployed, for example, from a
supporting inflatable hoop structure, as shown in Fig. 1. It is essential to keep the system mass
as low as possible, while at the same time providing controllability, reliability and accuracy of
the surface shape in the space environment. To this aim, the paper investigates the possibility of
controlling the surface figure through solar radiation pressure (SRP). Although being relatively
small in magnitude, about 10 µN/m2 at the Earth’s distance from the Sun, SRP has already been
used successfully for passive attitude control of satellites [8] and for continuous propulsion of
solar sails [9]. Since the aperture size of a space reflector is expected to be as large as 100 m in
diameter, solar pressure provides a force sufficient to deflect the thin reflective film.
It will be shown that according to the initial analysis in this paper, the nominal deflection
profile due to a uniform SRP load is in fact expected to be non-parabolic in shape, which
is undesirable for RF or optical applications. Since a parabolic profile is required, the paper
proposes to change the reflectivity coefficient across the surface, so that the SRP forces acting
on the reflector can be controlled, and hence the surface shape. The reflectivity can be modified
using electro-chromic coatings, which consist of an electro-active material that changes its surface
reflectivity according to an applied electric potential [10,11], or the required reflectivity could be
pre-fabricated through the surface coating. Electro-chromic coatings have already been employed
successfully for attitude control on the IKAROS solar sail (JAXA, Japan), in 2010 [9].
Different lightweight methods for active surface control of large space structures have been
developed in the past. For example, through boundary displacements [12], active temperature
gradients [13] or pressurised lenticulars with transparent canopies [14]. A comprehensive review
on membrane shape control for gossamer structures has been conducted in [15]. More recent
control techniques employ electroactive materials such as piezoceramic PZT (lead zirconate
titanate) actuators for shape correction of thin membrane mirrors for space telescopes [16,17].
Piezoceramic macro-fiber composites (MFC) have been used for excitation and control of outof-plane modes of solar sail membranes [18]. Employing electroactive polymer (EAP) films such
as PVDF (polyvinylidene fluoride) for surface control of space membrane reflectors is currently
investigated by [19]. Dielectric elastomers, a type of EAP employing electrostatic forces between
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Figure 2. Circular reflector film modelled as a ‘cobweb’ of slack radial strings, suspended by a rigid supporting hoop
structure.

two electrodes to squeeze a polymer film have been tested on the back of flexible mirrors in [20].
As will be shown in this study, manipulating the surface reflectivity allows control of the nominal
deflection shape through SRP, without employing additional mechanical or piezoelectric control
actuators.
In this paper, the reflector ‘surface’ is modelled as a collection of slack radial Kapton strips
(or strings), attached to a spin-stabilised rigid hoop structure, as shown in Fig. 2. The mass of the
hoop is assumed to be much larger than the mass of the film material, while the surface (including
electro-chromic coatings) is assumed to be of uniform thickness (isotropic). The additional mass
introduced by the coating layer is included in the surface areal density. The material is not
spanned tightly but is suspended in a slack manner to yield controlled surface billowing due to
modulated SRP. The corresponding equations are derived from idealising the two-dimensional (2D) surface as a ‘cobweb’ of radially spanned 1-D strings, as it can be found, for example, in natural
spider webs. These grid-like structures consist of radial ‘carrier threads’ to carry the load of the
web, and slack circumferential ‘capture threads’ to hold the prey [21]. Applying this analogy to
the slack Kapton film, circumferential tension is ideally assumed to be zero and only radial forces
are considered. When further ignoring the usually quite significant elasticity of spider webs, the
reflector surface can be approximated as a set of inextensible, infinitely flexible radial strings, as
shown in Fig. 2. Throughout this analysis, inextensible means the film material is infinitely rigid
to applied tensile loads and flexible means that the thin film cannot absorb bending moments or
shear stresses. The strings are suspended from the rigid hoop structure in a catenary-like manner
and intersect at the centre of the circular surface.
Previous research on the shape control of an elastic membrane reflector using electro-chromic
coatings has been conducted in [22]. By using a similar inverse problem approach to non-linear
thin membrane theory, the authors derived the achievable focal lengths of a tensioned membrane
due to optically controlled SRP loads. Those previously found focal distances will be compared
with the ones found for the slack deflected string surface in Section 5.
The governing equations of inextensible flexible deflection of a thin catenary-type string
subject to various distributed loads are presented in Section 2. Three different load cases are
compared: the classical vertical field of gravity, generic pressure and uniform SRP. Remarkably,
it is shown by using the generic pressure distribution that SRP is the only pressure law which
yields the classical catenary curve. Furthermore, centrifugal forces acting on a spin-stabilised disk
are taken into account. In Section 3, the resulting deflection profiles for all three load cases are
compared and the deflection shapes due to uniform SRP are presented for different slack string
lengths and spin rates. By increasing the total slack length, thus by suspending more material
3

Figure 3. Deflection model of classical catenary, with force equilibrium over segment ∆s in vertical gravitational field

in between the fixed hoop, the sagging can be controlled. Through this, the focal length of the
deflected surface can be changed. Since the deflected shapes are not ideal paraboloids, as is
necessary to be used as an antenna or solar concentrator, Section 4 discusses the manipulation of
the nominal deflection profiles through the use of suitable reflectivity functions across the string.
It is shown that when a particular deflection shape is selected a priori (e.g. a parabolic shape), the
required reflectivity distribution can be calculated by formulating an inverse problem. Finally, the
resulting paraboloid-type deflection shapes and magnitudes are assessed in Section 5 in terms of
the achievable focal lengths as function of aperture size and slack string length.

2. Catenary-type deflection
The deflection of a slack inextensible catenary-type string of uniform thickness, subject to different
load distributions, is addressed in this section. As shown in Fig. 3, the string is supported by a
rigid outer hoop of radius R and diameter D, forming hinged-support type boundary conditions
at the edges. The mathematical model idealises the string by assuming that it is thin enough to be
regarded as a 1-D curve. The ordinary differential equation (ODE) describing the static deflection
(as a function of the radial position r along the curve) is derived from the equilibrium of forces
over a curve segment of length ∆s, thickness t and depth h, according to Fig. 3. The load case of a
uniform vertical field of gravity is described first in order to demonstrate that the catenary profile
differs from the required parabolic deflection. Following this, a generic pressure distribution,
centrifugal forces and finally SRP (using a constant surface reflectivity) are introduced into the
model.

(a) Equations of the classical catenary
The classical equation of 1-D catenary deflection due to gravity (commonly termed as a ’hanging
chain’) can be found in the literature, as derived by Leibniz, Huygens and Bernoulli in 1691 [23].
Ideally, the infinitesimal chain links are connected by friction-free hinges and thus cannot absorb
bending moments. Considering a small chain segment ∆s, the external force due to vertical
gravity is
∆G = −τ gA ∆s ŷ
4

(2.1)

where ŷ is the unit vector in vertical direction, τ is the density of the chain material, g is the
gravitational acceleration and A is the cross-sectional area of the segment, according to Fig. 3.
Further, the internal (restoring) forces are the tension forces T (r) and T (r + ∆r), respectively,
acting in the tangential direction at the radial position r and (r + ∆r) of the chain segment. The
angle ϕ denotes the local pitch angle of the segment between the horizontal axis and the tangential
direction. The equilibrium conditions over the segment in the r (radial) and y (vertical) direction
can be written as
−T (r) cos ϕ(r) + T (r+∆r) cos ϕ(r+∆r) = 0

(2.2a)

−T (r) sin ϕ(r) + T (r+∆r) sin ϕ(r+∆r) = −∆G

(2.2b)

It can be seen from Eq. 2.2a that the horizontal tension force component is always constant along
r
T cos ϕ = T0 = const
(2.3)
with the constant tension force value T0 . After taking the limit ∆s → 0, the vertical component,
Eq. 2.2b, can be rewritten as
d(T sin ϕ) = −dG
(2.4)
and after introducing Eq. 2.3
T0 d(tan ϕ) = −dG

(2.5)

.

With tan ϕ(r) = dy/dr = ẏ, where ( ) denotes the derivative in radial direction, according to Fig.
3, the equilibrium equation is written in differential form as
T0 dẏ = τ gA ds

(2.6)

Considering the arc length equation
∆s = ∆r2 + ∆y 2

1
2


 ∆y 2  1
2
= 1+
∆r
∆r

(2.7)

and taking the limit ∆s → 0, such that
1

ds = (1 + ẏ 2 ) 2 dr

(2.8)

this relation can be introduced into Eq. 2.6. The resulting ODE describes the deflected catenary in
a gravitational field
1
τ gA
ÿ =
(1 + ẏ 2 ) 2
(2.9)
T0
with the tension at the centre T0 . Introducing the gravity force coefficient ag = T0 /(τ gA), this
coefficient determines the geometrical shape of the catenary curve, as will be described below.
The resulting deflection curve due to gravity (subscript g) can be obtained analytically through
integration of Eq. 2.9 as
 r 
ẏg = sinh
+ c1
(2.10)
ag
with c1 = 0, after introducing the boundary condition (BC) ẏg (0) = 0. Further, integration gives
 r 
yg = ag cosh
+ c2
(2.11)
ag

with c2 = −ag cosh R/ag = cg , after introducing the BC yg (R) = 0. The deflection curve for the
classical gravity catenary can thus be written as
 r 
R
yg = ag cosh
− ag cosh
(2.12)
ag
ag
with ag and cg in units of length. The two coefficients together define the deflection y0,g at the
centre, where cosh(0) = 1. Accordingly, the central deflection is

 
R
y0,g = ag cosh(0) + cg = ag 1 − cosh
ag
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Figure 4. Comparison of catenary curve yg = cosh(r) − cosh(1) and parabolic curve yp = ap r 2 + cp = cosh(1)−





cosh(0) r2 + cosh(0) − cosh(1) of same central deflection y0 and radius R = 1

The resulting catenary curve when setting ag = 1 and R = 1 is shown in Fig. 4, together with the
corresponding parabolic reference curve yp = ap r2 + cp of the same central deflection y0,p = y0,g
and BC yp (R) = 0. As can be seen, the two curves are not identical, with the catenary curve being
more deflected than the parabola. As a note, it was only in 1669 when Jungius disproved Galileo’s
claim that the curve of a chain hanging under gravity would be a parabola [23].
According to Eq. 2.12, the coefficient ag completely defines the shape of the catenary curve.
Although the value of the central tension force T0 is unknown, the coefficient ag can be calculated
when introducing an additional constraint for the total curve length. Without derivation, the total
arc length Sg of the catenary curve can be calculated as [23]
Sg (R) = ag sinh

R
ag

(2.14)

This transcendental equation in ag can only be solved numerically. However, inserting ag
obtained for a specified nominal catenary length Sg and diameter D into Eq. 2.12 results in the
corresponding deflection curve. Thus, knowing the value of T0 is not necessary to find ag , as it
can be computed as a function of D and Sg .

(b) Deflection due to generic pressure and centrifugal forces
The previously introduced deflection model for a hanging chain is now extended by considering
a generic pressure distribution p(r), as shown in Fig. 5. Furthermore, centrifugal forces, acting on
a spin-stabilised reflector disk, are introduced into the model. Considering again a small chain
segment of length ∆s, the forces acting on the segment are now given by the pressure force vector
∆Fp , which is always normal to the segment,
∆FP (r) = −p(r)h∆s n̂

(2.15)

with the segment’s surface area h∆s, according to Fig. 3, and the centrifugal force vector
∆FCF (r) = ∆m ω 2 r r̂

(2.16)

with ω the constant angular velocity of the disk and ∆m the mass of the segment, such that
∆m = τ A∆s
6

(2.17)

Figure 5. Deflection models of slack catenary-type string, with force equilibrium over segment ∆s under (a) generic (gas)
pressure, and (b) uniform SRP load, with centrifugal force FCF , due to spin-stabilised reflector disk with constant angular
rate ω about y -axis

with A the (constant) square cross section, according to Fig. 5. In the following, a polyimide
Kapton film is used [24], with material density τ = 1, 572 kg/m3 and film thickness of t = 2.5 ×
10−6 m.
The two equilibrium conditions over a segment of length ∆s in the r and y directions are now
−T (r) cos ϕ(r) + T (r + ∆r) cos ϕ(r + ∆r) = −p(r) sin ϕ(r)h∆s − τ A ω 2 r∆s

(2.18a)

−T (r) sin ϕ(r) + T (r + ∆r) sin ϕ(r + ∆r) =

(2.18b)

p(r) cos ϕ(r)h∆s

It can be seen that, in contrast to the deflection of a hanging chain in a gravitational field, a generic
pressure causes a force component in radial direction. This force component is a function of the
local pitch angle ϕ with the segment normal. Furthermore, the additional centrifugal forces are
proportional to the radial distance r from the rotation axis and only appear in the radial force
equation. Dividing both equations by ∆r and taking the limit ∆s → 0, while using again the arc
length equation, Eq. 2.8, gives

1
d
T cos ϕ = −(p(r) h sin ϕ + τ A ω 2 r) 1 + ẏ 2 2
dr

(2.19a)


d
T sin ϕ =
dr

(2.19b)

p(r) h cos ϕ 1 + ẏ 2

1
2

Using elementary trigonometric relations, the sin ϕ and cos ϕ expressions can be written as

cos ϕ =

sin ϕ =

 dy 2 − 21

1 + ẏ 2

− 1

2

(2.20a)


 dy 2 − 21
− 1
dy
= ẏ 1 + ẏ 2 2
1+
dr
dr

(2.20b)

1+

dr
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=

Introducing the previous relations into Eqs. 2.19 gives


− 1 
− 1
1
d
T 1 + ẏ 2 2 = − p(r) hẏ 1 + ẏ 2 2 + τ A ω 2 r 1 + ẏ 2 2
dr

(2.21a)

− 1 
− 1
1
d
T ẏ 1 + ẏ 2 2 = p(r) h 1 + ẏ 2 2 1 + ẏ 2 2
dr

(2.21b)

Expanding the left-hand side, while introducing the centrifugal force coefficient CCF = τ A ω 2 to
simplify the equations, gives
Ṫ 1 + ẏ 2
Ṫ ẏ 1 + ẏ 2

− 1

2

+ T ÿ 1 + ẏ 2

− 1

− T ẏ ÿ 1 + ẏ 2

− 3

= −p(r) h ẏ − CCF r 1 + ẏ 2

− T ẏ 2 ÿ 1 + ẏ 2

− 3

= p(r) h

(2.22b)


−1
− CCF r 1 + ẏ 2 + T ẏ ÿ 1 + ẏ 2

(2.23)

2

− 1
2

2

2

1

2

(2.22a)

Solving Eq. 2.22a for Ṫ yields
Ṫ = −p(r) h ẏ 1 + ẏ 2

1
2

Collecting second-order derivative terms in Eq. 2.22b returns
h
− 3 i p(r) h
− 1
− 1
Ṫ
− ẏ 1 + ẏ 2 2
ÿ 1 + ẏ 2 2 − ẏ 2 1 + ẏ 2 2 =
T
T

(2.24)

and thus the ODE system can be written as
Ṫ = −p(r)hẏ 1 + ẏ 2

ÿ =

1
2


−1
− CCF r 1 + ẏ 2 + T ẏ ÿ 1 + ẏ 2

3

p(r)h
Ṫ
1 + ẏ 2 2 − ẏ 1 + ẏ 2
T
T

(2.25a)

(2.25b)

Furthermore, inserting Eq. 2.25b in Eq. 2.25a to eliminate ÿ in the first equation, it can be shown
that
Ṫ = −CCF r
(2.26)
Finally, by inserting Eq. 2.26 into Eq. 2.25b, the ODE system for a generic pressure distribution
p(r) with centrifugal forces can be written as

ÿ =


3
p(r)h
C
1 + ẏ 2 2 + CF ẏ r 1 + ẏ 2
T
T

Ṫ = −CCF r

(2.27a)

(2.27b)

In case of a non-spinning reflector disk, thus CCF = 0, the tangential tension T is constant along
r, according to Eq. 2.27b. Therefore, Eq. 2.27a simplifies to
ÿ =

3
p(r)h
1 + ẏ 2 2
T0

(2.28)

When comparing Eq. 2.28 with the classical gravity catenary, Eq. 2.9, it is clear that the two
systems are not the same, and thus, a different trend of the deflection curve due to a generic
pressure distribution is anticipated. In section 3, this ODE system will be compared to the system
obtained for a uniform SRP load, which is derived in the following section.

(c) Deflection due to solar pressure and centrifugal forces
The deflection model is now modified by replacing the generic pressure load p(r), as shown in
Fig. 5, with a uniform vertical SRP load (normal to the undeflected reflector plane). The SRP force
8

acting on the reflector film is calculated using a simplified SRP model [5]. It assumes that the
surface is a perfectly (specular) reflecting mirror, neglecting all other forms of optical interactions
between the solar photons and the surface such as diffuse reflection (scattering), absorption and
thermal re-emission. In particular, a real surface would absorb a fraction of the photons and emit
the energy as thermal radiation, creating an additional in-plane force component due to nonideal reflectivity. The model also does not account for wrinkles, and thus assumes a perfectly
flat surface. Accordingly, the resulting SRP force always acts perpendicular to the local surface
orientation. Considering these assumptions, the SRP exerted on a surface of reflectivity ρ is


RS,0 2
cos2 ϕ
(2.29)
pSRP = p0 (1 + ρ)
RS
at a radial distance RS from the Sun, with the pitch angle ϕ between the Sun-spacecraft line
and the local reflector plane normal and p0 = 4.563 × 10−6 N/m2 the solar radiation pressure
at RS,0 = 1 AU = 149, 597, 871 km (Astronomical Unit). In the following, the incoming photons
are assumed parallel to the spacecraft’s spin axis vector ŷ, while the spacecraft is orbiting at a
constant solar distance. Furthermore, a constant reflectivity ρ(r) = 1 is chosen across the reflector
film, which simplifies the SRP to
pSRP = 2p̄0 cos2 ϕ
(2.30)

where p̄0 = p0 RS,0 /RS is the SRP scaled by the inverse square-law of solar distance.
Considering again a small segment of length ∆s, the forces acting on the segment are now
described by the SRP force vector
∆FSRP = −2p̄0 cos2 ϕ h∆s n̂

(2.31)

with n̂ the local normal to the segment. The centrifugal force vector ∆FCF is still described by Eq.
2.16. When further introducing the trigonometric relation in Eq. 2.20a for cos ϕ in Eq. 2.30 gives
−1
pSRP = 2p̄0 1 + ẏ 2
(2.32)
The resulting ODE system can now be derived by replacing the generic pressure load p(r) in
Eq. 2.27 with the SRP load pSRP in Eq. 2.32. Accordingly, the new ODE system can be written as
follows
ÿ =

1

C
2p̄0 h
1 + ẏ 2 2 + CF ẏ r 1 + ẏ 2
T
T

Ṫ = −CCF r

(2.33a)

(2.33b)

In case of a non-spinning reflector disk, thus CCF = 0, the tangential tension T is constant along
r, according to Eq. 2.33b. Therefore, Eq. 2.33a simplifies to
ÿ =

1
2p̄0 h
1 + ẏ 2 2
T0

(2.34)

Comparing Eq. 2.34 to the ODE of the classical catenary, Eq. 2.9, shows that, remarkably, both
ODEs are the same, apart from the constant gravity force coefficient ag = T0 /(τ gA), which is
replaced by the new SRP force coefficient aSRP = T0 /(2p̄0 h) in Eq. 2.34. Note that, according to
the ODE system found for a generic pressure distribution, Eq. 2.27, any other distribution p(r)
would not lead to the same result.
The ODE system of Eq. 2.33 can be solved as a boundary value problem (BVP) on the interval
I = [a, b], with a = 0 at the centre of the circular reflector film and b = R at the supported edge.
Assuming hinged support at the edge, the BCs are
y(R) = 0,

ẏ(0) = 0,

T (0) = T0

(2.35)

However, an analytical solution cannot be found and the system in Eq. 2.33 is therefore
solved numerically, using the MATLABTM bvp4c routine that employs a three-stage Lobatto IIIa
collocation method [25]. For a non-spinning disk, T0 can again be computed from Eq. 2.14 when
9

replacing ag by aSRP . Since no analytical approach can be found to specify T0 as a function of an
arbitrary disk spin rate ω, the solution found for the special non-spinning case is also used as an
initial guess to solve the BVP for the rotating reflector disk in a continuation scheme. Through this
scheme, ω is gradually increased to its final value such that ωj+1 = ωj + ∆ω, with j specifying the
current step for ω that is to be used in the BVP solver. In order to create a converging solution of
the BVP for each continuation step, the spin rate has to be increased using appropriate increments,
e.g. ∆ω = 1 deg/s.

(d) Parabolic reference deflection
In order to compare the resulting deflection curves with an ideal parabolic profile, a reference
parabola needs to be defined first. Its curve must be of equal total arc length, since it results from
the same reflector film suspended by a rigid hoop of the same diameter. Assuming a general
parabolic deflection curve (subscript p) and its derivative along the radial direction r
yp = ap r2 + bp r + cp

(2.36a)

ẏp = 2ap r + bp

(2.36b)
(2.36c)

ÿp = 2ap
0

and considering a vertical symmetric load distribution, thus y (0) = 0, the coefficient bp is zero.
The constant coefficient cp represents the deflection value at the centre, thus
cp = y0

(2.37)

Inserting Eq. 2.36b into the arc length equation, Eq. 2.8, and integrating, yields
ZR q
q
1
1
1 + ẏp2 dr = r 1 + 4a2p r2 +
Sp =
sinh−1 (2ap r) + Cp
2
4a
p
0
which enables calculation of the coefficient ap , once the slack arc length Sp of the film material is
selected. From the condition Sp (0) = 0 it follows that Cp = 0. The resulting constraint equation
q
1
1
!
R 1 + 4a2p R2 +
sinh−1 (2ap R) = Sp, nom
(2.39)
2
4ap
can be solved numerically for the coefficient ap , after specifying the total parabolic curve length
Sp, nom (R). The BC at the edge, y(R) = 0, finally returns the coefficient
cp = −ap R2
From this, the reference parabola is now completely defined as

yp = ap r2 − R2

(2.40)

(2.41)

3. Results
The deflection profiles for vertical gravity and for a uniform pressure distribution p(r) = 2p̄0 are
shown in Fig. 6. The profiles are compared to a reference parabola with the same slack string
length Sp . For all load cases, a rigid hoop of radius R = 100 m and a suspended string length of
S = 105 m (from hoop to centre) is used. A catenary segment of the film is modeled with thickness
t = 2.5 µm, according to Fig. 3. As can be seen in the figure, the solution considering uniform
pressure is more displaced towards the outer hoop and shows a smaller central deflection than
the classical gravity catenary. This is due to the horizontal component of the pressure load along
the curve. For the classic catenary, this horizontal component is always zero. The shape of the
ideal parabolic deflection curve is very similar to the classical catenary, as noted in Section 2(a).
The parabolic deflection is smaller towards the outer string regions, compared to the other load
10

Figure 6. Comparison of deflection due to gravity (classical catenary) and uniform pressure and parabolic reference
curve, for hoop radius R = 100 m and slack string length S = 105 m (from hoop to centre)
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Figure 7. Resulting tension force for different load cases: gravity (classical catenary), uniform pressure and uniform SRP
(non-spinning reflector disk), for hoop radius R = 100 m and slack string length S = 105 m

cases, while its central deflection is larger. The tension force distribution along the r-axis for all
three load cases is shown in Fig. 7.
In the following, the effect of varying the slack string length on the deflection is investigated.
A reflector hoop radius of 100 m is used again for all cases. The deflection curves for string
lengths S := [101, 102, 103, 104, 105, 106] m are shown in Fig. 8. For comparison, the curves for
each corresponding reference parabola are also shown. As expected, the deflection magnitude
increases with increasing slack film length and can be as large as 30 m at the centre for S = 106 m.
As will be discussed in Section 5, a larger central deflection results in a smaller focal length of the
11
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Figure 8. Comparison of deflection due to uniform SRP (non-spinning reflector disk) for different slack string lengths S
(hoop radius R = 100 m) and parabolic reference curves

reflector disk. According to Fig. 8, all deflections due to SRP are no ideal paraboloids, as indicated
through the dashed parabolic reference curves for each value of S. However, the difference is
smaller for shorter string length.
In case of a spin-stabilised reflector disk, the ODE system is solved using the BVP continuation
scheme for the spin rate, ωj+1 = ωj + ∆ω, as described in Section 2(c). Using an initial spin rate
of ωinit = 0 with increments ∆ω = 1 deg/s, the final spin rate is set to 40 deg/s. The slack string
length is again S = 105 m with a hoop radius of R = 100 m. Fig. 9 shows the resulting deflection
shapes for spin rates ω = 0, 20, 30 and 40 deg/s. As can be seen, the centrifugal force pushes the

0

reference parabola
SRP + centrifugal force
−5

y [m]

−10

−15

−20
ω = 40 [deg/s]

−25

ω = 30
ω = 20
ω=0

−30
0

10

20

30

40

50
r [m]

60

70

80

90

100

Figure 9. Comparison of deflection due to uniform SRP for different spin rates ω , using hoop radius R = 100 m and string
length S = 105 m
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reflector film material away from the spin axis, causing an increased displacement towards the
outer regions, while at the same time reducing the central deflection by shifting the film upwards.
Hence, the effect of a spinning reflector film is to shift the deflected profile further away from the
ideal parabolic deflection, as indicated by the dashed curve in the figure, thus increasing the effect
of SRP. This means that, in order to counteract this displacement to achieve a parabolic profile, the
cumulated effect of SRP and centrifugal forces has to be accounted for. However, as will be shown
below, controlling the surface reflectivity and thus, manipulating the SRP magnitude across the
surface, can only achieve parabolic deflection profiles up to a certain reflector spin rate.

4. Shape control using variable reflectivity distribution
In the following, the deflection shape is controlled by varying the reflectivity across the string, in
order to create parabolic shapes useful for employing the spacecraft as a large antenna, telescope
or power collector. Therefore, the previously defined parabolic reference curve, Eq. 2.41, shall
now be generated by modulating the SRP load distribution across the string. For this purpose, an
inverse problem is formulated, which is defined as finding the necessary reflectivity function ρ(r)
that creates a given deflection curve [22]. In doing so, the constant reflectivity ρ in the SRP force
equation, Eq. 2.29, is replaced by a generic reflectivity function ρ(r) that varies across the reflector
surface as
pSRP (r) = p̄0 (1 + ρ(r))

(4.1)

The reflectivity is constrained to be within the interval ρ = [0, 1], with ρ = 0 representing a
diffusely reflecting surface, where only the incoming photons exert a force on the surface, while
the outgoing photons are reflected isotropically into all directions such that their net contribution
to the SRP force is zero, thus pSRP,min = p̄0 . For a fully specular reflecting surface, thus ρ = 1, all
outgoing photons are reflected such that the total force is pSRP,max = 2 p̄0 (ideal mirror). Using Eq.
4.1, the ODE system of Eq. 2.33 modifies into
ÿ =

1

p̄0 h(1 + ρ(r))
C
1 + ẏ 2 2 + CF ẏ r 1 + ẏ 2
T
T

Ṫ = −CCF r

(4.2a)

(4.2b)

with CCF = τ A ω 2 denoting again the centrifugal force coefficient. Inserting the reference
parabola, Eq. 2.36b and 2.36c, into Eq. 4.2a and solving for the unknown reflectivity function,
results as
− 1
1
2ap Tp 
2ap CCF r2 
2
2
ρ(r) =
1 + (2ap r)2
−
1 + (2ap r)2
−1
(4.3)
p̄0 h
p̄0 h
with Tp (r) now being the (unknown) tension force that corresponds to the parabolic
displacement. In order to find an expression for Tp , Eq. 4.2b is integrated as
1
Tp = − CCF r2 + Tp,0
2
Inserting into Eq. 4.3 yields
"
#

 
− 1
ap
2
2
2
ρ(r) =
2Tp,0 − CCF r 3 + (2ap r)
1 + (2ap r)2
−1
p̄0 h

(4.4)

(4.5a)

When further considering the reflectivity constraint at the edge of the disk, ρ(R) = 0, the unknown
tension Tp,0 can be computed from Eq. 4.5a as
1

Tp,0 =




p̄0 h 
1
2
1 + (2ap r)2
+ CCF R2 3 + (2ap R)2
2ap
2
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(4.6)
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Figure 10. Required reflectivity distribution across reflector surface, creating parabolic film deflection (slack string length
S = 105 m)

Inserting the previous equation back into Eq. 4.5a yields the reflectivity distribution that creates a
parabolic deflection curve as
ρ(r) =

1 + (2ap R)2
1 + (2ap r)2

!1
2

+

− 1 h
i
ap CCF 
2
1 + (2ap r)2
3(R2 − r2 ) + 8ap (R4 − r4 ) − 1
p̄0 h

(4.7)

Equation 4.7 is a function of the disk radius R and the parabolic coefficient ap and thus, the slack
string length S, according to Eq. 2.39. The distribution further depends on the centrifugal force
coefficient CCF , thus the chosen material in terms of density τ and cross section A, and the spinrate ω of the disk. Note that Eq. 4.7 is also a function of the solar distance, as can be seen through

the coefficient p̄0 = p0 RS,0 /RS .
For a non-spinning reflector disk, CCF = 0, the required reflectivity distribution simplifies to
ρ(r) =

1 + (2ap R)2
1 + (2ap r)2

!1
2

−1

(4.8)

which shows that in the special case of a non-spinning reflector disk, the necessary reflectivity
distribution to create a parabolic deflection depends on the disk radius R and ap only, with the
latter being a function of the chosen value of suspended string length S. In particular, Eq. 4.8
does not depend on the solar distance, as it was found previously for the spin-stabilised case. The
distributions across the reflective string, according to Eq. 4.8, are shown in Fig. 10, for different
slack string lengths S. The resulting surface reflectivities are promising in terms of their required
magnitude, less than ρ = 0.2 even for high values of S, since achieving high surface reflectivities
through electro-chromic coatings is generally more demanding. This result is in agreement with
the observation that the deflection curves due to SRP are close to the ideal parabolic deflection,
as already seen in Fig. 8. When solving the modified ODE system of Eq. 4.2 with the previously
found reflectivity distributions for the non-spinning disk, the resulting deflection curve indeed
matches the reference parabola, as can be seen in Fig. 11.
In case of a spin-stabilised reflector disk, the possibility of creating a parabolic deflection profile
strongly depends on the magnitude of the spin-rate. The centrifugal forces always increase the
deflection away from the ideal parabolic profile, as shown previously in Fig. 9. Since the value
of reflectivity, and thus the achievable SRP force magnitudes, is limited to ρ ∈ [0, 1], a maximum
14

Figure 11. Inelastic deflection profiles due to uniform SRP (non-spinning reflector disk), inverse problem solution and
parabolic reference curve for hoop radius R = 100 m and slack string length S = 105 m

spin rate that can still be controlled into a parabolic deflection shape is anticipated. In order to
find the maximum spin rate for a given reflector, the reflectivity function, Eq. 4.7, is solved for the
maximum spin rate ωlim . In here, the maximum reflectivity is assumed to be at the centre of the
disk, thus ρ(0) = 1. When further considering the reflectivity constraint at the edge of the disk,
ρ(R) = 0, the allowed maximum spin rate is found to be
ωlim =

!1/2
2


6ap p̄0 1 + (2ap R)2
1
2
1−
2
3/2
τA
1 + (2ap R)2
1 − 1 + (2ap R)2
(1 + 12a2p R2 )

(4.9)

The maximum spin rate is a function of the disk radius R, the parabolic coefficient ap and thus,
the slack string length S, and the chosen material in terms of density τ and cross section A.
Therefore, the maximum allowed spin rate to achieve a parabolic deflection is fully defined for
given reflector properties. Figure 12 shows the maximum spin rate as a function of the reflector
disk radius and for different string lengths. For example, the maximum spin rate for a reflector of
radius R = 100 m and S = 105 m is found to be ωlim = 16.46 deg/s. The corresponding reflectivity
distributions for different spin rates, according to Eq. 4.7, are visible in Fig. 13. As can be seen, for
higher spin rates above ωlim = 16.46 deg/s, the required distribution exceeds ρ = 1 towards the
centre of the disk, which is physically not possible.
In general, typical angular rates for spin-stabilised space structures such as solar sails are more
likely to be smaller than the identified limit case. For example, a spin-stabilised 76×76 m square
sail with a spin rate of 0.45 deg/s was selected for the NASA/JPL Geostorm mission concept
study [27,28]. This rate was found to be sufficient to always keep the sail surface perpendicular
to the Sun within 1 deg to the Sun/sail line. In case of a circular sail design, the selected sail
area would correspond to a disk with radius R ≈ 43 m. As can be seen in Fig. 12, the maximum
spin rate in order to control the film into a parabolic deflection profile is between 40−70 deg/s,
depending on the diameter of the slack length. This limit is significantly larger than the selected
spin rate for the proposed Geostorm sail. As a further example, the IKAROS sail with a 14×14 m
square sail membrane was spin-stabilised at a nominal rate between 6−15 deg/s to keep the sail
surface flat, instead of employing a supporting hoop or boom structure [29]. Therefore, a much
higher spin rate was necessary for combined attitude and membrane shape stabilisation.

15

80
70
60

ωlim [deg/s]

50
40
30
106 1
05

20
16.46

104

103

S = 101

102

m

10
0
0

20

40

60

80
100
120
disk radius R [m]

140

160

180

200

Figure 12. Maximum possible spin rate as a function of reflector hoop radius R and slack string length S

1.5

ω=

20
[

de

g/s
]

ρmax = 1

reflectivity ρ

1

16.
4

6

15

0.5
10

0

0
0

10

20

30

40
50
60
radial position r [m]

70

80

90

100

Figure 13. Reflectivity distributions for various spin rates, using hoop radius R = 100 m and slack string length S =
105 m. For the chosen reflector dimensions, the maximum spin rate such that a parabolic deflection can be created is

ωlim = 16.46 deg/s

5. Optical performance of parabolic reflector
A large, highly reflective parabolic surface has many potential applications, such as
communication, sensing and power collection. In order to evaluate the usefulness of the shapes
that can be generated, the achievable focal lengths will now be identified (assuming an extension
of the 1D model into 2D). A paraboloid concentrates incoming electro-magnetic radiation into
a single focal point, depending on the geometrical precision of the surface generated. The focal
16

length of a paraboloid surface can be calculated according to
f=

1
R2
=
4ap
4|y0 |

(5.1)

when considering the quadratic coefficient ap = −cp /R2 = −y0 /R2 , as discussed in Section 2(d).
Thus, the focal length is a function of hoop radius R and central deflection y0 . The latter depends
on the chosen slack film radius, as seen in Fig. 8. The focal lengths are calculated for a set of rigid
hoop radii Ri := [1, 5, 10, 25, 50, 100] m, each suspending a reflector film of varying slack radius
Si := [101, 102, 103, 104, 105, 106] percent of all Ri , where the spacecraft is assumed to be nonspinning. For each case, the nominal deflection profile due to uniform SRP is corrected through a
non-uniform reflectivity distribution, according to Eq. 4.8, to generate an ideal paraboloid surface
shape. The resulting focal lengths for all deflected reflector film profiles are shown in Fig. 14.

Figure 14. Focal lengths of deflected parabolic surface (non-spinning disk) as a function of reflector hoop radius R and
slack film radius S

All focal lengths are within a few hundred metre distance from the reflector surface. Previous
results obtained for tensioned elastic membranes subject to controlled SRP loads were in the kmrange of focal length for the same surface diameters [22], showing a significant improvement
with the slack inextensible approach in this paper. In general, the focal length of a space-based
reflector shall be as small as possible in order to operate a receiver/transmitter unit in the focus.
This could be achieved either by physically connecting the unit to the reflector hoop via booms or
a long tether, or more likely, through positioning a detached platform at the focus, which is flying
in formation with the reflector. Such formation-flying is a well established technology [26]. It can
be seen in Fig. 14 that for all investigated slack film radii, a larger hoop radius increases the focal
length. However, when suspending more material from the supporting hoop structure, the focal
length decreases. Therefore, in order to minimise the distance between the reflector surface and
its optical focus, the reflector hoop radius and the slack film radius have to be as large as possible.
Theoretically, by controlling the amount of film dispensed in between the rigid outer hoop, for
example through attaching the reflective film to cable rolls inside the hoop, the focal length can
also be controlled during the mission.
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6. Conclusions
A non-uniform reflectivity distribution across the surface of a thin slack circular film, supported
by a rigid hoop structure, has been used to investigate the possibility of a shape-controlled space
reflector. In this first model, the film has been approximated as a ’cobweb’ of one-dimensional
slack radial strings, suspended in between the hoop. Initially, the nominal deflection profiles
due to generic pressure and solar radiation pressure have been calculated semi-analytically, by
solving the coupled equations of inextensible catenary-type string deflection. It was demonstrated
that solar radiation pressure is the only pressure distribution which yields the classical gravity
catenary profile. Using different slack string lengths, it has been shown that the nominal deflection
shapes due to light pressure are expected to be, in fact, non-parabolic. When including centrifugal
forces for a spin-stabilised reflector disk, the deflection profiles deviate even further from the ideal
parabolic shape, thus controlling the spin rate cannot be exploited to generate parabolic surfaces.
Instead, an analytical expression for the reflectivity distribution across the modelled string,
necessary to create a true parabolic deflection profile, has been derived. The found expression
does not depend on the solar distance and is only a function of the hoop radius and slack
string length. Therefore, the required reflectivity function across the reflector could also be prefabricated into the film surface to allow for a parabolic deflection. In case of a spin-stabilised
reflector spacecraft, the maximum spin rate that can still be controlled into a parabolic shape has
been calculated as a function of reflector dimensions and material properties.
Assuming an extension of the 1D model to a real 2D surface, the focal lengths of the resulting
paraboloids have been derived for different hoop diameters and slack string lengths. They are
typically in the range of a few hundred meters. By positioning a detached platform, for example,
that is formation-flying at the reflector film focus, the proposed concept of optical shape control
of thin surfaces through solar radiation pressure potentially enables the use of large and very
lightweight space reflectors as radio-frequency antennae, optical telescopes and solar power
collectors.
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