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Random Dopant Induced Threshold
Voltage Lowering and Fluctuations in
Sub-0.1 m MOSFET’s: A 3-D
“Atomistic” Simulation Study
Asen Asenov

Abstract— A three-dimensional (3-D) “atomistic” simulation
study of random dopant induced threshold voltage lowering
and fluctuations in sub-0.1 m MOSFET’s is presented. For
the first time a systematic analysis of random dopant effects
down to an individual dopant level was carried out in 3-D on
a scale sufficient to provide quantitative statistical predictions.
Efficient algorithms based on a single multigrid solution of
the Poisson equation followed by the solution of a simplified
current continuity equation are used in the simulations. The
effects of various MOSFET design parameters, including the
channel length and width, oxide thickness and channel doping,
on the threshold voltage lowering and fluctuations are studied
using typical samples of 200 atomistically different MOSFET’s.
The atomistic results for the threshold voltage fluctuations were
compared with two analytical models based on dopant number
fluctuations. Although the analytical models predict the general
trends in the threshold voltage fluctuations, they fail to describe
quantitatively the magnitude of the fluctuations. The distribution
of the atomistically calculated threshold voltage and its correlation with the number of dopants in the channel of the MOSFET’s
was analyzed based on a sample of 2500 microscopically different
devices. The detailed analysis shows that the threshold voltage
fluctuations are determined not only by the fluctuation in the
dopant number, but also in the dopant position.
Index Terms— Fluctuations, MOSFET, numerical simulation,
3-D, threshold.

I. INTRODUCTION

A

T the end of the silicon roadmap [1] in the year 2012, the
feature size of integrated MOSFET’s will be below 50
nm. However, individual devices with channel length below
50 nm have already been fabricated and characterized by
several research groups [2], [3]. Full scale complementary
metal-oxide-semiconductor (CMOS) technology based on 50
nm transistors has also been reported [4]. The steady lowering
of the supply voltages, to reduce the power consumption
and to hold the reliability, will make the systems based on
such devices more sensitive to fluctuations in the device
characteristics. Even if the fluctuations associated with lithographic dimensions and layer thicknesses are well controlled,
random fluctuation of the relatively small number of dopants
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and their discrete microscopic arrangement in the channel of
sub-0.1 m MOSFET’s will lead to significant variations in
the threshold voltage and drive current. The problem was
pointed out in the early seventies [5], [6] and first treated
analytically and numerically in [7]. The predicted threshold
voltage fluctuations were experimentally confirmed for a wide
range of fabricated and measured MOSFET’s [8]–[10] down
to sub-0.1 m dimensions [11]–[14]. Such fluctuations may
seriously affect the functionality [15], performance, and yield
of the corresponding systems.
Several analytical models with different degrees of complexity, describing the random dopant induced threshold voltage
fluctuations in MOSFET’s, have been developed over the years
[7], [8], [10], [16], [17]. Two-dimensional (2-D) numerical
simulations have also been used to study, to some extent
artificially, the effects of random dopant fluctuations in devices
with a channel length down to 0.1 m [7], [18], [19]. Doping
density fluctuations at each discretization node are introduced
in such 2-D simulations through the statistical fluctuation
of the random number of dopants in the volume associated
with the node, depending on the width of the device. A
similar approach has been adopted in the few published threedimensional (3-D) simulation studies [18], [20]. It is, however,
clear that the detailed study of effects associated with the
number fluctuations and the individual microscopic random
distribution of the dopant atoms in sub-0.1 m MOSFET’s
requires 3-D simulations with fine grain discretization on a
statistical scale. This is a computationally demanding task
and very few 3-D “atomistic” simulation studies of random
dopant fluctuation effects in MOSFET’s have been published
until now. In [21] for the first time, full scale 3-D “atomistic”
drift-diffusion simulations were presented for a limited set of
three transistors with channel length 100, 70, and 50 nm using
statistics based on 24 microscopically different samples at each
one channel length. In [22], the principles of 3-D “atomistic”
hydrodynamic simulations were illustrated but no analysis of
fluctuation phenomena on a statistical scale was carried out.
In this paper, we present a systematic 3-D “atomistic“
simulation study of random dopant induced threshold voltage
lowering and fluctuation in sub-0.1 m MOSFET’s on a large
statistical scale, involving samples of hundreds and thousands
of microscopically different devices. The next section gives the
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details of our simulation approach. Section III summarizes the
results for a wide range of sub-0.1 m devices with different
channel lengths, channel widths, doping concentrations, and
oxide thicknesses. It highlights also some of the problems
associated with the control of the threshold voltage and its
fluctuations in such devices. In Section IV, we discuss in
more detail the origin of the threshold voltage fluctuations,
making an attempt to disentangle the contributions from the
dopant number fluctuations and from their random microscopic
arrangement in the gate controlled depletion layer.
II. SIMULATION TECHNIQUE
The computing power, typically available today, is still
insufficient for carrying out 3-D “atomistic” simulations on
a large statistical scale, even in a conventional drift-diffusion
context. We focus our analysis only on the random dopant
induced threshold voltage lowering and fluctuations in MOSFET’s with sub-0.1 m channel lengths. To substantially
reduce the computation time all simulations and the threshold
voltage extraction are carried out at a low drain voltage. This
allowed us to use a single 3-D solution of the nonlinear Poisson
equation at each bias point. At room temperature Boltzmann
statistic is used for the electron and hole concentrations in
the charge density term of the Poisson equation. At low
drain voltage, the current for each bias point is calculated by
solving a simplified current continuity equation, based on the
majority carrier concentration obtained from the solution of
the Poisson’s equation. The threshold voltage is determined by
A and an efficient
using a current criteria of 10
search algorithm.
A typical solution domain for a MOSFET with an effective
50 nm and an effective channel width
channel length
50 nm is illustrated in Fig. 1. The “atomistic” region
with random dopants under the gate is outlined in the picture.
A 3-D solution of the Poisson equation, based on a uniform finite difference grid in such “atomistic” simulations, represents
correctly the potential and the field associated with a single
dopant only for distances larger than three mesh spacings from
the node to which the dopant is assigned [23]. In order to
resolve the effects associated with random discrete dopants
down to an individual dopant level in sub-0.1 m devices, we
use a uniform grid with a mesh spacing typically 1 nm in
the random dopant region. The average number of dopants in
this region is calculated by integrating the continuous doping
distribution within it. The actual number of dopants in the
region is chosen from a Poisson distribution with a mean
equal to the calculated average dopant number. Impurities
with a probability distribution corresponding to the continuous
doping distribution are placed randomly in the random dopant
region using a rejection technique. They are assigned to the
.
nearest point of the grid, introducing a charge density
The Poisson equation at a particular gate voltage is solved
for a zero voltage applied between the source and the drain.
Then, in the case of an n-channel MOSFET for example, the
associated with low applied drain voltage
current density
is calculated by solving the continuity equation
0 with
where
is the local conductivity and

is the electric field associated with the applied drain voltage.
This leads to the following elliptic equation for the potential
driving the current
(1)
is the electron mobility and
is the electron
where
concentration calculated from the solution of the Poisson
equation. For properly scaled MOSFET’s it is usually enough
to solve (1) in a solution domain extending from the Si/SiO
interface down to less than 10 nm in the semiconductor. The
0 at the source contact,
boundary conditions are
at the drain contact, and zero normal derivative of
at all
other boundaries of the solution domain. In contrast to the
standard drift-diffusion equation [24], the discretization of (1)
leads to a symmetrical positive definite matrix which can be
solved using standard iterative techniques.
The sharp variations in the potential resulting from the
discrete nature of the charges on short length scales have an
adverse effect on the convergence of most iterative solvers
[23]. We have developed a multigrid solver for the solution
of the Poisson and current continuity equations. It is very
efficient, reducing both the long range residual components
associated with the boundary conditions and the short range
residual components associated with the discrete dopants in
iteration cycle.
one
The whole simulator is written in a memory saving manner.
In the case of a uniform grid, due to the extremely simple
structure of the coefficients for a seven-point finite difference
discretization star, and the simplicity of the multigrid solver,
we do no use memory to store any matrices. This allows us
70
200 node problem, without paging, on
to run a 50
processing nodes with 32M RAM. Approximately three hours
are required on a PowerMouse 4 processor Parsytec system,
to accumulate statistics for the threshold voltage in a sample
50
of 200 microscopically different MOSFET’s with a 50
70 nm grid.
III. SIMULATION RESULTS
A. Setting the Scene
Our simulations are centered around MOSFET’s with an
50 nm representing the level
effective channel length
of the technology expected near the end of the roadmap. The
effective channel length is defined as the distance between
the metallurgical pn junctions of the source and the drain
at the Si/SiO interface. The channel width in most of the
50 nm. For comparison with analytical
simulations is
models, and an easier interpretation of the results, a uniform
acceptor concentration is adopted in the random dopant region.
Standard 2-D simulations shows that a doping level of
5
10 cm
is required to efficiently suppress the short
channel effects around the 50 nm channel length barrier. The
3 nm
typical oxide thickness in the simulations is
and the source/drain junction depth of all simulated devices
7 nm. However, both
, and
are
is
varied in the different simulation experiments in order to
investigate their effect on the threshold voltage lowering and
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Fig. 1. Solution domain and potential distribution in the “atomistic” simulation of a 50

fluctuations. A gate workfunction of 4 eV is used to emulate
an n-type polysilicon gate but no polysilicon depletion effects
are included in the simulations.
Based on previously published results [10], [14] we adopted
the hypothesis that the threshold voltage fluctuations associated with random dopants follow a normal distribution. If
the standard deviation of the threshold voltage for the whole
, the
population of microscopically different transistors is
and the standard deviation
mean threshold voltage
estimated from a simulation sample with size
will have
and
standard deviations
which determine the size of the error bars in our figures.
Typically samples of 200 microscopically different MOSFET’s
are simulated for each combination of macroscopic device
, and
. For such samples
parameters such as
is, for example, 5% of
.
the value of
B. Channel Length
The “atomistically” simulated average threshold voltage
for a set of MOSFET’s with different channel lengths
of devices
is compared in Fig. 2 to the threshold voltage
with continuous doping. In the same picture, as an insert, the
and
is also shown. As pointed
difference between
out in [21] the “atomistic” simulations predict lowering in the
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2 50 nm MOSFET.

threshold voltage compared to continuous doping simulations.
The lowering increases rapidly below a 50-nm effective channel length and reaches almost 0.1 V in a 30-nm MOSFET.
This threshold voltage lowering will partially compensate the
increase in the threshold voltage associated with quantum
mechanical effects [25] in short, heavily doped MOSFET’s,
not taken into account in our simulations. No analytical
models predicting the random dopant related threshold voltage
lowering are available at present. From Fig. 2, it is clear that
the threshold voltage roll-off for doping concentration
5
10 cm starts at 50 nm, even at a low drain voltage. The
random dopant related threshold voltage lowering contributes
to this short channel effect.
obThe standard deviation in the threshold voltage
tained from our “atomistic” simulations is compared in Fig. 3
to the simple analytical models proposed in [8] and [16]. The
in [8] can be presented in the following
expression for
form:
(2)
is the permitivity of the gate oxide and
is
where
the width of the depletion layer under the gate. For uniform
doping under the gate the analytical model in [16] introduces
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Fig. 2. Comparison of “atomistically” simulated average threshold voltage
VT and the threshold voltage VT 0 of devices with continuous doping for a
50 nm, NA
5
set of MOSFET’s with different channel length. We
1018 cm03 , and tox
3 nm. Samples of 200 transistors.

Fig. 4. Difference between the atomistically calculated average threshold
voltage VT and the continuous doping threshold voltage VT 0 as a function
of the channel width. Le
50 nm, NA
5
1018 cm03 , and tox
3
nm. Samples of 200 transistors.

Fig. 3. Comparison of the standard deviation in the threshold voltage VT
obtained from “atomistic” simulations and the analytical models proposed in
[8] and [16] for a set of MOSFET’s with different channel length. We
50 nm, NA 5 1018 cm03 , and tox 3 nm. Samples of 200 transistors.

Fig. 5. Comparison between atomistically calculated standard deviation
VT as a function of the channel width and the analytical models in [8] and
[16]. Le
50 nm, NA
5
1018 cm03 , and tox
3 nm. Samples
of 200 transistors.

a correction factor of 2/
to (2). The atomistically calculated
dependence predicted
standard deviation follows the 1/
by the analytical models, but its magnitude is larger. The
disagreement is possibly due to the fact that the analytical
models take into account only the fluctuations in the total
charge controlled by the gate, resulting from the dopant number fluctuations in the depletion layer, but do not incorporate
effects associated with the random microscopic arrangements
of the individual dopants. The disagreement increases at
shorter channel length but we do not observe a strong need
for the short channel corrections proposed in [9].

illustrates the difference between the atomistically calculated
and
for transistors with
average threshold voltage
different channel widths. Note that for the simulation of the
0.4 m in this figure a 70
50
MOSFET with
400 node grid was used, involving the solution of a system
of 1 400 000 equations. We observe a steady increase in the
random dopant induced threshold voltage lowering with the
.
increase of
The dependence of the atomistically calculated standard
as a function of the channel width is compared
deviation
in Fig. 5 with the analytical models from [8] and [16]. Similarly to the channel length dependence, the analytical models
describe qualitatively well the trends in the channel width
dependence, but fail to predict quantitatively the magnitudes
,
of the threshold voltage fluctuations. An extrapolation of
based only on the atomistic results for a MOSFET with
50 nm and assuming 1/
dependence is also plotted
in the same figure. The extrapolation slightly departs from
the atomistic results for the widest simulated device, but in

h i

=

=

= 2

=

= 2

=

B. Channel Width
The conventional channel width effects are excluded from
our simulations by using symmetry boundary conditions in
the channel width direction. Thus, the threshold voltage
calculated for device with
50 nm and continuous doping
5 10 cm is independent of the width
distribution
and equal to 0.714 V. Fig. 4
of the simulation domain

h i

=

=

= 2

= 2

=

=
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TABLE I
COMPARISON BETWEEN “ATOMISTIC” RESULT IN THIS WORK AND IN [20]

h i

Fig. 6. Comparison of the doping concentration dependencies of VT and
VT 0 for transistors with Le
We
50 nm and tox
3 nm. Samples
of 200 transistors.

=

=

=

h i

Fig. 8. Dependence of VT and VT 0 on the oxide thickness for a MOSFET
with Le
5
1018 cm03 . Samples of 200
We
50 nm, and NA
transistors.

=

=

= 2

Our results for a MOSFET with
50 nm,
3 nm and doping concentration
1
10
cm
are in a good agreement with the results published
in [21] for a similar device, bearing in mind the statistical
uncertainty associated with the size of the samples used in
both investigations. A detailed comparison is given in Table I.
Fig. 7. Comparison between the atomistically calculated doping concentration dependence of VT and the analytical models in [8] and [16].
Le
We
50 nm and tox
3 nm. Samples of 200 transistors.

=

=

=

general the agreement is good. This suggests that atomistic
simulations of relatively narrow devices can be used to predict
the matching properties of transistors with a larger
ratio.
C. Doping Concentration
and
In Fig. 6 the doping concentration dependences of
are compared for transistors with
50 nm
3 nm. The insert in the same figure shows that the
and
random dopant induced threshold voltage lowering increases
almost linearly with the increase in the doping concentration.
In Fig. 7 the atomistically calculated doping concentration
is compared with the analytical models in
dependence of
1 10
[8] and [16]. At a low doping concentration,
cm , the discrepancy between the atomistic results and the
analytical model in [16] is less than 10% but increases rapidly
with the increase of the doping concentration. Obviously the
is stronger than the
doping concentration dependence of
dependence adopted in the examined analytical models.

D. Oxide Thickness
Taking into account the encouraging results reported in
[26], the investigation of the effect of the oxide thickness
on the threshold voltage fluctuations is extended down to
and
tunneling oxide thicknesses. The dependencies of
as a function of the oxide thickness for MOSFET’s with
50 nm, and doping concentration
5
10 cm are shown in Fig. 8. As expected the dependence
is smaller than the slope of
is linear but the slope of
giving rise to an almost linear increase in the random dopant
induced threshold voltage lowering with the increase in the
oxide thickness (see the insert in Fig. 8).
The atomistically calculated oxide thickness dependence
is compared with the prediction of the analytical
of
models from [8] and [16] in Fig. 9. Both the atomistic and
with the
the analytical results show a linear increase of
oxide thickness. However, the slope of the atomistic results is
almost 1.5 higher than the prediction of the analytical model
in [16].
IV. ANALYSIS
To test the hypothesis that the random dopant induced
threshold voltage fluctuations follow a normal distribution we
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Fig. 9. Comparison of the atomistically calculated oxide thickness depenWe
50
dence of VT with the analytical models in [8] and [16]. Le
nm and NA
5
1018 cm03 . Samples of 200 transistors.

=

= 2

=

Fig. 10. Threshold voltage frequency distribution and the corresponding
normal distribution for a random sample of 2500 microscopically different
transistors with Le
We
50 nm, NA
5
1018 cm03 and tox
3 nm.

=

=

= 2

=

Fig. 11. Threshold voltages in a sample of 2500 microscopically different
transistors as a function of the number of dopants in the depletion layer.
Le
We
50 nm, NA
5
1018 cm03 and tox
3 nm.

=

=

= 2

=

Fig. 12. Standard deviations of the threshold voltage VT extracted from
different subsamples, with constant number of dopants in the depletion region
in each subsample.

TABLE II
FIRST FOUR MOMENTS OF THE VT DISTRIBUTION FROM FIG. 10

use a sample of 2500 microscopically different transistors with
50 nm,
5
10 cm , and
3 nm. The threshold voltage frequency distribution and the
corresponding normal distribution are compared in Fig. 10.
probability
The goodness of fit for the data is excellent with
0.21. There is, however, a visual indication that
the threshold voltage distribution is slightly positively skewed.
This is confirmed by the calculated Pearson second coefficient
of skewness which has a value of 0.13 for the above data. The
first four moments of the threshold voltage distribution from
Fig. 10 are summarized in Table II.
The analytical models, used for comparison with our atomistic results in the previous section, are based on the common

Fig. 13. Correlation coefficient between VT and the number of dopants at
different positions below the Si/SiO2 interface.

understanding of the threshold voltage fluctuations in terms of
fluctuations of the number of dopants in the depletion region.
However, in all comparisons the atomistic simulations predict
higher level of fluctuations than the analytical models. In order
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to understand this discrepancy we investigated the correlation
between the threshold voltage and the number of dopants in the
depletion layer for the above sample of 2500 MOSFET’s. The
numbers of dopants used for this correlation are counted in a
layer with thickness corresponding to the maximum depletion
layer width of a continuously doped sample at threshold. For
5
10 cm the maximum
a doping concentration
depletion layer width is 13.6 nm and the average number
50 nm
of dopants in the channel depletion layer of a 50
transistor is 170. Fig. 11 displays the dependence between the
threshold voltage and the number of dopants in the depletion
layer for all 2500 transistor in the sample. It is clear that even
for transistors with equal numbers of dopants in the depletion
layer there is still a strong variation in the threshold voltage
which has to be attributed to the microscopic arrangements of
the dopants within the depletion layer.
The 2500 transistors of the whole sample are further
grouped in subsamples with a constant number of dopants in
the depletion region for each subsample. Standard deviations
extracted from several such
of the threshold voltage
subsamples are shown in Fig. 12. The standard deviations in
these subsamples are lower but rather close to the standard
deviation of the whole sample. This means that the random
arrangement of a constant number of dopants in the depletion
layer can be responsible for a significant portion of the
threshold voltage fluctuations.
However, the described correlation between the threshold
voltage and the number of dopants in the depletion layer is
to some extent ambiguous because both the dopant number
and position fluctuations themselves introduce fluctuations
and nonuniformity in the channel depletion width. The solid
line in Fig. 13 represent the correlation coefficient between
the threshold voltage and the number of dopants in a layer
with thickness , measured from the Si/SiO interface, as a
function of this thickness. The correlation coefficient increases
until the layer thickness reaches 10 nm and then falls. The
maximum value of the correlation coefficient does not exceed
0.67 which confirms the conclusions that not only the numbers
but also the arrangement of the dopants in the depletion layer
has a significant contribution to the threshold fluctuations.
Clearly all of the dopants in the depletion layer contribute
to the increase of the correlation coefficient with . It may be
argued that the average depletion layer width is related to the
maximum of the correlation coefficient. This in turn leads to
the conclusion that the average depletion layer in the atomistic
devices is somewhat narrower than the 13.6 nm estimated from
a continuous doping distribution. The dashed line in Fig. 13
represent the dependence of the correlation coefficient between
the threshold voltage and the number of dopants in a layer with
thickness 1 nm, as a function of the distance of this layer from
the Si/SiO interface. Clearly the dopant which are closer to
the interface have a larger influence on the threshold voltage
fluctuations.
How the individual distribution of dopants affects the
threshold voltage becomes clearer from Fig. 14(a) and (b)
where the potential distributions at the Si/SiO interface of
two microscopically different MOSFET’s are compared. The
two devices have the same number of 170 dopants in the
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(a)

(b)
Fig. 14. Potential distributions at the Si/SiO2 interface of two microscopically different MOSFET’s both with 170 dopant atoms in the channel depletion
region. (a) MOSFET with threshold voltage 0.78 V and (b) MOSFET with
threshold voltage 0.56 V.

channel depletion region but the transistor from Fig. 14(a)
has a threshold voltage of 0.78 V, while the transistor from
Fig. 14(b) has a threshold voltage of 0.56 V. In the device from
Fig. 14(a), six to seven dopants in the middle of the channel,
almost equally spaced along the channel width, block the
current path and are responsible for the high threshold voltage.
In the device in Fig. 14(b) there is a “lucky” channel on the
right side with virtually no dopants at the surface and a low
local threshold voltage. The probability for distributions which
result in direct channels like the one in Fig. 14(b) increases
with the increase in the channel width resulting in the increase
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of the threshold voltage lowering with
observed in Fig. 4.
The overall reduction in the threshold voltage is associated
with the inhomogeneous potential distribution, allowing for an
early turn on in parts of the channel. This inhomogeneity, according to the percolation theory, leads to a higher current than
the current corresponding to the mean value of the potential.
In longer devices the fluctuations in the potential associated
with fluctuations in the mean doping density dominate this
effect. In shorter devices the potential fluctuations associated
with the individual dopant atoms, as seen in Fig. 14, become
comparable to the channel length and start to insert their strong
influence on the threshold voltage lowering as shown in Fig. 2.

V. CONCLUSION
This paper reported a 3-D “atomistic” simulation study
of random dopant induced threshold voltage lowering and
fluctuations in sub-0.1 m MOSFET’s. The study was centered
around devices with a 50-nm channel length, representing the
level of the technology at the end of the silicon roadmap. For
the first time a systematic analysis of random dopant effects
down to an individual dopant level was carried out in 3-D on
a scale sufficient to provide quantitative statistical predictions.
This became possible due to the efficient algorithm used to
calculate the threshold voltage at low drain voltage.
The effects of the channel length and width, oxide thickness,
and doping concentration on the random dopant induced
threshold voltage lowering and fluctuations are studied using
typical samples of 200 microscopically different MOSFET’s.
Both the threshold voltage lowering and the fluctuations increase with the increase in the doping level and the oxide
thickness, and with the decrease in the channel length. The
threshold voltage fluctuations also decrease with the increase
of the channel width. In the same time we observe an increase
in the threshold voltage lowering with the increase in the
channel width.
The atomistic results for the threshold voltage fluctuations were compared with two analytical models based on
dopant number fluctuations. Although the analytical models
predict the general trends in the threshold voltage fluctuations
associated with the variations of the basic device design
parameters, they fail to predict quantitatively the magnitude of
the fluctuations. The discrepancy increases with the increase
of the doping level. The model presented in [16] was found to
produce results closer to the atomistic results than the model
from [8].
The atomistically calculated threshold voltage for a sample
of 2500 MOSFET’s has close to a normal distribution with a
slightly pronounced positive skewnes. The correlation between
the number of dopants in the gate depletion region and the
threshold voltage for the same sample does not exceed 0.67
clearly showing that not only the number of dopants but also
their individual arrangement has a significant contribution to
the threshold voltage fluctuations. In sub-0.1 m transistors
the characteristic range of the potential fluctuations associated
with individual dopants near the Si/SiO interface become
comparable to the channel length and enhances the threshold
voltage lowering.
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