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Unsteady Lifting-Line Theory (ULLT) is a low order method capable of modeling inter-

acting unsteady and finite wing effects at low computational cost. Most formulations of the

method assume inviscid flow and small amplitudes. Whilst these assumptions might be suitable

for small-amplitude aeroelastic problems at high Reynolds numbers, modern engineering ap-

plications increasingly involve lower Reynolds numbers, large amplitude kinematics and vortex

structures that lead to aerodynamic non-linearities.

This paper establishes that ULLT still provides a useful solution for low Reynolds number,

large-amplitude kinematics problems, by comparing ULLT results against those of experimen-

tally validated computational fluid dynamics simulations at Re=10 000. Three-dimensional

(3D) effects stabilize Leading Edge Vortex (LEV) structures, resulting in a good prediction

of whole wing force coefficients by ULLT. Whilst the inviscid spanwise force distributions are

accurate for small-amplitude kinematics, the ULLT cannot model 3D vortical structures, and

thus it cannot correctly predict the force distribution due the LEV. It can however predict the

shedding of LEVs to a limited extent via the leading edge suction parameter criterion. This

can then be used as an indicator of the usefulness of the force distribution results.

Nomenclature

ÆR = aspect ratio

2 = chord

�; = two-dimensional lift coefficient

�! = three-dimensional lift coefficient

�< = two-dimensional moment coefficient
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�" = three-dimensional moment coefficient

� = three-dimensional correction strength

ℎ = plunge displacement

ℎ∗0 = non-dimensional plunge amplitude

: = chord reduced frequency

 = three-dimensional interaction kernel

L = leading edge suction parameter

B = semispan

C = time

) = oscillation period

* = free stream velocity

G, H, I = body centered coordinate system

G∗< = non-dimensional reference location for pitching moment

Γ = bound circulation

Z = spanwise coordinate

a = span reduced frequency

q = velocity potential

l = angular frequency

I. Introduction

Traditionally, unsteady aerodynamics focused on inviscid, small amplitude problems. This was to reduce the

complexity of the problem sufficiently for analytical solutions to be obtained using low-order models. These

low-order models discard non-essential elements of the flow physics to make the problem easier to solve. Common

models are based on potential flow and assume that the fluid is inviscid and incompressible. Geometric assumptions are

often made in order to linearize the problem. To formulate a low order method, the problem’s physics must first be

understood.

Research on the unsteady aerodynamics of finite wings was initially driven by the problem of dynamic stall in

helicopters [1]. Computational Fluid Dynamics (CFD) and experimental results are reviewed by Carr [2], Carr et al. [3]

and Ekaterinaris and Platzer [4]. More recent investigations include those of Angulo et al. [5], Visbal and Garmann [6, 7]

and Costes et al. [8]. These studies involved oscillating wings in the high Reynolds number, low reduced frequency

regime. Modern applications such as micro air vehicles, high altitude long endurance drones and unmanned aerial

vehicles have inspired research at lower Reynolds numbers, with greater amplitudes and higher reduced frequencies,
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often involving Leading Edge Vortices (LEVs), trailing edge vortices and wing tip vortices. Such flows are the subject of

this article. Studies in this regime have been carried out on translating wings [9–11], pitching wings [12–17], plunging

wings [18–23], rotating wings [24–29], and wings subject to gusts [30–32], and have shed light on contributions from

circulatory, apparent mass and vortical effects.

In two dimensions (2D), discrete vortex particle methods have proven valuable in low-order modeling. Linear

potential flow theories such as Theodorsen [33] assume small-amplitude oscillations and a planar wake. By using

discrete vortex particles to model the non-planar wake, Ramesh et al. [34] and Yan et al. [35] considered arbitrarily large

kinematics. Criteria for the shedding of LEVs have allowed these models to be extended to include intermittent LEV

shedding. The Leading Edge Suction Parameter (LESP) hypothesis [36] states that for a given flow regime, an airfoil

can only provide so much suction at the leading edge. If this suction is exceeded, vorticity is shed from the leading edge.

This suction was initially linked to the vorticity distribution of a thin airfoil model by Katz [37] and Ramesh [36].

Less progress in low-order modeling has been made in three dimensions (3D). Boundary element methods [38],

unsteady vortex lattice methods [39–42] or vortex particle methods [43] can be used. However, these methods lack

robust and simple LEV shedding criteria, and have numerical difficulties in modeling unsteady wakes. This shortcoming

of 3D methods can be overcome with strip theory [44]. Multiple 2D solutions can be applied to the varying chord

distribution of a 3D wing. But this neglects important 3D effects, failing to account for a loss of lift due to induced

downwash in low aspect ratio wings, for example. By correcting these multiple unsteady 2D solutions to account for 3D

effects, Unsteady Lifting-Line Theory (ULLT) is obtained.

ULLT uses the same ideas as steady lifting-line theory, originally credited to Prandtl [45]. Prandtl combined 2D

models with a simplified 3D correction model to correct for finite wing effects. This idea of separating a difficult

problem into two simple problems with different length scales was formalized by Van Dyke [46].

ULLT includes additional corrections for variations in vorticity downstream of the wing due to the unsteady nature

of the problem. Early work [47, 48] was asymptotically limited to low-frequency oscillation of the wing. Further

work [49, 50] extended the frequency range before Guermond and Sellier [51] produced a method suitable for swept

wings at any oscillation frequency. Research in the time domain has been less extensive, and asymptotically limited by

the assumptions made in modeling the wake [52–57]. A more detailed review can be found in Bird and Ramesh [58].

These ULLT are all based upon potential-flow theory. They assume that the flow is inviscid and incompressible.

They also all assume that vorticity is only shed from the trailing edge of the wing, and cannot model LEVs. However, in

practice, the theoretical limitations of a model can belie its applicability.

For LLT, this has been demonstrated repeatedly: the asymptotic limitations of the method mean that it is not strictly

applicable to elliptic or rectangular wings, as explained by Van Dyke [46]. In practice, it provides good predictions.

However, doing so may require discretization to avoid problems with wingtip downwash singularities. In ULLT, Bird and

Ramesh [58] found that simplified wake models were often sufficient to obtain a good solution. And in 2D, McGowan
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et al. [59] found that Theodorsen’s method could provide good force-coefficient predictions even in the low Reynolds

number, chord reduced frequency of O(1) regime, and in the presence of LEV shedding when examining the problem

of pitch-heave cancellation. In this regime, there is negligible separation of the boundary layer near the trailing edge,

and the flow detaches directly at the leading edge, forming a leading edge vortex. Similar results for more complex

kinematics can be found in Elfering and Granlund [60], and for finite wings in Bird and Ramesh [61].

This paper aims to explore the limits of applicability of unsteady lifting-line theory when applied to low Reynolds

number flows and large-amplitude kinematics. Two dimensional low order models that assume inviscid flow have

frequently been successful for finding lift and moment coefficients in the low Reynolds number regime, and ULLT is the

natural 3D extension of these. Verifying that ULLT formulated for inviscid problems can be applied to such cases is a

stepping stone to the problem of accounting for LEV shedding.

An unsteady lifting-line theory, based on Sclavounos’ method [50, 58], will be applied to oscillating heave problems

in the low Reynolds number regime ('4 =10 000) for wings of aspect ratios 6, 3 and 1. Low amplitude, LEV-free cases

will be examined along with larger amplitude cases. Through comparison with experimentally validated, Unsteady

Reynolds Averaged Navier-Stokes (URANS) CFD results, the extent to which ULLT is usable to obtain forces and force

distributions on a wing will be established, and a new concept of applying the LESP criterion to predict LEV shedding

using ULLT on finite wings will be explored.

A short introduction to Sclavounos’ ULLT is given in Sec. II, along with the means to obtain both force and

leading-edge suction distributions in Sec. II.A and Sec. II.B respectively. This is followed by a discussion of the

method’s soon to be violated theoretical limitations in Sec. II.C. Next, the applicability of the ULLT is explored through

comparison to CFD in Sec. III. The test cases, the CFD and the validation of the CFD are detailed in Sec. III.A, Sec. III.B

and Sec. III.C. This then allows the whole wing forces and LESP distributions to be examined in Sec. III.D, along with

the form of the LEVs at the wing center in Sec. III.E. Finally, the force distributions will be compared in Sec. III.F.

Conclusions are made in Sec. IV.

II. Theoretical approach
In this section we present an unsteady lifting-line theory, based on the work of Sclavounos [50]. Here, we consider

pure plunge oscillations. For a more detailed derivation including pitching kinematics, see Bird and Ramesh [58].

This ULLT considers a wing in inviscid, incompressible flow undergoing small amplitude oscillation, as shown in

Fig. 1. The freestream velocity of the flow is* in the positive G direction, and the plunge displacement of the wing is

ℎ(H; C) = ℎ048lC = ℎ∗0 (H)2(H)4
8lC , (1)

where ℎ is the plunge displacement, ℎ0 the plunge amplitude, and ℎ∗0 is the plunge amplitude non-dimensionalized by
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Fig. 1 The rectangular wing and its wake.

the chord 2. The spanwise coordinate is H, C is time, and l is the angular frequency of oscillation. The frequency of

oscillation can be non-dimensionalized either with respect to chord or span as

: (H) = l2(H)
2*

, a =
lB

*
, (2)

where : is referred as chord reduced frequency and a is the span reduced frequency based on the semispan B.

Lifting-line theory is based upon the separation of length scales. For a wing of high aspect ratio, the chord scale is

much smaller than the span scale. This means that the detail of the chord scale problem can be neglected in the span

scale problem. And if the chord scale problem changes slowly with respect to span, it can be modeled as a 2D problem

with a 3D correction.

Here, the velocity potential q(G, H, I; C) derived as a 2D solution with a 3D correction is given as

q(G, H, I; C) ≈ q2� (G, I; C) + � (H) (8lI48lC − q2�= (G, I; C)), (3)

where the first term q2� (G, I; C) represents the velocity potential solution to the 2D problem (which is identical to

Theodorsen’s problem). The second term represents the 3D ‘correction’ to the 2D problem. Here, this is modeled

by an oscillating uniform downwash � (H)8lI48lC , and the reaction of the 2D section � (H)q2�= (G, I; C) to this, with

the subscript = in q2�= signifying a unit heave amplitude. The � (H) term represents the complex amplitude of this

correction with respect to span, and q2�= (G, I; C) the 2D velocity potential solution of a section oscillating in heave with

unit amplitude.

Since q2� is equivalent to Theodorsen’s problem it allows the 2D bound circulation Γ2� , to be obtained:
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Γ2� (H; C) =
4*ℎ∗0 (H)2(H)4

−8:

8�
(2)
0 (:) + �

(2)
1 (:)

48lC , (4)

where � (2)0 (:) and �
(2)
1 (:) are Hankel functions of the second kind.

Since the system is linear with respect to amplitude, this allows corrected distributions to be found as

Γ(H; C) = Γ2� (H; C) − � (H)Γ2�= (C). (5)

The 3D correction strength � (H) is given by Sclavounos as

� (H) = − 1
2c8l48lC

∫ B

−B
Γ′([) (H − [) d [, (6)

where

 (H) = 1
2B
sgn(H∗)

[
4−a |H

∗ |

|H∗ | − 8a�1 (a |H
∗ |) + a%(a |H∗ |)

]
, (7)

where �1 (G) is the exponential integral [62], H∗ = H/B is the normalized span coordinate and

%(H) =
∫ ∞

1
4−HC

[√
C2 − 1 − C

C

]
d C + 8

∫ 1

0
4−HC

[√
1 − C2 − 1

C

]
d C. (8)

Substituting this into Eq. 5 gives a differential equation

Γ(H; C) − Γ2�= (C)
2c8l48lC

∫ B

−B
Γ′([) (H − [) d [ = Γ2� (H, C), (9)

where an approximate solution can be obtained by taking the bound vorticity distribution as a Fourier series

Γ(H; C) = 4*B
"∑
<=1

Γ< sin(<Z)48lC , (10)

where H = −B cos Z . This is solved at collocation points distributed over the span.
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A. Obtaining lift and moment coefficients

As with the bound vorticity, Theodorsen’s theory [33] allows the lift and moment coefficients associated with q2�

to be found as

�2�; (H; C) = 2cℎ
∗
0 (−28:� (:) + :

2)48lC , (11)

�2�< (H; C) = 2cℎ∗0
[
−28:� (:)

(
G∗< −

1
4

)
+ :2

(
G∗< −

1
2

)]
48lC , (12)

where � (:) =  1 (8:)
 1 (8:)+ 0 (8:) is Theodorsen’s function in terms of modified Bessel functions of the second kind [62] and

G∗< is the moment reference location in [0, 1], with 0 being the leading edge and 1 the trailing edge.

These can be corrected for 3D effects as

�; (H; C) = �2�; (H, C) − � (H)�
2�
;= (H), (13)

�< (H; C) = �2�< (H, C) − � (H)�2�<= (H). (14)

For the whole wing, this allow lift and moment coefficients to be found as

�! =
!

d*2B2
=
1
2B2

∫ B

−B
�; (H)2(H) d H, �" =

"

d*2B22
=
1
2B22

∫ B

−B
�< (H)22 (H) d H, (15)

where 2 is the mean chord of the wing.

B. Leading edge suction and criticality

Recently, the idea of the leading edge suction parameter (LESP) [36] has become popular as a means by which to

include the shedding of a leading edge vortex in discrete-vortex enhanced thin-airfoil theories.

At an airfoil’s rounded leading edge, suction is required for the flow to remain attached when going around it. The

LESP is a measure of this suction, and is calculated from the singular leading-edge term �0 in thin-airfoil theory. For

a given aerodynamic regime, it has been found that there is a maximum LESP that can be supported by the rounded

leading-edge shape. When this critical LESP is exceeded, flow separation occurs and a shear layer is shed from the

leading edge, forming a leading edge vortex [36, 63].

For finite wings, Hirato [64] found that the LESP criterion still applied, with LEV formation on any 2D section

occurring as predicted by the section’s leading edge suction. In their work, the LESP at wing section was numerically

calculated using the unsteady vortex lattice method. In this research, we obtain an analytical expression for the 3D

LESP from the ULLT.

The inner solution of the current method is based upon Theodorsen’s method. Following Ramesh [65], the leading
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edge suction parameter L(H) can be extracted from Theodorsen’s problem:

L2� (H; C) = −28:ℎ∗0� (:)4
8lC . (16)

This can then be corrected for 3D effects in the same manner as Γ, �; and �<.

L(H; C) = L2� (H, C) − � (H)L2�= (H, C). (17)

When L exceeds a certain critical value L2A8C at any spanwise location, it is expected that vorticity will be shed

from the leading edge at that section. This value L2A8C must be obtained empirically. When the critical LESP value is

exceeded, we expect that the attached flow assumption made in the derivation of the ULLT will have been violated.

C. Theoretical limitations

Sclavounos’ unsteady lifting-line theory is subject to theoretical limitations both as a result of the potential flow

model used, and the asymptotic assumptions of lifting-line theory. The derivation of both Theodorsen and Sclavounos’

theories assume inviscid, incompressible flow, a planar wake and small amplitude oscillations. It is assumed that

vorticity is shed from only the trailing edge of the wing.

Both lifting-line theory and the thin-airfoil model upon which Theodorsen’s theory is based, are asymptotic methods.

The airfoil section is assumed to be thin, and the wing is assumed to be of high aspect ratio, with the inner (2D)

solutions required to change slowly with respect to span, in order to preserve the two-dimensionality of the inner solution

problems. Sclavounos also assumes that the downwash induced by the outer domain on the inner domain is uniform.

This limits the asymptotic validity of the method to where : is much less than one.

In practice, users of lifting-line theory have routinely ignored some of these theoretical limitations. Square and

elliptical tipped wings have an inner solution that changes too rapidly with respect to span near the tip to be valid.

Whilst some error is introduced near the tips, an integro-differential approach to solving the lifting-line problem gives a

usable result in practice.

III. Results
In this section, unsteady lifting-line theory is compared to results obtained from Reynolds-Averaged Navier-Stokes

(RANS) CFD for the case of a rectangular heaving wing. Details of the cases studied are given in Sec. III.A. Then, the

CFD method is described in Sec. III.B. The CFD is validated against experiment in Sec. III.C. Results for whole wing

forces, wing center vorticity slices and lift distributions from both CFD and ULLT are compared in Sec. III.D, Sec. III.E

and Sec. III.F respectively.
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Table 1 Case parameters

Parameter Values

: 0.4
ÆR 1, 3, 6,∞
ℎ∗0 0.05, 0.5, 1

A. Comparison cases

For all cases, a rectangular wing with a NACA0008 airfoil section and squared off wing tips is studied. The wing is

oscillating in heave, according to the kinematics given by Eq. 1. The Reynolds number is 10 000 and the chord reduced

frequency is : = 0.4. The chord reduced frequency is chosen in the intermediate range since it is expected to produce

the most challenging LEV-dominated flows for the ULLT to predict. At this frequency, 3D effects remain strong and

the forces are not dominated by added mass effects [58]. At high frequencies, added mass effects dominate the forces

reducing the 3D effects [58], and at low frequencies strong and coherent LEVs are not expected to form.

The wing is oscillating in plunge with one of three amplitudes: ℎ∗0 = 0.05, a small amplitude where leading edge

vortex shedding is not expected; ℎ∗0 = 0.5, an amplitude where LEV shedding is expected, and ℎ∗0 = 1, a larger amplitude

still. Wings of aspect ratio 6, 3 and 1 were examined along with the 2D case (ÆR=∞) for comparison. These parameters

are summarized in Table 1.

B. Numerical methods

URANS 3D computations of unsteady fluid dynamics are performed at Reynolds number of 10 000 using the

open-source CFD toolbox OpenFOAM [66]. The choice of URANS for this study allows the exploration of a larger

parameter space than would be possible with LES. In all flows investigated in this article, separation occurs directly at

the leading edge, rather than progressing from trailing edge to leading edge (as in classical dynamic stall). In these

scenarios, URANS has previously been shown to be capable of accurately predicting the formation, convection and

detachment of LEVs, and the forces and moment on the wing [36, 63, 64].

A body-fitted computational mesh is moved in accordance with prescribed rate laws, and the time-dependent

incompressible Navier-Stokes are solved using a finite-volume method. A second-order backward implicit scheme

is adopted to discretize the transient terms, while second-order, limited Gaussian integration schemes are used for

the gradient, divergence and Laplacian terms. The pressure implicit with splitting of operators (PISO) algorithm is

employed to achieve pressure-velocity coupling. The Spalart-Allmaras (SA) turbulence model [67] is used for turbulence

closure. The SA model is chosen for this problem because of extensive previous experience in applying it successfully

for unsteady, separated and vortex-dominated flows at '4 =10 000 such as those considered in this research [36, 59].

The trip terms in the original SA model are turned off, and for the low Reynolds number cases considered in this
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(a) Detailed view (b) Side view

Fig. 2 Test section and experimental setup

research, the effects of the turbulence model are confined to the shed vortical structures and wake.

The chord length 2 = 0.1 m. The O-mesh has 116 cells chordwise , with increased resolution near the leading and

trailing edges. There are 211, 105 and 35 cells in the spanwise direction for aspect ratios 6, 3 and 1 respectively. The

spanwise domain extends 4 chord lengths beyond the wingtip with an average spacing of 21 cells per chord length in this

region. In the wall-normal direction, cell spacing begins at 1.5× 10−5 m next to the wall (H+ < 1) and extends a distance

of 11.5 chord lengths away from the wing with an average density of 16.3 cells per chord length. The simulations were

carried out at a free stream velocity* = 0.1 m/s and kinematic viscosity 10−6 m2/s.

C. Validation of CFD against experiment

The CFD simulations were validated against an experiment performed in the water flume at the University of

Edinburgh. A wing with a NACA0008 airfoil section, a chord length 2 = 0.1m and an aspect ratio of ÆR= 3 was 3D

printed. The freestream velocity was fixed at 0.1 m/s, resulting in the chord based Reynolds number of 10 000. The

plunging foil rig consists of two linear motors (LinMot, PS01-23x80F-HP-R20) connected with each other via a linkage

system and a coupler plate. This is shown in Fig. 2.

Direct force measurements are conducted. A six-axis force/torque sensor (ATI Inc., Nano-17 IP68) is mounted

between the coupler plate and the foot plate. The sensor is capable of measuring forces in the plane of the wing cross

section up to ±25N, and ±35N in the orthogonal direction, and moments up to ±250Nm around the three axes with a

resolution of 1/160 N for the forces and 1/32 Nm for the moments. LabVIEW is used to trigger the prescribed motor

kinematics through a digital output device and also to start recording forces for a synchronized measurement through a

DAQ board. A sampling frequency of 10 kHz is used to record the forces, which are then filtered in three steps. Firstly,

a fourth-order Butterworth low-pass filter with a cutting frequency of 75Hz was applied. Then the data was smoothed

with a 200 points moving average. The last step is a sixth-order Chebyshev II low-pass filter with −20 dB attenuation in
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Fig. 3 Comparison of the lift coefficients obtained from CFD and experiment for a plunging rectangular
aspect-ratio-three wing for ℎ∗0 = 0.5 and : = 0.4.

C/) = 1/8 C/) = 3/16 C/) = 3/8 C/) = 1/2

CFD

PIV

Fig. 4 Comparison of experimental and CFD quarter span vorticity distributions for rectangular aspect-ratio-
three wings oscillating in heave at : = 0.4 and ℎ∗0 = 0.5.

the stopband. This three-step filtering method can preserve load spikes. Phase-averaging is applied for 20 periods.

Particle image velocimetry (PIV) is used to perform flowfield analysis . A double pulsed Nd:YAG laser (New Wave

Research, Solo PIV, 532 nm, 200mJ) is used to illuminate the plane at 1/4 of the span of the wing, with silver coated

hollow glass spheres (Potters Industries, 10 µm) used as seeding. Images are then obtained by a CCD camera (IMPERX,

B2020 equipped with Nikon 50 mm lens) with a resolution of 2056 pix × 2060 pix. Velocity vectors are computed using

adaptive multi-pass cross-correlation, with a first interrogation window of 64 pix × 64 pix, and a final interrogation

window of 32 pix × 32 pix, and an overlap of 50% (DaVis, LaVision Inc.). Phase averaging is undertaken over 30

periods of Gaussian filtered PIV data.

The validation case was that of the aspect-ratio-three wing oscillating at amplitude ℎ∗0 = 0.5 and : = 0.4. This

amplitude is sufficient to cause the formation of leading edge vortices. A comparison of the lift coefficients obtained

from the CFD and the experiment are shown in Fig. 3. PIV data is compared at C/) = [1/8, 3/16, 3/8, 1/2] - critical

points that demonstrate the development of LEV at the quarter span on the wing. This is shown in Fig. 4.

The CFD and experiment are in good agreement for the lift coefficients. The flow visualization from PIV data
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(a) 2D (b) Aspect ratio 6

(c) Aspect ratio 3 (d) Aspect ratio 1

Fig. 5 Comparison of the predicted lift coefficients of ULLT and CFD for rectangular wings oscillating in heave
at various amplitudes and aspect ratios at : = 0.4.

also agrees well with that from the CFD. Both methods show the formation of the initialization of LEV formation

between C/) = 1/8 and C/) = 3/16. At C/) = 3/8, the angle of the leading edge shear layer matches, along with

the approximate shape of the LEV region. By C/) = 1/2, the methods both show that the vortex structure has been

convected downstream, and remains attached to the surface of the airfoil.

D. Lift and moment coefficient comparison

Figure 5 shows a comparison of whole wing lift coefficients for the cases listed in Table 1. The lift coefficient

predicted by Sclavounos’ ULLT varies linearly with oscillation amplitude, so lift coefficients have been normalized by

oscillation amplitude to allow for better comparison.

The 2D problem, equivalent to an infinite aspect ratio wing, is shown in Fig. 5(a). At low amplitude ℎ∗0 = 0.05, the

CFD result is sinusoidal in form. As oscillation amplitude increases to ℎ∗0 = 0.5 and then ℎ∗0 = 1, the peak lift increases

super-linearly with respect to oscillation amplitude. This is a result of the leading-edge vortex being formed at these

amplitudes. At the intermediate amplitude ℎ∗0 = 0.5, the LEV is both shed later than in the ℎ∗0 = 1 case, and is slower to
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(a) LESP against time at wing center (b) LESP amplitude spanwise distribution

Fig. 6 Comparison of the predicted leading edge suction parameter of ULLT for rectangular wings oscillating
in heave at various amplitudes and aspect ratios at : = 0.4.

pinch off from the airfoil. As a consequence, the lift enhancement comes later (visible in the humped shape of the �!

curve). This LEV shedding can be linked to the LESP criterion. The leading-edge suction of the 2D cases will be

examined before the results of the finite aspect ratio cases are analyzed.

The ULLT / Theodorsen predicted value of LESP from Eq. 17 is shown in Fig. 6, and can be used to predict this

LEV shedding. The time-varying value of the leading edge suction parameter at the wing center LH=0 is shown in

Fig. 6(a). Leading-edge vortex formation occurs when the critical value of LESP L2A8C is exceeded. The critical value

L2A8C was found by calibration to be 0.16 using the method described in Ramesh et al. [36]. This model predicts that

LEV shedding will occur at all aspect ratios, for both ℎ∗0 = 0.5 and ℎ
∗
0 = 1.0. The LESP values for the ℎ∗0 = 0.05 cases

are not plotted since they are small and do not approach the critical value of LESP. Comparison between Fig. 6(a) and

Fig. 5 does yield a relationship. However, the flow around an airfoil for oscillating kinematics depends on historical

LEV shedding. Since this ULLT does not model LEVs, this means that it is unable to account for this. Consequently, it

is more useful to focus on the amplitude of the oscillating LESP value, as presented in Fig. 6(b). In 2D, the values of L

obtained using Theodorsen’s theory predict the LEV formation that occurs in the CFD results. Additionally, the larger

value of predicted LESP amplitude that occurs as the amplitude of the kinematics increases suggests the formation of a

stronger LEV. Consequently, the LEV has a greater impact on the force coefficients.

Unsteady lifting-line theory, equivalent to Theodorsen’s theory at infinitely high aspect ratio, predicts both the

phase and amplitude of the smallest amplitude case well. The higher amplitude cases, ℎ∗0 = 0.5 and ℎ
∗
0 = 1, have

a non-sinusoidal �! waveform, unlike that predicted by the theory. Nevertheless, given the difference in flow field,

explored in Sec. III.E and Sec. III.F, the accuracy with which the CFD result can be predicted is reasonably good.

Figures 5(b), 5(c) and 5(d) show the results of ULLT compared to CFD for decreasing aspect ratio.

As would be expected, the CFD shows that the lower aspect ratio wings produce less lift. This is due to the downwash
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(a) 2D (b) Aspect ratio 6

(c) Aspect ratio 3 (d) Aspect ratio 1

Fig. 7 Comparison of the predicted mid-chord moment coefficients of ULLT and CFD for rectangular wings
oscillating in heave at various amplitudes and aspect ratios at : = 0.4.

induced by the trailing wing tip vortices resulting in a lower effective plunge amplitude (ℎ0 (H) − � (H)) than found in the

2D case. This effect cannot be predicted by strip theory. And at all aspect ratios the lift continues to vary super-linearly

with amplitude. Increasing the amplitude disproportionately increases lift due to the effects of the leading edge vortex.

This cannot be predicted by the linearized ULLT used here.

Focusing on the result obtained by unsteady lifting-line theory for amplitude ℎ∗0 = 0.05, it predicts both phase and

amplitude well at aspect ratio 6, and the error isn’t significantly larger than the difference between the Theodorsen

prediction and the 2D CFD result. As aspect ratio decreases from ÆR6 to ÆR3 to ÆR1, the ULLT slightly over-predicts the

amplitude of �! , although the sinusoidal waveform assumption and phase prediction remained good. For the higher

oscillation amplitudes, correctly predicted LEV formation occurs, and consequently the �! waveform from the CFD

becomes non-sinusoidal. However, the normalized amplitude is still predicted reasonably well by the inviscid ULLT.

For the cases with LEV shedding, the difference between CFD and ULLT becomes smaller as ÆR decreases.

The whole wing moment coefficients are shown in Fig. 7. The 2D case �" curve is shown in Fig. 7(a). The

low-amplitude heave kinematics results in a sinusoidal �" curve. For the ℎ∗0 = 0.5 case the normalized �" is initially
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similar to that of the low-amplitude case. As the LEV develops and sheds, the �" initially increases and then drops

markedly, resulting in a non-sinusoidal wave. The �" briefly returns to the same normalized amplitude as the low

amplitude case before another LEV forms during the second half of the cycle. The ℎ∗0 = 1 case shows the same trends

but with LEV initiation happening earlier and the subsequent loss of �" being greater. As the aspect ratio decreases, the

high amplitude results obtained from the CFD tend to the low amplitude ℎ∗0 = 0.05 case. Both the initial LEV-produced

increase and the subsequent reduction in �" during LEV shedding are diminished by finite wing effects.

At all aspect ratios the ULLT predicts the �" results of the low amplitude ℎ∗0 = 0.05 cases with good accuracy in

term of both amplitude and phase. The ULLT cannot predict the non-sinusoidal �" curves resulting from the large

amplitude cases at high aspect ratio, although the amplitude and phase are approximately correct. The dwindling effects

of the LEV on �" as aspect ratio decreases results in the ULLT providing a better prediction at lower aspect ratio.

For both the lift and moment results, as aspect ratio decreases the impact of the LEV decreases and the waveform

becomes more sinusoidal. Whilst ULLT cannot model LEVs, the LESP obtained from ULLT can be used to predict LEV

formation. It predicts that larger amplitudes will result in a larger value of LESP. This is reflected in the super-linear

relationship between �! and amplitude at all aspect ratios. For �" , increased values of LESP correspond to a larger

deviation from the sinusoidal waveform produced by low amplitude results. As aspect ratio decreases this deviation

from sinusoidal reduces, despite the fact that LEV formation is still predicted by ULLT. In the next section (Sec. III.E),

the form of the LEV obtained from CFD is examined more closely.

E. Wing center vorticity distribution

The spanwise component of vorticity at the center of the wings has been plotted in Fig. 8 for amplitudes ℎ∗0 = 0.5

and ℎ∗0 = 1. The low amplitude cases with ℎ∗0 = 0.05 are not shown since they did not produces leading edge vortices, as

predicted by ULLT.

For both amplitudes, the aspect ratio 6 case provides results similar to 2D. For the ℎ∗0 = 0.5 case, at C/) = 1/16

and C/) = 1/8 the boundary layer on the wing’s upper surface is attached. As the plunge stroke continues, the plunge

velocity increases and, consequently, a greater leading edge suction is required in order for the flow to remain attached

around the leading edge. At C/) = 3/16, an attached leading-edge vortex has formed. As the downstroke continues, the

leading edge vortex becomes larger, and is convected downstream. At C/) = 3/8 the downstroke velocity is reducing,

but the main vortex structure remains in close proximity to the airfoil surface. The shear layer feeding the LEV becomes

a prominent feature. At C/) = 1/2, the downstroke has finished. The LEV has now been convected to the trailing edge

and vorticity has spread out due to viscous effects. The shear layer from the leading edge remains attached, but has

weakened.

At the higher amplitude ℎ∗0 = 1 the process is initially similar, but starts earlier due to the increased velocity of the

downstroke. An attached LEV has formed by C/) = 1/8. By C/) = 3/16, the LEV has grown. A large counter rotating
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C/) = 1/16 C/) = 1/8 C/) = 3/16 C/) = 3/8 C/) = 1/2

2D
ℎ∗0 = 0.5

ÆR6
ℎ∗0 = 0.5

ÆR3
ℎ∗0 = 0.5

ÆR1
ℎ∗0 = 0.5

2D
ℎ∗0 = 1

ÆR6
ℎ∗0 = 1

ÆR3
ℎ∗0 = 1

ÆR1
ℎ∗0 = 1

Fig. 8 Wing center spanwise vorticity distributions for rectangular wings oscillating in heave at : = 0.4. The
in-plane vorticity is normalized as l∗ = lH2/*
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region of vorticity has been drawn under the LEV. This region has grown significantly by C/) = 3/8 and has separated

the LEV from the wing surface. The LEV is now larger and more diffused, but also at some distance from the wing

surface. By C/) = 1/2, the LEV has completely detached from the shear layer that initially fed it. It induces a counter

vortex at the trailing edge.

3D effects allow the LEV to remain attached for a longer period of time, and suppress the formation of the

trailing-edge vortex (see Visbal [16]). This effect is most visible for the ℎ∗0 = 1, ÆR1 case and results in simpler �! and

�" curves. For higher aspect ratio wings the LEV at the wing center is similar to that of the 2D problem. However, near

to the wing tip the induced downwash decreases the effective angle of attack leading to a smaller vortex (see Fig. 6(b)).

In the next section (Sec. III.F), the spanwise 3D vortex structures and force distributions are examined, and the

claim that the impact of the LEV is reduced near the wing-tips substantiated.

F. Spanwise force distributions

When the assumptions of its derivation are satisfied, ULLT can predict force distributions along the span of wing.

Here, we compare the data obtained from ULLT to the data obtained from CFD. The lift and moment distributions for

the ℎ∗0 = 0.05 amplitude at aspect ratios 1 and 6 are shown in Fig. 9. The range of ULLT results over the whole cycle is

marked by the shaded region.

Both distributions at both aspect ratios have broadly smooth curves. However, the lift distribution at the very tip of

the wing is non-smooth due to separation at the sharp edges of the squared off tips. The overestimation of the force

amplitude follows that obtained for whole wing forces found earlier. The phase error remains small. At aspect ratio 6,

shown in Fig. 9(a), ULLT predicts the shape of the curves very well. The lift coefficient varies significantly with respect

to span only near the wing tip, suggesting that the flow is 2D over the majority of the wing. For the aspect ratio 1 case

(Fig. 9(b)), the prediction is worse. For low Reynolds number, low amplitude cases, ULLT provides a good prediction

of force distribution with respect to span.

Figure 10 shows the force distributions for the large amplitude ℎ∗0 = 1 cases, along with a visualization of the LEV

obtained by taking a Q criterion [68] iso-surface for & = 1. Both the force and vorticity distributions are shown at times

C/) = {1/16, 1/8, 3/8, 1/2}. These times correspond to the growth of the ℎ∗0 = 1 LEV shown in Fig. 8.

At aspect ratio 1, the vortex structures that forms through the sinusoidal stroke results in an increase in forces near

the wing tips. At the center of the wing, the �; and �< are similar to that predicted by unsteady lifting-line theory.

ULLT combined with the LESP criterion predicted that LEV shedding would occur in these high amplitude cases, as

shown in Figure 6. The LESP criterion does correctly predict LEV shedding in the broadest sense at low aspect ratio.

Notably, whilst Fig. 6(b) suggests that LEV shedding does not occur near the wing tip, significant vortical structures still

exist here. The 2D flow that ULLT assumes at each point on the wing span is evidently incorrect around the prominent

vortices at the wing tips. Consequently, the lift distribution obtained from ULLT does not match that from CFD.
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Fig. 9 Lift and moment distributions for rectangular wings oscillating in heave with amplitude ℎ∗0 = 0.05 at
: = 0.4. Moments are taken about the mid-chord.
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Fig. 10 Lift distributions, moment distributions and Q criterion iso-surfaces (& = 1) for a wing oscillating in
heave with amplitude ℎ∗0 = 1 at : = 0.4. Moments are taken about the mid-chord. Major vortex structures are
highlighted.
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Fig. 11 �; distribution for rectangular wings oscillating in heave with amplitude ℎ∗0 = 0.5 at : = 0.4.

At aspect ratio 6, the leading-edge vortex structure becomes more complex. This manifests itself in both the �< and

�; distribution. At C/) = 1/8, a nascent vortex is forming along almost the entire leading edge. By C/) = 3/8 a large

arch-type vortex structure has formed. The feet of the arch vortex stay connected to wing surface, with vortex structures

extending to the very leading-edge corner of the wing. This arch vortex evolves with time, with the feet of the arch

vortex moving downstream and towards the wing center. The arch-type vortex has a significant impact on the force

distributions. At C/) = 1/16, the �; and �< curves are relatively smooth, with some non-smoothness resulting due

to the shedding of an LEV on the return stroke of the previous oscillation. They are still smooth at C/) = 1/8 at the

beginning of LEV formation, and less effected by the previous LEV. However, the large LEV arch vortex structure

formed by C/) = 3/8 has a significant impact. The impact on force distribution depends on the location of the arch

vortex. Outside the arch vortex, near the wing tips, the influence of the arch-type vortex is to increase lift. Inside the arch

vortex, lift is decreased, possibly resulting in premature negative lift coefficients compared to the non-LEV shedding

case. The effect is strongest when the LEV is closest to the wing at C/) = 3/8 compared to C/) = 1/2. Near the wing

tip, the force distribution from CFD is also influenced by separation at the wing tip. For a more detailed description of

the vortex structures, see Visbal et al. [21].

Again, ULLT combined with LESP predicts that LEV formation will occur, but does not yield useful information

about how the force distributions are impacted. The difference between the ULLT prediction and the CFD result at

C/) = 1/16 emphasizes how, despite the fact that ULLT predicts that L(H) < L2A8C across the entire wing span, the

LEV shed in previous oscillations can impact the lift distribution on the wing.

Finally, the lift distributions for the ℎ∗0 = 0.5 cases are examined, shown in Fig. 11. The lift distributions are given at

C/) = {1/8, 3/16, 3/8, 1/2}, matching the time steps used to study the growth of the LEV structure shown in Fig. 8.

The �; distribution for the aspect ratio 1 case is shown in Fig. 11(a). The lift distributions obtained from the CFD

are similar to that for the higher amplitude ℎ∗0 = 1 case (see in Fig. 10). The ULLT fails to predict the increased lift near
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the wing tip found in the CFD data. The ULLT combined with the LESP criterion predicts LEV shedding in the center

of the wing (see Fig.6(b)), with the critical value of the leading edge suction parameter only just being exceeded. The

effects of the LEV on the �; distribution appear to be negligible. Consequently, the error in the ULLT prediction of

forces is a result of separation at the edges of the wing tip.

At aspect ratio 6, shown in Fig. 11(b), the inability of ULLT to capture the detail of the lift distribution obtained

from CFD is again demonstrated. It is accurate at C/) = 1/8, before LEV formation. However, like the ℎ∗0 = 1 case

(see Fig. 10), the LEV arch-type vortex eventually creates a recognizable disturbance in the lift distribution that the

ULLT cannot replicate. Due to the lower amplitude of oscillation, ULLT combined with the LESP criterion predicts

that the critical value of leading edge suction is exceeded to a lesser extent in comparison to the larger amplitude case.

As a result, the resulting LEV is weaker, and the impact of the LEV of the lift distribution is diminished. The LESP

criterion cannot reflect the 3D evolution of the vortex structure, but the extent to which the critical LESP is exceeded

does broadly predict the extent to which the predicted force distribution deviates from the true value.

IV. Conclusions
An Unsteady Lifting-Line Theory (ULLT) for finite wings oscillating in heave was presented, including a means to

find both whole wing forces, wing force distribution and leading edge suction distribution. This inviscid, small-amplitude

theory was then compared to CFD results for low Reynolds number regime cases, including ones with large amplitude

oscillations leading to leading edge vortex shedding.

ULLT predicted the whole wing lift and moments for rectangular wings with sufficient accuracy for many applications.

For small amplitude oscillations, the prediction was very good. As the amplitude increased, aerodynamic non-linearities

caused deviation from the assumed sinusoidal form of the forces with respect to time. The ULLT assumes a sinusoidal

response since the physics it models is simplified in comparison to CFD. However, these deviations from the sinusoidal

form reduced significantly as aspect ratio decreased - 3D effects stabilized the leading edge vortex structure.

For small amplitude oscillation, the ULLT predicted the load distribution well. As oscillation amplitude increased,

aerodynamic non-linearities caused a poor prediction of the wing load distribution. The prediction became worse as the

amplitude increased.

The ULLT, combined with the leading edge suction criterion, could be used to predict leading edge vortex shedding,

but not the spanwise location of the shedding, or the exact timing. Consequently, it acts as a coarse indicator of the

usefulness of of the ULLT predicted wing load distributions. This indicator is less useful at very low aspect ratio due to

the importance of vortical structures caused by separation at the wing tips.

Broadly, we find that inviscid ULLT is indeed very useful in approximate prediction of aerodynamic forces on

oscillating wings in the low Reynolds number regime. Potential enhancements to the ULLT which are the subject of

future research include, the use of a higher-fidelity inner solution such as Taha and Rezaei’s viscous extension to the
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oscillating aerofoil problem [69], and the use of discrete-vortex methods to model separated flow features [36, 70].
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