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4 P. Saxena & R. W. Ogden

occupied by the body at time t and ∂Bt its boundary. The material points in Br are
identi�ed by the position vector X which becomes the position vectorx in Bt. The
time-dependent deformation (or motion) of the body is described by the invertible
mapping χ, with x = χ(X , t), and χ and its inverse are assumed to be su�ciently
regular in space and time. The velocityv and accelerationa of a material particle
X are de�ned by

v(x , t) = x ,t =
∂
∂t

χ (X , t) , a(x , t) = v ,t = x ,tt =
∂2

∂t2
χ (X , t) , (2.1)

where the subscriptt following a comma denotes the material time derivative.
Throughout this paper, grad, div, curl denote the standard di�e rential operators

with respect to x, and Grad, Div, Curl denote the corresponding operators with
respect to X .

The deformation gradient tensor is de�ned as F = Grad χ(X , t) and its de-
terminant is denoted J = det F, with J > 0. For an incompressible material the
constraint

J ≡ det F = 1 (2.2)

has to be satis�ed. Associated withF are the left and right Cauchy{Green tensors,
de�ned by

b
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with the boundary conditions

n × JE + v × B K = 0, n · JD K = σe,

n × JH − v × D K = K − σev s, n · JB K = 0 (2.6)

on ∂Bt, wheren is the unit outward normal to ∂Bt and v s is the value ofv on ∂Bt.
Here JaK represents the jump in vector a across the boundary in the senseJaK =
ao − ai, where the superscripts `o' and `i' signify `outside' and `inside', respectively,
and surface polarization is not included.

Lagrangian forms of the physical quantities in (2.5) are de�ned by (see, for
example, [Maugin, 1988], [Ogden, 2009])

D l = JF−1D , E l = FTE , H l = FTH , B l = JF−1B ,

JE = JF−1 (J − ρev) , ρE = Jρe. (2.7)
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wherein use has been made of (3.3)1.
Analogously to Eq. (2.7), we de�ne updated (i.e. pushed-forward)forms of the

increments _T , _B l, _D l, _E l, _H l as

_T 0 = J−1F _T , _B l0 = J−1F _B l, _D l0 = J−1F _D l,
_E l0 = F−T _E l, _H l0 = F−T _H l, (3.8)

where the subscript 0 is used to indicate the push-forward operation. We use these
push-forward forms to update the incremented governing equations to obtain

curl( _E l0 + v × _B l0 + _v× B ) = − _B l,t0, div _D l0 = _ρE0, (3.9)

curl( _H l0 − v × _D l0 − _v× D ) = _D l,t0 + _JE0, div _B l0 = 0 , (3.10)

and

div _T 0 + ρr
_f = ρru ,tt, Lτ
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Outside the material, which may be vacuum or a non-magnetizable (and non-
polarizable) material we use a superscript∗ to indicate �eld quantities. Thus, H ∗

and B ∗, respectively are the magnetic �eld and magnetic induction, which are in
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On taking an increment of this equation, we obtain

_t M = J _τ ∗F−TN − Jτ � F−T _FTF−TN + J(div u)τ � F−TN , (3.24)

which on pushing forward and using the incompressibility condition (3.4)2, gives

_t M0 = _τ ∗n − τ ∗LTn on ∂B. (3.25)

When there is also a mechanical tractiont A, with increment _t A, the traction
boundary condition is written

_T T
0 n = _t A0 + _t M0 (3.26)

at any point of ∂B where the traction is prescribed.

4. Constitutive Relations

Following Dorfmann and Ogden [2004, 2005], we consider a magnetoelastic material
for which the constitutive law is given in terms of a total potential energy function,

 = 
 ( F ,B l), de�ned per unit reference volume. This yields the simple formulas

T =
∂

∂F
, H l =

∂

∂B l

(4.1)

for the total nominal stress and the Lagrangian magnetic �eld. Th
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where 
 i = ∂
 /∂Ii, i = 1 , ..., 6, I is the set {1, 2, 3, 5, 6}, or {1, 2, 5, 6} for an
incompressible material, andJ the set {4, 5, 6}. The derivatives of the Ii with
respect to F and B l are given in Appendix A in component form. Explicitly we
calculate the expressions forτ for an incompressible material andH as

τ = −pI + 2
 1b + 2
 2

(

I1b − b2
)

+ 2
 5B ⊗ B + 2
 6 (B ⊗
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C0ij|k = C0k|ij = FiαF−1
βk Cαj|β = FiαF−1

βk Cβ|αj , (4.17)

K0ij = K0ji = JF−1
αi F

−1
βj Kαβ, (4.18)

which apply for an incompressible material with J = 1. Explicit formulas for these
components for an isotropic magnetoelastic material referred tothe principal axes
of the left Cauchy{Green tensor b are given in Appendix B.

On substituting (4.14)1 and (4.15) into (3.11) in turn, we obtain

A0L + Lτ = ( A0L)T + τLT, C0
_B l0 = ( C0

_B l0)T (4.19)

and

A0L + pL + Lτ = ( A0L)T + pLT + τLT, C0
_B l0 = ( C0

_B l0)T, (4.20)

respectively, from which we deduce the symmetries

A0ipqj + δij (τpq + pδpq) = A0pijq + δpj(τqi + pδqi), C0ij|k = C0ji|k, (4.21)

which are additional to (4.12), with p = 0 in the case of an unconstrained material.
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where Q(n), the
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6. Two-dimensional Specialization

Let the initial deformation of the material be given by the pure homogeneous strain

x1 = λ1X1, x2 = λ2X2, x3 = λ3X3, (6.1)

where the principal stretchesλ1, λ2, λ3 are uniform. The component matrix [F] of
the deformation gradient is then [F] = diag( λ1, λ2, λ3). We also assume that the
initial (uniform) magnetic induction has components (B1, B2, 0) in the material and
(B∗

1 , B∗
2 , 0) outside.

We now study two-dimensional motions in the (1,



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden

14 P. Saxena & R. W. Ogden



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden

On surface waves in a �nitely deformed magnetoelastic half- space 15

7.1.1. Incremental equations and boundary conditions

For the given values ofF and B , many of the components of the moduli listed in
Appendix B vanish, and Eqs (6.8) and (6.9) simplify to

αφ,1111 + 2βφ,1122 + γφ,2222 + bψ,112 + dψ,222 = ρ (φ,11 + φ,22)
,tt
, (7.2)

bφ,112 + dφ,222 + K011ψ,22 + K022ψ,11 = 0 . (7.3)

Using the values ofτ � and _τ � from (7.1) and assuming there is no incremental
mechanical traction on x2
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ψ = k(Q1es1kx2 + Q2es2kx2 + Q3es3kx2 )ei(kx1−ωt), (7.21)

ψ∗ = kRe−kx2+i(kx1−ωt). (7.22)

For each i, Qi is related to Pi by equation (7.18), which we re-write here as

Qi =
(b − ds2i )si

K011s2i − K022
Pi, i = 1 , 2, 3. (7.23)

Next, we substitute the general solutions (7.20){(7.22) into the boundary con-
ditions (7.11){(7.14) to obtain

(
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from which we deduce, using the notation de�ned in (6.10){(6.12), that

2β = α + γ, b = d. (7.42)

With these values, Eq. (7.19) factorizes in the form

(s2−1){(γK011−d2)s4−[γK022+( α−ρv2)K011−d2]s2+( α−ρv2)K022} = 0 . (7.43)

Let the solutions with positive real part be denoted s1 (= 1), s2 and s3. Then,

s22 + s23 =
γK022 + ( α − ρv2)K011 − d2

γK011
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aφ,111 + cφ,122 + K022ψ,11 + K011ψ,22 = 0 (7.50)

for x2 < 0, while again (6.13) holds forx2 > 0.
Using the values ofτ � and _τ � from (7.48) and assuming there is no incremental

mechanical traction on x2 = 0 the components of the incremental traction are
obtained from (3.25) with _T T

0 N = _t M0 as

_T021 −
B∗

1
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(c + a−
B∗

1

µ0
)� jsjPj − i

1
µ0
R = 0 , (7.72)

along with the connection betweenQi and Pi from (7.58):

Qi =
i(a− cs2i )

K011s2i − K022
Pi, i = 1 , 2, 3. (7.73)

Again, � j signi�es summation over j from 1 to 3.
As in the previous section, we have seven linear equations inP1, P2, P3, Q1,

Q2, Q3 and R



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden

26 P. Saxena & R. W. Ogden



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden

28 P. Saxena & R. W. Ogden

∂I5
∂Fiα

= 2Blα(FiγBlγ),
∂I6
∂Fiα

= 2(FiγBlγcαβBlβ + FiγcγβBlβBlα),

∂I4
∂Blα

= 2Blα,
∂I5
∂Blα

= 2 cαβBlβ ,
∂I6
∂Blα

= 2 cαγcγβBlβ ,
∂2I1

∂Fiα∂Fjβ

= 2 δijδαβ ,

∂2I2
∂Fiα∂Fjβ

= 2 (2FiαFjβ − FiβFjα + cγγδijδαβ − bijδαβ − cαβδij) ,

∂2I3
∂Fiα∂Fjβ

= 4 I3F−1
αi F

−1
βj − 2I3F−1

αj F
−1
βi ,

∂2I5
∂Fiα∂Fjβ

= 2 δijBlαBlβ ,

∂2I6
∂Fiα∂Fjβ

= 2[ δij(cαγBlγBlβ + cβγBlγBlα) + δαβFiγBlγFjδBlδ

+ FiγBlγFjαBlβ + FjγBlγFiβBlα + bijBlαBlβ ],

∂2I5
∂Fiα∂Blβ

= 2 δαβFiγBlγ + 2BlαFiβ ,

∂2I6
∂Fiα∂Blβ

= 2Fiβcαγ δαβF
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B the components ofA0,
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