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Abstract The band-gap energy and the band line-up of In-
GaAlAs quaternary compound material on InP are essen-
tial information for the theoretical study of physical prop-
erties and the design of optoelectronics devices operating
in the long-wavelength communication window. The band-
gap interpolation of In1 − x − yGaxAlyAs on InP is known
to be a challenging task due to the observed discrepancy
of experimental results arising from the bowing effect. Be-
sides, the band line-up results of In1 − x − yGaxAlyAs on InP
based on previously reported models have limited success
by far. In this work, we propose an interpolation solution
using the single-variable surface bowing estimation inter-
polation method for the fitting of experimentally measured
In1 − x − yGaxAlyAs band-gap data with various degree of
bowing using the same set of input parameters. The sug-
gested solution provides an easier and more physically in-
terpretable way to determine not only lattice matched, but
also strained band-gap energy of In1 − x − yGaxAlyAs on InP
based on the experimental results. Interpolated results from
this convenient method show a more favourable match to
multiple independent experiment data sets measured under
different temperature conditions as compared to those ob-
tained from the commonly used weighted-sum approach. On
top of that, extended framework of the model-solid theory
for the band line-up of In1 − x − yGaxAlyAs/InP heterostruc-
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ture is proposed. Our model-solid theory band line-up result
using the proposed extended framework has shown an im-
proved accuracy over those without the extension. In con-
trast to some previously reported works, it is worth noting
that the band line-up result based on our proposed extended
model-solid theory has also shown to be more accurate than
those given by Harrison’s model.

1 Introduction

The In1 − x − yGaxAlyAs quaternary alloy has drawn great
interest in the optoelectronic devices operating in the long-
wavelength region in the past two decades [1] because of the
numerous advantages that it has over its In1 − xGaxAsyP1 − y

counterpart, such as wider achievable range of refractive in-
dex [1], better material gain [2], and higher conduction band
discontinuity [3, 4]. Generally, the band-gap energy and the
band line-up of the In1 − x − yGaxAlyAs alloy on InP sub-
strate are essential information for the design of these opto-
electronic devices. However, despite their importance in the
theoretical study of physical properties and the simulation
of optoelectronic devices, there is still lack of easily applica-
ble theoretical models for the band-gap energy and the band
line-up of the In1 − x − yGaxAlyAs on InP that show close
agreement to the experimental results.

The interpolation of the band-gap energy of In1 − x − y-
GaxAlyAs, which is inherently an important element of cer-
tain band line-up model, is a difficult task due to the dis-
agreement of the linearity relationship of the band-gap to
the aluminium content [5]. The existence of non-linear de-
pendence in the band-gap energy to the aluminium content,
also known as the bowing effect, of In1 − x − yGaxAlyAs
has been well supported by the experiment [6–8] and
theoretical [9] results. Contrarily, independent measure-
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ment results [10–14] showed linear variations of band-
gap energy to the aluminium content. To date, there are a
range of interpolation techniques available for the determi-
nation of In1 − x − yGaxAlyAs band-gap energy. There is
the In0.53Ga0.47As-Al0.48In0.52As direct interpolation ap-
proach [5], but this approach is limited to lattice matched
system and not extendable for strained material systems.
Among the interpolation methods capable for the determi-
nation of strained band-gap energy, the multivariable tech-
nique [15] can only be fitted to one of the above results
at a time, whereas the weighted-sum approach [16] re-
quires tedious adjustment of independent ternary bowing
parameters to incorporate the bowing effect. Recently, an
improved interpolation method with surface bowing esti-
mations was proposed by Mei [17], but there is still lack
of a proper mechanism to address the bowing issue of
In1 − x − yGaxAlyAs on InP. Considering the disagreement
arose on the degree of band-gap bowing in the reported
results, multiple sets of interpolation input values will be
needed to match the interpolation results to the respective
experimental results if these interpolation techniques were
to be used. In this paper, an interpolation solution using
Mei’s single-variable surface bowing estimation interpola-
tion method is proposed. In contrast to the above mentioned
interpolation methods, the proposed solution addresses the
bowing effect through the adjustment of only a single para-
meter while leaving the rest of the input parameters as fixed
values, which is simple and not only applicable to lattice
matched, but also to the strained material systems as well.
Other than demonstrating the capability of the proposed so-
lution to address the bowing effect of experimental results
via single parameter, a set of material parameters suitable
for the band-gap interpolation of In1 − x − yGaxAlyAs on
InP will also be determined and presented in this work. Fur-
thermore, the possible physical meaning of the adjustable
parameter, which is resultant from mathematical derivation
in Mei’s work [17], will also be discussed.

On the other hand, simple models are essential for the
determination of material system’s band line-up for the case
of physical behaviour calculation at the device level so that
one can focus on the remaining design parameters based
on the simple models’ result. Standard simple models such
as Harrison’s model [18] and the model-solid theory [19]
had been successfully applied to the ternary alloys. How-
ever, there are limited reports on the application of these
models to the quaternary alloy which has received tremen-
dous interest in recent years in the design of a spectrum
of advanced optoelectronics devices. Band line-up results
of the In1 − x − yGaxAlyAs/InP heterostructure using Harri-
son’s model and the model-solid theory by linearly inter-
polating the band positions of individual binary compound
materials had been reported, but they were both in poor
agreement to the empirically determined results [20]. This

shows that the linear interpolation approach is inadequate
for the band line-up of In1 − x − yGaxAlyAs/InP heterostruc-
ture, and a proper quaternary interpolation framework is
needed. In this paper, an extension framework based on the
model-solid theory is proposed to cater for the accurate band
line-up determination for quaternary alloy.

In Sect. 2, analysis on the available band-gap interpola-
tion techniques, along with their underlying problems are
discussed. A solution to the interpolation problems is pro-
posed. In Sect. 3, a review on the model-solid theory is pre-
sented. A new proposed extension framework to the model-
solid theory for the determination of band line up is de-
scribed. In Sect. 4, calculated results of band-gap energy
and band line-up based on our proposed interpolation and
new framework will be presented. Our results are compared
and discussed with existing experimental measurement val-
ues and theoretical calculation results for bench marking
purposes. Lastly, a conclusion on the work will be made in
Sect. 5.

2 Analysis of the existing band-gap interpolation
methods and the new proposed interpolation solution

The most quoted, and probably the first, report of the band-
gap energy of In1 − x − yGaxAlyAs (denoted as InGaAlAs
hereafter) over a wide composition range lattice matched to
InP was published by Olego et al. in 1982. From the pho-
toluminescence (PL) measurement on the samples grown
by molecular beam epitaxy (MBE), the empirically deter-
mined band-gap energy variation of InGaAlAs to the alu-
minium content, y, was expressed as the analytical formula
below [7]:

Eg = 0.76 + 1.04y + 0.87y2 eV, (1)

with the lattice matching condition to InP substrate x + y ≈
0.47.

The non-linear term in (1) indicates that the band-gap en-
ergy of InGaAlAs cannot be interpolated by the simple and
convenient Vergard’s law which is applicable to most of the
other material parameters as follow [21]:

Q(x,y) = xPGaAs + yPAlAs + (1 − x − y)PInAs, (2)

where PGaAs, PAlAs, and PInAs are the material parameters
of GaAs, AlAs, and InAs respectively.

In practice, a bowing term was introduced to address the
non-linear behaviour when it comes to the interpolation of
the band-gap energy of this compound material. This can
be achieved by relating the band-gap energies of the two
ternary end points lattice matched to InP, represented by the
expression of (Al0.48In0.52As)z(Ga0.47In0.53As)1 − z, using
the interpolation formula given by [5]:

Eg(z) = (1 − z)Eg,GaInAs + zEg,AlInAs − z(1 − z)C, (3)
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where Eg,GaInAs and Eg,AlInAs are the band-gap energies of
Ga0.47In0.53As and Al0.48In0.52As respectively, and C is the
bowing parameter.

However, the interpolation result of (3) is only limited to
lattice matched layers. In other words, it is not capable of
determining the band-gap energy of strained InGaAlAs lay-
ers which are widely used in today’s optoelectronic devices.
Therefore, it will not be the focus of this work. Instead,
we would discuss the weighted-sum interpolation scheme,
which provides the flexibility of altering the mole fraction of
the gallium and aluminium composition independently, thus
making it possible to calculate not only the lattice matched
but strained material band-gap energy. The weighted-sum
approach takes into account the band-gap energies of all
ternary constituents, and the band-gap energy of InGaAlAs
can be found with the expressions as follow [16]:

Q(x,y) = xyTABD(u) + yzTBCD(v) + xzTACD(w)

xy + yz + xz
, (4a)

where

z ≡ 1 − x − y, (4b)

u ≡ (1 − x + y)/2, (4c)

v ≡ (1 − y + z)/2, (4d)

w ≡ (1 − x + z)/2, (4e)

and the TABD,TBCD and TACD are the band-gap energies
of the ternary alloys which may be interpolated with the ex-
pression of:

TPQR(x) = (1 − x)BPR + xBQR − x(1 − x)CPQR, (5)

where BPR and BQR correspond to the band-gap energies
of the related binary constituents and CPQR is the ternary
interpolation bowing parameter.

As mentioned in the previous section, the bowing value is
known to be contentious, and most of the bowing values are
deduced from (3) but not from the weighted-sum scheme.
For instance, fitting of Olego’s result [7] using (3) would
yield a bowing value of 0.20 eV. Other than that, bowing
values of 0.22 eV [5], and 0.257 eV [9] had also been sug-
gested by independent reports. A closer look at (4) would re-
veal that other than changing the distinctive ternary bowing
values by smart guesses, there is no direct way to adopt these
bowing values into the weighted-sum scheme. Moreover,
forcefully fitting of the results of weighted-sum scheme to
the experimental measurements with various degree of bow-
ing would only yield different sets of ternary bowing values,
resulting in a lack of common basis for the physical interpre-
tation of the interpolation results. Therefore, it is desirable
to have a mechanism of interpolation which uses only a sin-
gle set of parameters, yet the results may be easily fitted to
take into account the bowing effect.

Recently, an interpolation method with surface bowing
estimations [17] had been developed for the quaternary
III–V compound material. With the inclusion of balancing
surface bowing estimation error, the band-gap energy of
In1 − x − yGaxAlyAs may be calculated with the expression
of [21]:

Eg(x, y, z) = Eg,0(x, y, z) + �Eg(x, y, z), (6a)

where z = 1 − x − y, and the Eg,0 is the fundamental esti-
mation, given by

Eg,0 = xBGaAs + yBAlAs + zBInAs − xyCGaAlAs

− yzCAlInAs − xzCGaInAs, (6b)

with BGaAs, BAlAs, and BInAs representing the band-gap
energies of GaAs, AlAs, and InAs respectively, and the
CGaAlAs, CAlInAs, CGaInAs are the ternary bowing terms sim-
ilar to that of (5). The �Eg is known as the correction term,
which can be determined with the general expression of:

�Eg = xyz(d0 + d1x + d2y), (6c)

where d0, d1, and d2 are the arbitrarily parameters.
In contrast to the weighted-sum approach, the fitting of

the band-gap energy using the interpolation method with
surface bowing estimations does not depend on the change
of material parameters, but it is performed through the ad-
justment of the adjustable parameters in (6c). Since the
binary band-gap energies and ternary bowing values are
the basis of any quaternary interpolation method, this in-
herit nature of the surface bowing interpolation method
is deemed to provide a better fitting framework than the
weighted-sum method. However, though the surface bow-
ing interpolation method had been validated against the
In0.53Ga0.47As-Al0.48In0.52As direct interpolation approach
given in (3) [17], there is still no investigation on the applica-
bility and the effectiveness of this method on experimen-
tally measured In1 − x − yGaxAlyAs band-gap energy. Con-
sequently, the issue of bowing discrepancy is also left unad-
dressed. Moreover, with the existence of as much as three
arbitrarily adjustable parameters, the fitting process may not
be simple and multiple sets of values may arise as the solu-
tions of the fitting work.

To solve the above-mentioned issues, we propose an in-
terpolation solution which may be catered for bowing ad-
justment and applicable for both the lattice matched and
strained band-gap energy of In1 − x − yGaxAlyAs on InP.
We adopt the single-variable surface bowing interpolation
method in which the correction term in (6c) is replaced by a
single-variable expression [17].

�Eg = C0xyz, (6d)
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where the C0 is an arbitrary constant in which we will ad-
dress it as the surface bowing constant hereafter to avoid
possible confusion with the C in (3). Notice that the sur-
face bowing constant has no physical meaning in the orig-
inal work of the interpolation scheme with surface bowing
estimations [17]. In this work, attempt will be made to pro-
vide a physical meaning to the surface bowing constant. Be-
sides, suitable material parameters used for the band-gap in-
terpolation of InGaAlAs on InP will also be evaluated and
presented as part of the solution.

3 Model-solid theory with the proposed extension
framework

The simulation or theoretical studies of the physical behav-
iour of optoelectronics devices often require intense cal-
culations on various physical quantities. Therefore, simple
model or theory capable of predicting the band offsets for a
wide variety of interfaces with adequate accuracy are more
preferable than the heavy first-principle calculations based
on local density-functional theory and ab initio pseudopo-
tentials in such context. The model-solid theory [19] is based
on an absolute reference energy level, and the major distinc-
tion of the model-solid theory from other model theories,
such as the Harrison’s model [18], is that it provides a nat-
ural way of dealing with strained-layer interfaces.

Consider the growth of a thin epitaxial layer (i.e. mater-
ial 2) on another material (i.e. material 1) as shown in Fig. 1.
Given that material 1 is a substrate with relatively large layer
thickness, h1 � h2, the lattice constant of the epitaxial layer
grown on the substrate with (001) orientation in the parallel
and perpendicular directions would be:

a|| = a1, (7a)

a⊥ = a2
[
1 − 2(c12/c11)(a1/a2 − 1)

]
(7b)

Fig. 1 Reference diagram for the calculation of strain induced energy
level shift components

respectively, where a1 and a2 are the equilibrium lattice con-
stants of material 1 and material 2 respectively, and c11 and
c12 are the elastic constants of the epitaxy layer. The result-
ing strains on the epitaxial layer are given by

ε|| = a||/a2 − 1, (8a)

ε⊥ = a⊥/a2 − 1. (8b)

Without the influence of shear component induced effect,
the position of the topmost valence band is determined by
the average valence band energy level, Ev,av and the shift
due to the hydrostatic deformation potential with the expres-
sion of:

Ev = Ev,av + Δso

3
+ av(2ε|| + ε⊥)

= Ev,av + Δso

3
+ 2av

(
1 − c12

c11

)
ε||, (9)

where Δso is the spin–orbit splitting constant, and av is the
hydrostatic deformation potential for the valence band.

Since the band-gap energy of lattice matched InGaAlAs
falls within the direct band-gap region, the conduction band
is only subjected to the hydrostatic strain shift:

Ec = Ev + Eg + ac(2ε|| + ε⊥)

= Ev + Eg + 2ac

(
1 − c12

c11

)
ε||, (10)

where ac is the hydrostatic deformation potential for the
conduction band, and Eg is the band-gap energy.

On the other hand, additional splitting due to the shear
component of the strain has to be taken into account when
determining the energy level for the heavy hole, light hole,
and split-off bands, resulting in the band position expres-
sions of:

Ehh = Ev − δE

2
, (11a)

Elh = Ev − Δ0

2
+ δE

4
+ 1

2

[
Δ2

0 + Δ0δE + 9

4
(δE)2

]1/2

,

(11b)

Eso = Ev − Δ0

2
+ δE

4
− 1

2

[
Δ2

0 + Δ0δE + 9

4
(δE)2

]1/2

,

(11c)

and the δE is given by

δE = 2b(ε⊥ − ε||), (12)

where b is the shear deformation potential.
The values of the parameters mentioned above for the

related binary compound materials are listed in Table 1.
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Table 1 Parameters for the
band line-up calculation of
In1 − x − yGaxAlyAs quaternary
alloy on InP substrate [20]

a c11 c12 Δso Ev,av av ac b

(Å) (1011 dyn/cm2) (1011 dyn/cm2) (eV) (eV) (eV) (eV) (eV)

InP 5.8688 10.110 5.610 0.11 −7.04 1.27 −5.04 −1.7

GaAs 5.6533 11.879 5.376 0.34 −6.92 1.16 −7.17 −1.7

AlAs 5.6600 12.500 5.340 0.28 −7.49 2.47 −5.64 −1.5

InAs 6.0584 8.329 4.526 0.38 −6.67 1.00 −5.08 −1.8

Since the model-solid theory is known for its capabil-
ity of producing good results for the In0.53Ga0.47As/InP
and Al0.48In0.52As/In0.53Ga0.47As interfaces [19], it is ex-
pected that it would produce an acceptable result for
In1 − x − yGaxAlyAs/InP interface even by using the sim-
ple linear interpolation technique only. Therefore, it is com-
monly accepted that for the case of quaternary compound
material such as InGaAlAs, the parameters can be linearly
interpolated from the constituent binary materials using the
Vergard’s law [see (2)], with the exception for the band-gap
energy. However, it was found that such approach would
lead to a result in poor agreement to the empirical result [20].
Hence there is a need to devise a better interpolating ap-
proach for the band line-up of InGaAlAs/InP using model-
solid theory.

A closer look on the application of the model-solid the-
ory to the ternary alloys [19] reveals that the energy level
correction term is needed for ternary alloy AxB1 − xC with
significant lattice mismatch as [22]:

Ei(x) = xEi(AC) + (1 − x)Ei(BC)

+ 3x(1 − x)
[−ai(AC) + ai(BC)

]�a0

a0
(13)

where Ei is the energy level of interest, ai is the volume
coefficients of the corresponding energy level, and the �a0

and a0 are the lattice mismatch value, and the lattice con-
stant linearly interpolated with Vergard’s law respectively.

In order to take advantage of the known accuracy of
the band line-up of In0.53Ga0.47As/InP and Al0.48In0.52As/
In0.53Ga0.47As heterostructures using model-solid theory,
we propose the following quaternary framework, which
takes into account the lattice mismatch term according to
the scheme outlined in the following main sequential steps:

i. Determination of parameter a0 for the Ga1 − uAluAs,
Al1 − vInvAs, and Ga1 − wInwAs using the Vergard’s
law.

ii. Calculation of Ev,av for the Ga1 − uAluAs, Al1 − vInvAs,
and Ga1 − wInwAs separately using (13), where ai in this
case is the hydrostatic deformation potential for the va-
lence band.

iii. Obtain the quaternary Ev,av by relating the ternary val-
ues using the weighted-sum approach.

iv. The quaternary value of the other parameters, such as
c11, c12, Δso, ac, av, and b may be interpolated by Ver-
gard’s law.

v. The energy band levels are then calculated by following
the ordinary band line-up procedure with (7)–(12) using
either the experimental band-gap energy, or the interpo-
lated band-gap energy.

With our proposed framework, the band line-up result
will reduce to the band line-up of the respective ternary alloy
if one of the x, y, or z composition is set to zero. There-
fore, previously established agreement of the model-solid
theory’s results to the ternary alloys can be assumed, and
only assessment of the band line-up results at the middle
composition range is needed to verify the validity of the pro-
posed framework.

4 Results

In order to have a more comprehensive analysis which ex-
amines the accuracy of the interpolated results at various
temperature, the temperature-dependent band-gap energy of
the binary compound materials in (6) are calculated using
the Varshni’s empirical formula given by [23]:

Eg(T ) = Eg(T = 0) − αT 2

T + β
(14)

where α and β are arbitrary constants, and T is the temper-
ature in Kelvin.

In this work, most of the values of the band-gap parame-
ters are extracted from [5]. However, the set of parameters
in [5] is not capable to describe the temperature-dependent
band-gap energy of In0.53Ga0.47As within acceptable range
due to the wide range of difference among the reported val-
ues. Therefore, it is important to obtain a suitable set of pa-
rameters prior to the demonstration of the proposed interpo-
lation solution. To illustrate the reasoning behind this, the
temperature-dependent band-gap energy of In0.53Ga0.47As
interpolated from the single-variable surface bowing estima-
tion interpolation approach at default state (i.e. C0 = 0) is
shown in Fig. 2. The dotted curve in Fig. 2 represents the
experimental results of those with higher energy values, and
it is generated using the values recommended by [5]. On
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Fig. 2 Fitted band-gap energy of In0.53Ga0.47As from the sin-
gle-variable interpolation approach at default state, together with the
comparison of experimental data from various sources

the other hand, the dash-dot curve represents the results of
those with lower energy values, and it is obtained by fitting
the interpolation curve to those of Gaskill et al. [24]. The
experimental band-gap values in the same figure was ob-
tained from the reports studying the composition-dependent
band-gap energy of InGaAlAs [6–8, 10–14]. As observed
in Fig. 2, due to the wide spread of experimental band-gap
values at near 0 K and also 300 K, it is difficult to find a
single curve that matches all of the experimental data. The
dotted curve is near the median of the data at 300 K, whereas
the dash-dot curve shows a better match to the data near
0 K. Therefore, in this work, we had fitted the results in
such a way that it passes near the median of the data at
both near 0 and 300 K, and the result is shown as the solid
curve. The solid curve is within the experimental error of
the PL measurement on zero mismatch InGaAs grown on
semi-insulating InP substrates at 7 K [25], and the 300 K
band-gap energy was fitted to the widely accepted value of
0.75 eV [26, 27]. The values of all fitting parameters used
are listed in Table 2 for the ease of reference. The solid-
line result from Fig. 2 together with the other commonly
accepted values from [5] are used for the subsequent parts
of the manuscript.

Figure 3 shows the interpolated band-gap energy of In-
GaAlAs lattice matched to InP at 300 K. The interpola-
tion result using weighted-sum approach is also plotted
in Fig. 3 for comparison. As shown in Fig. 3, both in-
terpolation results have the same end points which cor-
respond to the ternary band-gap values of In0.53Ga0.47As
and Al0.48In0.52As, but the weighted-sum result overesti-
mated the band-gap value at the middle of the aluminium-
content range. On the other hand, the interpolated curve us-
ing single-variable surface bowing estimation interpolation
approach has a slight s-shape when the correction term is

Table 2 Fitted values for the band-gap parameters of InGaAs alloy
lattice matched to InP shown in Fig. 2

E�
g,GaAs

(eV)

α�
GaAs

(meV/K)

β�
GaAs

(K)

CGaInAs

Dotted linea 1.519 0.5405 204 0.4770

Dash-dot lineb 1.420c 0.6755 550 0.3824

Solid line—This work 1.420c 0.5120 670 0.3715

aFrom [5]
bFitted to [24]
cFrom [31]

Fig. 3 Interpolation results of In1 − x − yGaxAlyAs lattice matched to
InP from two interpolation schemes, calculated using the same set
of input values, at 300 K. The solid line represents the result of sin-
gle-variable interpolation approach at default state, whereas the results
by weighted-sum approach is shown in dash-dot curve

neglected (i.e. C0 = 0), and the results fall in between of the
experimental measurement values reported in [10, 12, 13].
As an additional step to verify the band-gap energy at the
middle of the aluminium-content range, the interpolation re-
sults at y = 0.30 to the experimental measured result [28] of
1.18 eV are compared. Our calculation from single-variable
interpolation approach gives a value of 1.174 eV, as com-
pared to the weighted-sum’s value of 1.209 eV, is closer to
the measurement result at y = 0.30.

To further validate the performance of the single-variable
interpolation approach, the result is compared to the experi-
mental band-gap energies at low temperatures, as shown in
Fig. 4. The interpolation result is in good agreement with
the experimental data measured at 4.2 K [13], 5.5 K [12],
and 10 K [11] respectively. The interpolated values matched
well and exhibit a maximum deviation of 0.027 eV from the
experimental data.

In order to address the bowing effect of the band-gap en-
ergy, the surface bowing term in (6c) may be facilitated to
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Fig. 4 Comparison of the InGaAlAs band-gap energy values calcu-
lated from single-variable interpolation approach at default state in this
work to the experimental values under various measurement tempera-
tures

Fig. 5 Interpolation results fitted to experimental data with non-linear
dependence of band-gap energy to aluminium content by adjusting the
surface bowing constant, C0 only

fit the experimental data. The interpolation results best fitted
to the experimental data, together with the respective sur-
face bowing value C0 determined from the standard least-
square fitting approach are given in Fig. 5. Note that the
two end points of the interpolated results bow to higher en-
ergy vales and the band-gap energy at the middle range is
reduced when the bowing effect is more significant. The in-
terpolation scheme is not only capable of producing a result
fitted well to the commonly accepted Olego’s result [7], but
also to Böhrer’s result [6] with even greater bowing effect.
This indicates that it is possible to fit the interpolated band-
gap energy to the results with different degree of bowing
by changing the C0 alone. To fit the same experimental re-
sults using weighted-sum approach would need the change

of three ternary bowing values, thus complicate the process.
The same applies to the surface bowing estimation interpo-
lation method with three arbitrary variable [i.e. (6c)]. Fur-
thermore, with the close agreement of the interpolated lat-
tice matched band-gap energy under different bowing con-
ditions, it is possible to extrapolate the strained band-gap
energy based on our proposed solution. One would only
need to alter the surface bowing constant to fit the inter-
polated result to the concerned experimental results. Such
a fitting approach is similar to the adjustment of bowing
parameter in the In0.53Ga0.47As-Al0.48In0.52As direct inter-
polation approach [i.e. (3)]. With the use of consistent set
of material values, the results would be maintained rational
even with the use of different bowing values. It will be valu-
able for the input of device’s simulation study as different
researchers may choose to adhere to different experimental
results.

Both Böhrer et al. [6] and Olego et al. [7] had explained
that the non-linearity behaviour in Fig. 5 was probably due
to alloy disorder. Assuming that this explanation is valid,
it may be justified that C0, an arbitrary constant which has
no definite physical meaning in the original work of the in-
terpolation scheme with surface bowing estimations [17], is
dependent on the degree of alloy disorder, and a higher mag-
nitude of C0 value indicates a more severe alloy disorder
effect. Similarly, a zero C0 value can be interpreted as In-
GaAlAs data sets with minimal alloy disorder, thus giving a
band-gap energy linearly dependent on the aluminium com-
position.

Generally, an accurate interpolation work should produce
results with small mean of deviation, Δ and small maximum
of deviation, Δmax from the experimental data set. Of all the
measurement results presented in Figs. 3 and 4, the inter-
polation results with single-variable interpolation approach
have smaller Δ and Δmax than the weighted-sum approach.
For some cases, our interpolation results are even better than
the relatively simpler analytical expressions. Listed in Ta-
ble 3 is the selected comparison of Δ and Δmax between
the weighted-sum interpolation, single-variable interpola-
tion approach, and analytical formula. It is shown, from the
comparison of Δ and Δmax in Table 3, that our interpolation
results are at least on par to, if not better than, that of the
analytical formulas.

With regard to the evaluation of In1 − x − yGaxAlyAs/InP
heterostructure interface band line-up, Minch et al. had
shown that the Harrison’s model matches closer to the em-
pirical results than the model-solid theory [20]. Although
Minch’s comparison graph contains a minor flaw, observa-
tion from the corrected graph indicates that the conclusion
made by Minch et al. still hold true [29]. Figure 6 depicts the
calculations results adopted from [20] which are compared
against the empirical formula [6]. On the other hand, our
calculation result, using the same input values in [20], based
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Table 3 Comparison of mean deviation, Δ and maximum deviation, Δmax of the interpolated and analytical formulas results from the experimental
values

Mean deviation, Δ (meV) Max deviation, Δmax (meV)

Weighted-sum Single variable Analytical formula Weighted-sum Single variable Analytical formula

Kopf et al.a (300 K) 22.49 13.50 14.18 42.64 37.23 32.36

Praseuth et al.b (10 K) 30.70 12.97 27.48 53.36 26.54 53.98

Böhrer et al.c (2 K) – 11.30 24.18 – 27.12 59.62

aFrom [12]: Eg = 0.752 + 1.453y

bFrom [11, 32]: Eg = 0.80 + 1.58y

cFrom [6]: Eg = 0.81 + 0.036y + 2.96y2

Fig. 6 Comparison of the calculated conduction band offsets for
In1 − x − yGaxAlyAs lattice matched to InP to the empirical result in
[6]. The dash and dotted line are adjusted according to the calcula-
tion in [20], whereas the solid and dash-dot lines are calculated from
model-solid theory with quaternary extension framework

on the proposed extension framework is shown in Fig. 6
with a solid line. It is evident that the model-solid result in
this work exhibits an improved accuracy over the previous
model-solid result in [20]. Since the band-gap energy is an
important element in determining the accuracy of the band
line-up result in model-solid theory, attempts had been made
to fit the result using other sets of band-gap energy. The
dash-dot line in Fig. 6 records the best result of the model-
solid theory with extension framework calculated using the
linear band-gap result from our single-variable interpolation
approach given in Fig. 4. Due to the close proximity of the
dash-dot line to the result from Harrison’s model, a more de-
tailed comparison is given in Fig. 7, whereby the deviations
of the calculated conduction band offset values to the empir-
ical formula [6] are presented. As observed in Fig. 7, result
derived from our extended framework has shown smaller de-
viation to the empirical result than those predicted from the
Harrison’s model, and its deviation from the empirical re-

Fig. 7 The difference of the calculated conduction band offsets from
the empirical result in [6]. The dash line represents the results of
Harrison’s model according to [20], and the dash-dot line repre-
sents the best result of model-solid theory with quaternary extension
framework

sult is always less than 35 meV. The comparison of the three
model-solid results in Fig. 6 demonstrates that the inclusion
of the proposed extension framework, together with a proper
choice of band-gap energy may substantially improve the
accuracy of the conduction band offset energy produced by
model-solid theory.

Since there is a lack of experimental band line-up re-
sult of In1 − x − yGaxAlyAs on InP over a wide composi-
tion range, we further verify the findings by comparing
InGaAlAs/Al0.48In0.52As band line-up results to the theoret-
ical calculation results using the first-principles pseudopo-
tential method under virtual crystal approximation [30], as
shown in Fig. 8. The solid line in Fig. 8 is calculated using
the model-solid theory with the proposed extension frame-
work, and the results from the Harrison’s model and the
model-solid theory in [20] are given in dash lines and dotted
line, respectively for comparison purpose. Figure 8 shows
that among the three band line-up results, the band offsets



A convenient band-gap interpolation technique and an improved band line-up model for InGaAlAs on InP 485

Fig. 8 Conduction band offset �Ec and valence band offset �Ev
energies for In1 − x − yGaxAlyAs/InAlAs interface lattice matched
to InP

produced from model-solid theory with extension frame-
work give the most accurate band offsets description with
respect to the first-principle result. It is worthwhile to note
that our results from model-solid theory with quaternary
extension framework lies within the 0.03 eV error bar of
the first-principle calculation for the entire range of alu-
minium composition, which is remarkably good since the
model-solid theory was expected to give results typically
within ±0.2 eV to the values obtained from the typical
self-consistent calculations [19]. The good agreement of the
band offset values produced indicates that the effectiveness
of the proposed framework in extending the model-solid
theory to describe the band line-up of InGaAlAs/InP het-
erostructure interface. Moreover, in contrast to the argument
made in [20], we have demonstrated, in Figs. 6–8, that our
extended framework can well be more accurate than the Har-
rison’s model.

5 Conclusion

An InGaAlAs band-gap interpolation approach capable of
giving a good band-gap result under different temperature
and bowing conditions is proposed. The interpolation re-
sults are verified against various sets of experiment results
and agree well with the experimental values measured at
the temperatures of 2, 4.2, 5.5, 10, 295, and 300 K. The
proposed approach is better than the more conventional
weighted-sum approach in terms of accuracy and ease of fit-
ting to experimental results with significant alloy disorder
by adjusting a single variable, while maintaining the same
set of the material input values. In addition, a new interpo-
lation framework based on model-solid theory for the band

line-up of In1 − x − yGaxAlyAs on InP is suggested. The re-
sults of band line-up calculation using this simple extended
framework are shown to be in good agreement with the re-
sult from first-principle calculation as well as shown to be
more accurate in comparison to the model-solid theory with-
out extended framework and also the Harrison’s model. The
band-gap interpolation and the band line-up methods pro-
posed in this work would be useful to provide simple and
accurate means for any future design and study of optoelec-
tronic devices based on In1 − x − yGaxAlyAs quaternary sys-
tems.
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