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occupied by the body at time t and 05; its boundary. The material points in 5, are
identi ed by the position vector X which becomes the position vectox in B;. The
time-dependent deformation (or motion) of the body is described ly the invertible
mapping x, with x = x(X,t), and x and its inverse are assumed to be su ciently
regular in space and time. The velocityv and accelerationa of a material patrticle
X are de ned by

2
V(X,t) = X ¢= %X(X,t), axX,t) = vi= X = %X(X,t), (2.1)
where the subscriptt following a comma denotes the material time derivative.

Throughout this paper, grad, div, curl denote the standard di e rential operators
with respect to x, and Grad, Div, Curl denote the corresponding operators with
respect to X.

The deformation gradient tensor is de ned as F = Grad x(X,t) and its de-
terminant is denoted J = det F, with J > 0. For an incompressible material the

constraint
J=detF=1 (2.2)

has to be satis ed. Associated withF are the left and right Cauchy{Green tensors,
de ned by
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with the boundary conditions
nx[E+vxB]=0, n-[D]= g,
Nnx[H—-vxD]=K —-0evs, n-[B]=0 (2.6)

on dB8¢, wheren is the unit outward normal to 05; and v; is the value ofv on 05x.
Here [a] represents the jump in vectora across the boundary in the sensda] =
a° —a', where the superscripts "0' and i signify “outside’ and ‘inside’, respively,
and surface polarization is not included.

Lagrangian forms of the physical quantities in (2.5) are de ned by (see, for
example, [Maugin, 1988], [Ogden, 2009])

Dy=JF!'D, E/=F'E, Hi=F'H, B,=JF'B,
Je= JF 1 —pev), pe= Jpe. (2.7)
Usipg&@e&gsrelations and following the analysis in [Ogden, 2009]40.885(6320)-5.5.88857(t)-51531(t)-334.
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wherein use has been made of (3.3)

Analogously to Eq. (2.7), we de ne updated (i.e. pushed-forward)forms of the
increments T, By, D, E;, H, as

To=J T, Byp=J'B,, Dp=J'FDO,,
Ewo=F TEy, Hio=F THy, (3.8)

where the subscript 0 is used to indicate the push-forward operadn. We use these
push-forward forms to update the incremented governing equabns to obtain

curl(Ejo+ v xBp+ vxB)= —Bjtw, divDi = pgo, (3.9
curl(Hijp—v xDjg— vx D)= Dy + Jgo, divBy =0, (3.10)

and

divLo+ prb=pruye, L7
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Outside the material, which may be vacuum or a non-magnetizable (ad non-
polarizable) material we use a superscript' to indicate eld quantities. Thus, H*
and B*, respectively are the magnetic eld and magnetic induction, which ae in
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On taking an increment of this equation, we obtain
tM=JTF TN —J7 F"TETF~TN + J(divu)T F~TN, (3.24)
which on pushing forward and using the incompressibility condition (3.9,, gives
tmo=7'n—7L'n ondB. (3.25)
When there is also a mechanical tractiont o, with increment ta, the traction
boundary condition is written
T4n = tao+ tvo (3.26)

at any point of 08 where the traction is prescribed.

4. Constitutive Relations

Following Dorfmann and Ogden [2004, 2005], we consider a magnetost& material
for which the constitutive law is given in terms of a total potential energy function,

= (  F,B)), de ned per unit reference volume. This yields the simple formulas
0 0
T=—, H = —
oF '7 9B,

for the total nominal stress and the Lagrangian magnetic eld. Th

(4.2)
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where ; = 0 /0dl;, i =1,..,6, T is the set {1,2,3,5,6}, or {1,2,5,6} for an
incompressible material, and 7 the set {4,5,6}. The derivatives of the I; with
respect to F and B are given in Appendix A in component form. Explicitly we
calculate the expressions forr for an incompressible material andH as

7= —pl+2 1b+2 , hb—b? +2 sB®B+2 §(B®
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— — —1 — -1
Coijik = Cokjij = FiaFpk Cajip = FiaFpk Cplai (4.17)

Koij = Koji = IF g Fgj Kap, (4.18)

which apply for an incompressible material with J = 1. Explicit formulas for these
components for an isotropic magnetoelastic material referred taghe principal axes
of the left Cauchy{Green tensor b are given in Appendix B.

On substituting (4.14), and (4.15) into (3.11) in turn, we obtain

Aol + L7 =(AoL)"+ 7LT, CoBio=(CoBio)" (4.19)
and
Aol +pL + L7 =(AoL)" +pLT + 7LT,  CoBio = (CoBuo)", (4.20)
respectively, from which we deduce the symmetries
Aoipaj * 8ij(Tpg + Pdpq) = Aopijg + Opj(Tai + Pdgi),  Coijk = Cojik, (4.21)

which are additional to (4.12), with p = 0 in the case of an unconstrained material.
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where Q(n), the
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6. Two-dimensional Specialization

Let the initial deformation of the material be given by the pure homogeneous strain
X1 = M Xy, Xo= AoXz, X3 = A3Xa, (6.1)

where the principal stretchesA;, Az, Az are uniform. The component matrix [F] of
the deformation gradient is then [F] = diag(A1, A2, Az). We also assume that the
initial (uniform) magnetic induction has components (B3, B>, 0) in the material and
(B7, B3, 0) outside.

We now study two-dimensional motions in the (J,



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden

14 P. Saxena & R. W. Ogden



August 9, 2011 20:48 WSPC/INSTRUCTION FILE saxena-ogden

On surface waves in a nitely deformed magnetoelastic half- space 15

7.1.1. Incremental equations and boundary conditions

For the given values of F and B, many of the components of the moduli listed in
Appendix B vanish, and Egs (6.8) and (6.9) simplify to

0Q,1111 +2BQ 1122 + Y2222 + DP,112 + AP 222 = (@11 + 9,22) (7.2)

b@,112 + d@ 222 + Ko11P 22 + Koo 11 = 0. (7.3)

Using the values ofr and = from (7.1) and assuming there is no incremental
mechanical traction on X,
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g = k(QleslkX2 + Q2652kx2 + Q3e53kX2)ei(kX]—u)t), (7'21)

P+ = kRexetitoa—en, (7.22)
For eachi, Q; is related to P; by equation (7.18), which we re-write here as

(b — ds?)s;

= mpi, i= 1,2, 3. (723)
1

Next, we substitute the general solutions (7.20){(7.22) into the boundary con-
ditions (7.11){(7.14) to obtain

(
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from which we deduce, using the notation de ned in (6.10){(6.12), that
B=a+y, b=d (7.42)
With these values, Eq. (7.19) factorizes in the form
(s* = 1){(YKor1 —d?)s* —[yKozz +( 00— pv*) Koz —d?]s* +( a—pv?)Kozz } = 0. (7.43)
Let the solutions with positive real part be denoteds; (= 1), s, and s3. Then,

2, 2 - YKoz + (0~ pv®) Koz — d?
2T YKo11
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aQ,111 + €Q 122 + KozoP 11 + Ko11W 22 =0 (7.50)

for X2 < 0, while again (6.13) holds forx, > 0.

Using the values ofr and r from (7.48) and assuming there is no incremental
mechanical traction on x, = 0 the components of the incremental traction are
obtained from (3.25) with TIN = ty as

B*
Too1 — -
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(c+ a—Bl) ,-s,-P,-—iiRzo, (7.72)
Ho Ho
along with the connection betweenQ; and P; from (7.58):
i(a — cs?
@—Cs) p i=1.23 (7.73)

Ko115? — Kozz

Again, j signi es summation over j from 1 to 3.
As in the previous section, we have seven linear equations iR1, P2, P3, Qg,
Q2, QzandR
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Ols
OFia

ol
= 2Bia(FiyBiy), GT-G = 2(FiyBiyCapBig + FiyCypBigBia),
1A

dly dls
— =2Bja, 55— =2CqzBig,
aB]G la aB]G CGB B

&—20 coaB &—25..5
0Big VYT GFqaF  TTUTR
221,
76Fiaa|:j[3 = 2(2 FqujB — FiBFja + nyéijéch — bijéag — Cugéij) ,
0%l

9%ls

— —1F-1 -1 -1
_4|3F0(i FBJ _2|3F(Xj FB' y m

= 20ijBiaBip,

0%lg
————— = 2[§ij(CayBiyBig + cgyBiyBia) + dapFiyBiyFjsBis
+ FiyBiyFjaBig + FjyBiyFigBia + bijBiaBigl,

9%ls

_ = - + -

9%lg

- - = 2F
OFiqdByp < e tapF
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B the components ofAp,
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