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When a photon interferes with itself while traversing a Mach-Zehnder inteferometer, the output
port where it emerges is in�uenced by the phase di�erence between the interferometer arms. This
allows for highly precise estimation of the path length di�erence (delay) but is extremely sensitive
to phase noise. By contrast, a delay between the arms of the two-photon Hong-Ou-Mandel inter-
ferometer directly a�ects the relative indistinguishability of the photon pair, a�ecting the rate of
recorded coincidences. This likewise allows for delay estimation; notably less precise but with the
advantage of being less sensitive to perturbations of the photons' phase. Focusing on two-photon
input states, we here investigate to what degree of noise Mach-Zehnder interferometry retains its
edge over Hong-Ou-Mandel interferometry. We also explore the competing bene�ts of di�erent two-
photon inputs for a Mach-Zehnder interferometer, and under what parameter regimes each input
performs best.

I. INTRODUCTION

Interference lies at the heart of optical metrology: ob-
serving changes in the recorded interference patterns al-
lows for precise measurements of sample and environmen-
tal parameters. This is commonly realised with Michel-
son, Mach-Zehnder, Fabry-Perot, Sagnac, and Hong-Ou-
Mandel interferometers [1�4]. The quintessential task for
interferometry is estimating optical delays which man-
ifest as phase shifts in the traditional Mach-Zehnder
(MZ) interferometer or distinguishability in Hong-Ou-
Mandel (HOM) interferometry. For example, laser-
interferometric gravitational wave detectors use sensitiv-
ity to physical displacements to achieve extraordinarily
precise measurements of mechanical displacements across
a broad range of frequencies [5, 6].
The operating principle of the MZ interferometer de-

rives from interference fringes with a period determined
by the optical frequency [2]; these fringes shift according
to the relative phase in the interferometer. By contrast,
HOM [7] interferometers only possess a single interference
dip with a width determined by the spectral distribution
of the input photons; this dip is displaced according to
the relative delay between the two input paths.
In both cases, path delay can be estimated from the

readout of detectors placed at the two interferometer out-
put ports. For single-photon MZ this is through the ratio
of clicks between detectors [3, 8, 9]; in the two-photon
HOM case the delay in�uences the rate at which photons
bunch [10�16].
MZ analyses can be extended to include multi-photon

inputs with non-monochromatic [17�19] and monochro-
matic light [3, 20, 21]. This is expected to give rise to sig-
ni�cant bene�ts through the application of non-classical
light which can obtain more favourable scalings in the
number of particles used [3, 20, 21]. However reaching
the high-photon regime where such non-classical light
becomes bene�cial compared to classical light is exper-
imentally demanding [21]. Instead, one of the foremost

concerns is in the probing of so-called �delicate� sam-
ples which are sensitive to high-photon numbers and can
genuinely bene�t from the application of optimum few-
photon probe states [22�26].
The narrow wavelength-order fringes of the Mach-

Zehnder interferometry may intuitively be expected to
result in higher sensitivitiy than the much broader HOM
dip, which varies on the order of the inverse spectral
width rather than inverse frequency. In principle MZ
allows for arbitrarily high precision with su�ciently high
frequency, however, it su�ers from the �phase-wrapping�
problem [27�29] where multiple phases can produce the
same output signal. In practice identifying the true phase
requires prior information, or the use of adaptive tech-
niques. By comparison the HOM e�ect remains techni-
cally distinct across half the dip, a�ording a much larger
dynamic range at the cost of generally reduced estima-
tion precision.
This gap between phase-insensitive and phase-sensitive

interferometry has recently been narrowed with experi-
ments that have reported much improved sensitivities to
HOM-based sensing [11, 12]. This raises the question of
whether there are settings where HOM interferometry�
which may already be practically desirable due to the
wider dynamic range and relatively simpler optics�can
compete with or even surpass phase-sensitive interferom-
etry.
In this work, we thus focus on interferometry with pho-

ton pairs as input states to Mach-Zehnder and Hong-Ou-
Mandel interferometers as the archetypal phase-sensitive
and phase-insensitive interferometers. Rather than limit-
ing to monochromatic inputs we consider Gaussian two-
photon spectral distributions such as readily produced
by generic down-conversion sources. We shall be inter-
ested in the comparative performance between those dif-
ferent approaches, including a comparison of di�erent
two-photon MZ input states. We later additonally com-
pare to the results for a single-photon MZ protocol.
With our focus on photon pair inputs, we compare the
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FIG. 1. Generalised schematic for our four protocol con�gurations. The upper arm contains two phase shifts: a frequency-
dependent shift ϵ and a frequency-independent shift θ. Noise is subsequently modelled as some variation in these shifts. Photon
modes are labelled at the di�erent stages of the schematic; at each stage we work with a combination of two orthogonal modes
to model the initial indistinguishability within the photon pair.

performance of di�erent protocols at varying degrees of
phase noise, including the high-noise limit. Our noise
model is similar to that of Refs. [30�32], which explored
the ultimate quantum limit of phase estimation1 in the
presence of phase di�usion. Much as the best probe
states for Mach-Zehnder interferometry are undermined
by noise [31, 33�35], we may anticipate that HOM is ca-
pable of delivering valuable precision (relative to a two-
photon Mach-Zehnder) in high-noise regimes.
This Article is organised as follows: In Sec. II we de-

scribe our protocols with �xed frequency-dependent and
frequency-independent phase shifts. We then move to our
noisy model in Sec. III and derive the relevant probabili-
ties and expressions for the Fisher information. In Sec. IV
we outline how our model can be tweaked to account for
frequency-independent input photons and noise that is
uncorrelated between photon modes. Sec. V presents our
results, where we compare the resilience of our various
protocols and models to increased noise, and also iden-
tify and discuss a number of interesting emerging fea-
tures. Finally, we summarise these results and present
some concluding comments in Sec. VI.

II. PROTOCOLS

We consider and compare four di�erent protocols, il-
lustrated in Fig. 1 with the common parameter encod-

1 This is equivalent to delay estimation with monochromatic pho-
tons.

ing and measurements along the di�erent state prepara-
tions. First, a standard Hong-Ou-Mandel (HOM) proto-
col: wherein two photons interfere at a beamsplitter and
detectors are placed at the two output ports. Then, three
protocols using a Mach-Zehnder interferometer (MZI):
consisting of two beamsplitters such that the output
ports of the �rst beamsplitter are directed towards the
input ports of the second beamsplitter, with detectors at
the outputs of the second beamsplitter. Between the two
beamsplitters the upper and lower interferometer arms
have path lengths δ1 and δ2, respectively. We consider
a pair of two-photon MZ protocols: both photons enter
via the same initial input port (MZ2s) and both enter-
ing via di�erent input ports (MZ2d); and in addition a
conventional single-photon MZ protocol (MZ1).
The predominant type of noise a�ecting the photons

can be expressed as an unknown �uctuating phase shift
in one or both of the arms. We can write this as
e−iϕ(ω), where ϕ(ω) has some unspeci�ed frequency-
dependence. Taylor-expanding around ω0, we then write

e−iϕ(ω) ≈ e
−i

(
ϕ(ω0)+

∂ϕ(ω0)
∂ω (ω−ω0)+···

)
. Truncating terms

beyond linear order in ω−ω0 we can write the total phase
shift from noise as

exp
[
− i

{ θ︷ ︸︸ ︷
ϕ(ω0)−

∂ϕ(ω0)

∂ω
ω0 +

ϵ︷ ︸︸ ︷
∂ϕ(ω0)

∂ω
ω
}]
. (1)

Here, we identify a frequency-dependent component ϵ,
and a frequency-independent component θ to the phase
shift. The latter, ϵ, can be thought of as representing
�uctuations in the path length, such as that might arise
from vibrations or heating in the system. By contrast,
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FIG. 2. For a Gaussian wavepacket, the e�ect of our �xed
shifts ϵ and θ on the di�erent frequency modes is shown. ϵ is
frequency-dependent, and can be thought of as some modi�-
cation to the actual delay δ. Upper right shows the di�ering
intensity of an ϵ shift at di�ering frequencies. θ is frequency-
independent, and bottom left shows all modes experience the
same e�ect from a θ shift. Bottom right shows a combined ϵ
and θ shift. Our noise model is obtained in Sec. III by aver-
aging over these shifts.

θ is a �pure� phase shift that leaves the path length un-
a�ected. The e�ects of these shifts are illustrated for
di�erent frequency modes in Fig. 2. For the remainder of
these sections we will work with unknown but �xed ϵ and
θ; we will later average over them in Sec. III to capture
�uctuations in time.

For simplicity, we limit these shifts to the upper arm
of the interferometer: essentially assuming noise to be
localised noise entirely within the upper arm. Though in
reality we expect noise to be present in both arms, this
localisation gives rise to equivalent detection probabilities
with phase-insensitive measurements. For justi�cation
and further discussion, see Appendix B.

A. Optical modes

A biphoton state generated by spontaneous parametric
down-conversion (SPDC) will, in practice, exhibit some
degree of non-spatial distinguishability (such as, e.g.,
a mismatch of polarisations) between the two photons.
Thus we write one photon in the initial superposition√
α â†(ω) +

√
1− α b̂†(ω), with b̂ some orthogonal pho-

tonic mode. The visibility α ∈ [0, 1] therefore encodes the
relative indistinguishability of the photon pair upon gen-

eration. The modes labelled in Fig. 1: âj/b̂j , ĉj/d̂j , and

êj/f̂j ; are then the pairs of orthogonal photonic modes in
a given arm at each stage of the protocol. The subscripts
j = {1, 2} denote distinct spatial modes, corresponding
to the two arms of the interferometer.

B. Common optics

We describe the initial preparation illustrated by the
lower part of Fig. 1 individually in the following subsec-
tions, alongside the resulting detection probabilities. For
the MZ protocols the initial states are given in terms of

the {â1,2, b̂1,2} modes which pass through a beam splitter
with transforms

â†1(ω) →
1√
2
[iĉ†1(ω) + ĉ†2(ω)],

â†2(ω) →
1√
2
[ĉ†1(ω) + iĉ†2(ω)],

b̂†1(ω) →
1√
2
[id̂†1(ω) + d̂†2(ω)],

b̂†2(ω) →
1√
2
[d̂†1(ω) + id̂†2(ω)].

(2)

The HOM protocol inputs photons directly into the delay
stage and so the input state is written in terms of the

modes {ĉ1,2, d̂2}.
After the initial preparation stage all photons pass

through a common set of linear optics to reach the de-
tectors where the mode transformations are described by

ĉ†1(ω) → e−iω(δ1+ϵ)e−iθ ĉ†1(ω),

ĉ†2(ω) → e−iωδ2 ĉ†2(ω),

d̂†1(ω) → e−iω(δ1+ϵ)e−iθd̂†1(ω),

d̂†2(ω) → e−iωδ2 d̂†2(ω),

(3)

which encode the local delays alongside the phase shifts
ϵ and θ. The detection probabilities depend only on the
path length di�erence δ = δ2 − δ1. The photons then
interfere at the (�nal) beamsplitter:

ĉ†1(ω) →
1√
2
[iê†1(ω) + ê†2(ω)],

ĉ†2(ω) →
1√
2
[ê†1(ω) + iê†2(ω)],

d̂†1(ω) →
1√
2
[if̂†1 (ω) + f̂†2 (ω)],

d̂†2(ω) →
1√
2
[f̂†1 (ω) + if̂†2 (ω)],

(4)

after which detectors measure whether a photon is found
in one of the arms.
In Appendix A we derive the general detection proba-

bilities in terms of the form of the output state.

C. HOM

For the HOM protocol, we take the biphoton state [7,
36]

|ψin
HOM⟩ =

∫
dωϕ(ω)ĉ†1(ωp−ω)[

√
αĉ†2(ω)+

√
1− αd̂†2(ω)] |0⟩

(5)
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as input, with

ϕ(ω) = (2πσ2)−1/4e−
(ω−ωp/2)2

4σ2 . (6)

ωp is the pump frequency, and σ the spectral width [36].
Evolving |ψin

HOM⟩ according to Eqs. (3) and (4), we
obtain the output state:

|ψout
HOM⟩ = 1

2

∫
dω ϕ(ω)e−i[(δ1+ϵ)(ωp−ω)+δ2ω+θ]

× [iê†1(ωp − ω) + ê†2(ωp − ω)]

× [
√
α{ê†1(ω) + iê†2(ω)}

+
√
1− α{f̂†1 (ω) + if̂†2 (ω)}] |0⟩ . (7)

Eqs. (A4, A5) together with Eq. (7) then give the prob-
abilities of detection at one or both detectors. We �nd

P1,HOM = P2,HOM =
1

4

(
1 + αe−2σ2(δ−ϵ)2

)
, (8)

the probability of detection at detector 1 only and detec-
tor 2 only,

Pc,HOM =
1

2

(
1− αe−2σ2(δ−ϵ)2

)
, (9)

the probability of coincidence at both detectors. These
probabilities depend concur with the probabilities seen
in standard HOM analyses [36].
One thing we immediately notice is that θ drops out�

HOM is not a�ected by arbitrary frequency-independent
phase shifts and therefore is immune to frequency-
independent noise2. In traditional HOM analyses ones
often treats P1,HOM+P2,HOM as the �bunching probabil-
ity�, but we here keep them separate for consistency with
the MZ analysis.

D. Two-photon MZ: same input port (MZ2s)

We now consider our MZ2s protocol, where both pho-
tons enter via the same port (speci�cally, we choose the
upper left port). Our initial state is thus a modi�ed ver-
sion of our biphoton state from Eq. (5):

|ψin
MZ2s⟩ =

1√
1 + α

∫
dω ϕ(ω)[

√
α â†1(ω) +

√
1− α b̂†1(ω)]

×â†1(ωp − ω) |0⟩ . (10)

The normalisation of 1√
1+α

is required as both pho-

tons entering via the same port results in a visibility-
dependent overlap of their initial modes.

2 Because the HOM state is still separable at the stage where
phase shifts are applied, the frequency-independent shift θ can
be thought of as a global phase for the HOM case.

Up to an irrelevant global phase, we apply Eqs. (2)
to (4) to obtain the output state:

|ψout
MZ2s⟩ =

1√
1 + α

∫
dω ϕ(ω)

×[sin(Ω−)ê†1(ωp − ω) + cos(Ω−)ê†2(ωp − ω)]

×[
√
α{sin(Ω+)ê†1(ω) + cos(Ω+)ê†2(ω)}

+
√
1− α{sin(Ω+)f̂†1 (ω) + cos(Ω+)f̂†2 (ω)}] |0⟩ ,

(11)

with

Ω− =
1

2
{θ − (δ − ϵ)(ωp − ω)} (12)

Ω+ =
1

2
{θ − (δ − ϵ)ω}. (13)

Taking this output state with Eqs. (A4, A5), we obtain
the detection probabilities

P1,MZ2s =
1

8

[
2 + e−2σ2(δ−ϵ)2 + cos(2θ − ωp(δ − ϵ))

− 4e−
1
2σ

2(δ−ϵ)2 cos
(
θ − ωp

2
(δ − ϵ)

)]
, (14)

P2,MZ2s =
1

8

[
2 + e−2σ2(δ−ϵ)2 + cos(2θ − ωp(δ − ϵ))

+ 4e−
1
2σ

2(δ−ϵ)2 cos
(
θ − ωp

2
(δ − ϵ)

)]
, (15)

Pc,MZ2s =
1

4

[
2− cos(2θ − ωp(δ − ϵ))− e−2σ2(δ−ϵ)2

]
.

(16)

As both photons enter the same port, the state at every

point has form âζ(ω)[
√
1− αâζ(ω

′)+
√
αb̂ζ′(ω′)] where âζ

and b̂ζ are orthogonal photonic modes and âζ (b̂ζ′) can

be a superposition of the spatial modes â1 and â2 (b̂1 and

b̂2). This prohibits any HOM-like interference which only
occurs when the photons enter a beam splitter in non-
identical spatial (superposition) modes. Moreover, as the
photonic modes experience identical optical transforms
the non-zero distinguishability (α < 1) does not a�ect the
measured outputs, hence visibility dependence vanishes
from the MZ2s output probabilities.

E. Two-photon MZ: di�erent input ports (MZ2d)

We now consider the MZ2d protocol, where both pho-
tons enter the MZI via di�erent ports. This is similar to
the two-photon case of Ref. [37], though our protocol is
generalised to non-monochromatic inputs.

Our initial state is the same as in Eq. (5), but with ĉ

and d̂ relabelled as â and b̂ to re�ect that we now have an
additonal beamsplitter. Again up to an irrelevant global
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phase, we apply Eqs. (2) to (4) to obtain the output state:

|ψout
MZ2d⟩ =

∫
dω ϕ(ω)

× [sin(Ω−)ê†1(ωp − ω) + cos(Ω−)ê†2(ωp − ω)]

× [
√
α{cos(Ω+)ê†1(ω) + sin(Ω+)ê†2(ω)}

+
√
1− α{cos(Ω+)f̂†1 (ω) + sin(Ω+)f̂†2 (ω)}] |0⟩ ,

(17)

with Ω− and Ω+ as de�ned in Eqs. (12, 13).
Together with Eqs. (A4, A5), we obtain the detection

probabilities

P1,MZ2d = P2,MZ2d =
1

8

[
2− (1− α)e−2σ2(δ−ϵ)2

− (1 + α) cos(ωp(ϵ− δ) + 2θ)] , (18)

Pc,MZ2d =
1

4

[
2 + (1− α)e−2σ2(δ−ϵ)2

+ (1 + α) cos(ωp(ϵ− δ) + 2θ)] . (19)

Visibility dependence is seen for MZ2d, while it was ab-
sent from MZ2s. We also note that, like the HOM case,
P1 = P2. This initially seems a major deviation from the
conventional MZ1 scenario, where varying the phase can
bias the photon towards one detector or the other; a fea-
ture that remains present in MZ2s. The crucial di�erence
in this con�guration is that after the initial beamsplitter,
both photons have opposite phase. Setting a phase in the
upper arm that biases one photon towards a certain de-
tector must equally bias the other photon towards the
other detector: no combination of delay and �xed shifts
can result in P1 or P2 more likely than the other, and
hence P1 = P2.
In the limiting case of δ = ϵ = 0, our MZ2d coincidence

probability in Eq. (19) concurs with the coincidence prob-
ability in Ref. [38], which examines two photons entering
opposite input ports of an MZI with equal path lengths
in both arms, but a �xed frequency-independent phase
shift in one arm.

F. Single-photon MZ (MZ1)

For our single-photon MZ protocol, we have the input
state

|ψin
MZ1⟩ =

∫
dω ϕ(ω)â†(ω) |0⟩ , (20)

with ϕ(ω) as de�ned in Eq. (6).
Applying the MZ mode evolutions described by

Eqs. (2) to (4) we obtain the output state

|ψout
MZ1⟩ =

1

2

∫
dω ϕ(ω)

[
(e−iδ2ω − e−i(θ+(δ1+ϵ)ω))ĉ†1(ω)

+ (ie−i(θ+(δ1+ϵ)ω) + ie−iδ2ω)ĉ†2(ω)
]
|0⟩ . (21)

The resulting detection probabilities are then

P1,MZ1 =
1

4

∫
dω |ϕ(ω)|2 |e−iδ2ω − e−i(θ+(δ1+ϵ)ω)|2,

=
1

2
− 1

2
e−

1
2σ

2(δ−ϵ)2 cos
(
θ − ωp

2
(δ − ϵ)

)
, (22)

the probability of detection at detector 1 and

P2,MZ1 =
1

4

∫
dω |ϕ(ω)|2 |ie−i(θ+(δ1+ϵ)ω) + ie−iδ2ω|2,

=
1

2
+

1

2
e−

1
2σ

2(δ−ϵ)2 cos
(
θ − ωp

2
(δ − ϵ)

)
, (23)

the probability of detection at detector 2.

III. MODELLING NOISE

To move from our probabilities in Sec. II to those that
model noise, we now assume some uncertainty in our pre-
viously �xed phase shifts. Assuming both ϵ and θ �uctu-
ate around zero, we average over them with the Gaussian
weighting factors

Jϵ(ε) =
e
− ε2

2η2
ϵ

√
2πηϵ

, Jθ(ϑ) =
e
− ϑ2

2η2
θ

√
2πηθ

. (24)

ηϵ and ηθ control the width of the Gaussian weighting
factors�the strength of these noise processes. These
terms give rise to shot-to-shot variations on top of the
path length δ on the order of ηθ/ωp and ηϵ.
The probabilities for such noise distributions are given

by

P η
j =

∫ ∞

−∞

∫ ∞

−∞
dϑdε Jϵ(ε)Jθ(ϑ)Pj . (25)

For simplicity, we have chosen to use a Gaussian
noise distribution with support (−∞,∞) for frequency-
independent (θ) noise. Note however this is, for the prob-
abilities under consideration, equivalent to a more con-
ventional wrapped [−π, π] Gaussian distribution. This
equivalence is shown in Appendix E, and our core results
are contrasted against results where a von Mises distri-
bution is chosen for frequency-independent noise. 3

It is important to emphasise that although ηϵ and ηθ
represent the degree of uncertainty in the pair of phase
shifts, and these shifts may �uctuate over time as mul-
tiple photon pairs traverse the interferometer, in a sin-
gle run of the protocol both photons will experience the
same constant (but unknown) ϵ and θ shifts simultane-
ously. This fact leads to some interesting consequences

3 The frequency-dependent (ϵ) noise, like δ, does not have such a
symmetry as the di�erent frequency modes accumulate a phase
due to ϵ noise (or change in δ).
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that we will observe in Sec. V and explore in more detail
in Appendix C.
From these probabilities we calculate the Fisher infor-

mation, which quanti�es the information obtained about
a parameter of interest (the path length di�erence δ) from
an average measurement, given a set of measurement out-
comes and their associated probabilities. For a parameter
δ and measurement outcomes m ∈ M, with P (m|δ) the
probability of outcome m given δ, the Fisher information
can be written [39, Chap. 3]

F (δ) =
∑

m∈M

1

P (m|δ)

(
∂

∂δ
P (m|δ)

)2

. (26)

The single-parameter Fisher information can then be
used to bound the variance of an unbiased estimator for
that parameter. With δ̃ an unbiased estimator for δ
and N the number of independent measurements, the
Cramér-Rao bound is given by

var(δ̃) ≥ 1

NF (δ)
, (27)

and represents the ultimate limit on the precision of an
unbiased estimator δ̃.

A. HOM

For our HOM protocol the probabilities are

P η
1,HOM = P η

2,HOM =
1

4

1 +
αe

− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

 , (28)

P η
c,HOM =

1

2

1− αe
− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

 . (29)

If we let ηϵ = 0, the scenario with no noise, this reduces
to Pj,HOM with ϵ = 0, as we would expect.
From these probabilities, we can calculate the Fisher

information:

F η
HOM =

16α2δ2σ4

(4η2ϵσ
2 + 1)

2

(
(4η2ϵσ

2 + 1) e
4δ2σ2

4η2
ϵσ2+1 − α2

) .
(30)

As we would expect, large frequency-dependent noise
washes out all information from the protocol: F η

HOM → 0
as ηϵ → ∞.

B. MZ2s

For MZ2s, our noisy probabilities can be calculated as
in the HOM case but with an additional averaging over

θ. The resulting probabilities are

P η
1,MZ2s =

1

8

2 +
e
− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

+ cos(δωp)e
−2η2

θ−
η2
ϵω2

p
2

−
4 cos

(
δωp

2η2
ϵσ

2+2

)
e−κ√

η2ϵσ
2 + 1

 , (31)

P η
2,MZ2s =

1

8

2 +
e
− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

+ cos(δωp)e
−2η2

θ−
η2
ϵω2

p
2

+
4 cos

(
δωp

2η2
ϵσ

2+2

)
e−κ√

η2ϵσ
2 + 1

 , (32)

P η
c,MZ2s =

1

4

2− e
− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

− cos(δωp)e
−2η2

θ−
η2
ϵω2

p
2

 ,

(33)

with

κ =
4
(
σ2

(
δ2 + η2θη

2
ϵ

)
+ η2θ

)
+ η2ϵω

2
p

8(1 + η2ϵσ
2)

. (34)

The Fisher information can then be calculated from
the above probabilities, though the resulting expression
is not particularly illuminating so we here omit it, see
the Supplemental Material [40] for full expression. Once
again, information decays to zero as ηϵ is increased. How-
ever, intriguingly the same is not true when increasing ηθ:
in this case the information instead decays until it resem-
bles a �HOM-like� Fisher information curve, converging
at around ηθ ≈ 3.5. This curious result will be discussed
in more detail in Sec. V and Appendix C.

C. MZ2d

We follow the same method to obtain the noisy prob-
abilities for MZ2d:

P η
1,MZ2d = P η

2,MZ2d =
1

8

2− (1− α)e
− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

−(1 + α) cos(δωp)e
−2η2

θ−
η2
ϵω2

p
2

)
, (35)

P η
c,MZ2d =

1

4

2 +
(1− α)e

− 2δ2σ2

4η2
ϵσ2+1√

4η2ϵσ
2 + 1

+(1 + α) cos(δωp)e
−2η2

θ−
η2
ϵω2

p
2

)
. (36)

Once again, we omit the unwieldy the Fisher infor-
mation, the full expression is given in the Supplemental
Material [40]. Like MZ2s, we see a full decay to zero at
high ηϵ but decay to a �xed �HOM-like� curve at high ηθ.
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HOM MZ2s MZ2d

MC MU MC MU MC MU

FE Ind. FE Ind. FE Ind. FE Ind. FE Ind. FE Ind.

Residual oscillating information as δ → ∞ (Fig. 5) ✓ ✓ ✓ ✓
Visibility-dependence ✓ ✓ ✓ ✓ † † ✓ ✓ ✓ ✓
HOM-like residual at high ηθ independent of α (Fig. 4 (left)) ✓ ✓
HOM-like residual at high ηθ inversely proportional to α (Fig. 4 (right)) ✓ ✓
HOM-like residual at high ηθ proportional to α ✓ ✓ ✓ ✓ ✓ ✓
No HOM-like residual at high ηθ ✓ ✓

TABLE I. Comparing the FI behaviour of our di�erent protocols and mode-correlated noise (MC), mode-uncorrelated noise
(MU), frequency-entangled photons (FE), and independendent photons (Ind.) variants. α is the visibility of our input photon
pair. † For MZ2s with mode-uncorrelated noise, the visibility dependence is only present at nonzero noise. If ηϵ = ηθ = 0, the
information remains constant as visibility is varied.

D. MZ1

Finally, following the same method, we derive the noisy
probabilities for MZ1:

P η
1,MZ1 =

1

2

1−
cos

(
δωp

2η2
ϵσ

2+2

)
e−κ√

η2ϵσ
2 + 1

 , (37)

P η
2,MZ1 =

1

2

1 +
cos

(
δωp

2η2
ϵσ

2+2

)
e−κ√

η2ϵσ
2 + 1

 , (38)

with κ as de�ned in Eq. (34).
The Fisher information is therefore

F η
MZ1 =

(
ωp sin

(
δωp

2η2
ϵσ

2+2

)
+ 2δσ2 cos

(
δωp

2η2
ϵσ

2+2

))2

4 (η2ϵσ
2 + 1)

2
(
(η2ϵσ

2 + 1) e2κ − cos2
(

δωp

2η2
ϵσ

2+2

)) .
(39)

Again, as ηϵ increases the Fisher information tends to
zero. In this case, the same is true for frequency-
independent noise via its dependence on κ [Eq. (34)],
i.e. F η

MZ1 → 0 as ηθ → ∞.

IV. TWO-PHOTON MODEL VARIATIONS

For the purpose of probing and better understanding
the origin of some of the subtleties we shall discuss in the
next section, we introduce some slight variations for the
noise-model, which primarily a�ect the two-photon MZ
case. These are explained in the following; and the full
expression for the probabilities and Fisher information,
for every combination of protocol and model, are given
in the Supplemental Material [40].

A. Mode-uncorrelated noise

So far we have applied a common phase shift to both

the ĉ and d̂ photonic modes, and so the noise a�ects

the indistinguishable and distinguishable components in
a correlated fashion. We now consider the case where
the two photon modes experience distinct phase shifts
such that the propagation transformations for MZ2s and
MZ2d, previously given in Eq. (3), now take the form

ĉ†1(ω) → e−iω(δ1+ϵ1)e−iθ1 ĉ†1(ω),

ĉ†2(ω) → e−iωδ2 ĉ†2(ω),

d̂†1(ω) → e−iω(δ1+ϵ2)e−iθ2 d̂†1(ω),

d̂†2(ω) → e−iωδ2 d̂†2(ω).

(40)

Now, ϵ1 and θ1 solely shift the ĉ1 mode, with ϵ2 and

θ2 being a shifts for the d̂1 mode. The initial state and
other transformations remain unchanged. This leads to
a subtly di�erent output state, from which we can derive
the probabilities as before.

For MZ1, this obviously need not be considered as
only one photon�and thus one single mode�is consid-
ered. For HOM, the orthogonal mode does not interfere
at the beamsplitter, and any phase shifts applied drop
out. Hence, this only has a tangible e�ect on MZ2s and
MZ2d, where a photon in a superposition of modes in-
terferes with itself.

A minor e�ect of working with mode-uncorrelated
noise is that the resulting probabilities for MZ2s are now
visibility dependent as the uncorrelated noise means the
two photonic modes see di�erent noise and so only ex-
perience the same optics on average. This dependence
naturally drops out at zero noise.

B. Independent photons

We have previously assumed our photons to be
frequency-entangled, such as a photon pair generated by
SPDC. We can also compare to the case where the input
photons are independent (but with frequencies peaked
around the same value).
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For HOM and MZ2d, the initial state then looks like

|ψin
HOM⟩ = |ψin

MZ2d⟩ =
∫
dω1dω2 ϕ(ω1)ϕ(ω2)[

√
α â†2(ω1)

+
√
1− α b̂†2(ω1)]â

†
1(ω2) |0⟩ , (41)

where â and b̂ can be relabelled ĉ and d̂ for the HOM
case as we omit the �rst beamsplitter. For MZ2s we get

|ψin
MZ2s⟩ =

1√
1 + α

∫
dω1dω2 ϕ(ω1)ϕ(ω2)[

√
α â†1(ω1)

+
√
1− α b̂†1(ω1)]â

†
1(ω2) |0⟩ . (42)

MZ1 features only a single photon so is as Eq. (20).
In deriving the output states the same transformations

as detailed in Sec. II can be followed, optionally replacing
the transformations in Eq. (3) with those in Eq. (40) if
we wish to model mode-uncorrelated noise. These output
states are of a common form, and the general detection
probabilities for states of this form are given in Eqs. (A7,
A8). From here, obtaining the noisy probabilities and
the Fisher information for each protocol follows the same
identical steps as for frequency-entangled photons. noise.

V. RESULTS

The three two-photon protocols (HOM, MZ2s, and
MZ2d), for frequency-entangled and separable photons,
with photonic-mode correlated and uncorrelated noise
are tabulated in Table I along with a characterisation
of their behaviour in di�erent regimes. In the following
subsections we discuss in more depth some of the more
interesting observations.
For simplicity we choose not to specify a speci�c value

for the pump frequency, and instead scale other quanti-
ties relative to an arbitrary ωp. The spectral width is
then written as some fraction of the pump frequency; we
�x σ =

ωp

100 in the following which is within the experi-
mentally viable range of the ratios of Refs. [10, 11].
While both ηθ and ηϵ are unbounded in principle, their

action within the Mach-Zehnder is limited to the 2π pe-
riodicity, with ηθ ∼ 2π or ηϵ ∼ 4π/ωp approaching the
regime where the e�ective phase is uniform in 2π.

A. Frequency-dependent noise

Fig. 3 illustrates how increasing frequency-dependent
noise a�ects our protocols. Unsurprisingly, when noise is
near zero, HOM is far outclassed by the two MZ proto-
cols. MZ2d performs best in this low-noise regime, but it
drops rapidly as noise increases. MZ2s is more resilient,
su�ering a sizeable performance hit as noise is increased
but retaining its relative advantage for longer. HOM per-
forms worst but experiences only comparatively minor in-
formation loss. For all protocols information decays as ηϵ
is increased, as the phase shifts due to noise grow larger

0

0.25

0.5

0.75

1

F
ω2
p

ηεωp = 0

0

2

4

6
×10−4

F
ω2
p

ηεωp = 5

−100 −50 0 50 100
0

1

2 ×10−4

δ ωp

F
ω2
p

ηεωp = 10

MZ2d MZ2s HOM

FIG. 3. Comparison of the two-photon protocols, in
the frequency-entangled, mode-correlated noise con�guration
with σ =

ωp

100
and α = 0.9. As frequency-noise increases, all

protocols see a marked reduction in the Fisher information.
MZ2d performs best at low noise, but is most sensitive to
noise. HOM initially performs by far the worst, but is signi�-
cantly more resilient to noise. MZ2s lies in between in regards
to both initial performance and resilience to noise.

and thus sensitivity to the true delay we wish to mea-
sure, δ, is reduced. In the limit ηϵ → ∞ the phase shifts
from noise become e�ectively wholly random and detec-
tion probabilities are thus constant at P1 = P2 = Pc

2 .
The Fisher information is therefore everywhere equal to
zero.
Similar plots, for a frequency-independent photon in-

put, are given in Fig. 8 in Appendix D. Though the exact
values di�er, the same trends follow with increasing noise.
This is also true for our mode-uncorrelated noise model.

B. Frequency-independent noise

Initially, increasing frequency-independent noise seems
to a�ect the MZ protocols analagously to frequency-
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FIG. 4. We examine behaviour at and approaching the high frequency-independent noise limit. Left: Comparison of the
two-photon protocols, in the frequency-entangled, mode-correlated noise con�guration, at high frequency-independent noise
with σ =

ωp

100
and α = 0.5. Frequency-independent noise does not a�ect HOM. Due to classical correlations (see Appendix C)

between the two photons, for our MZ protocols information is not entirely washed out. Instead, as ηθ increases, both protocols
tend towards a �HOM-like� information curve. For MZ2d, this curve is visibility-dependent. For MZ2s, which is always
visibility-independent, it tends towards a curve that exactly matches the HOM curve at 50% visibility. The inset shows the
three curves for the far face (ηθ = 3). Right: The visibility dependence of MZ2d, in the high frequency-independent noise limit
(ηθ = 4) with σ =

ωp

100
. The information has an inverse dependence on the visibility, and at α = 0 the curve matches that of

our HOM protocol with α = 0.5. See Appendix C for further discussion.

dependent noise, while HOM is the exception being en-
tirely una�ected. However there is an interesting high-
noise limit, which we depict in the left plot of Fig. 4.
Rather than information tending towards zero every-
where, increased ηθ merely washes out the fringes; and
either side of δ = 0 two peaks remain: much like the
familiar HOM information curve. Indeed, for MZ2s this
limit exactly matches a HOM curve with 50% visibil-
ity. MZ2d remains visibility-dependent even in this limit.
Curiously, this result suggests that for a low-visibility
(α < 0.5) photon pair MZ2s is always preferable to HOM
for maximising information.

In low-noise scenarios (ηθ ≲ 1.5), MZ2d has an intu-
itive dependence on visibility: information is highest at
α = 1 and lowest (though non-zero) at α = 0. How-
ever when noise is larger (ηθ ≳ 2.3), and particularly in
the high ηθ limit, information is inversely proportional to
visibility, as seen in the right plot of Fig. 4. At α = 1,
information vanishes, whereas at α = 0 the curve again
matches the HOM curve for 50% visibility. In the tran-
sition region 1.5 ≲ ηθ ≲ 2.3 visbility dependence is more
complicated, with some information peaks still propor-
tional to visibility while others are inversely proportional.
The visibility-proportional peaks gradually decay with
larger ηθ until they become negligible at ηθ ≈ 2.3.

Considering our mode-uncorrelated noise model, this

limit remains for MZ2s: though it now has a direct visi-
bility depedence (no information at α = 0, matches 50%
visibility HOM at α = 1). However, the MZ2d informa-
tion now tends to zero everywhere at high ηθ.

If we instead take our initial photons to be frequency-
independent we see the same general behaviour (though
the precise value of the Fisher information varies)
for both mode-correlated noise, and mode-uncorrelated
noise.

This initially perplexing behaviour, which�given the
α → 0 limit�may at �rst glance appear to suggest in-
terference between wholly distinguishable photons, arises
in fact from classical correlations between the paths of
the two photons: At large ηθ uncertainty in the value
of the frequency-independent phase shift increases, and
in the limit ηθ → ∞ the shift becomes wholly random.
However, though this θ shift is random, the same size
shift is experienced by both photons. This allows some
δ-dependence to remain even with distinguishable pho-
tons. In the ηθ → ∞ limit δ-dependent interference at
the second beam splitter only occurs when one photon is
in each mode (when the photons are bunched they each
exit the second beam splitter stochastically). In MZ2d
this component is surpressed, according to visibility, by
HOM interference at the �rst beam splitter giving rise to
the increasing Fisher information in spite of decreasing
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FIG. 5. Fisher information for frequency-entangled (top) vs
independent (bottom) photons with σ =

ωp

100
, α = 0.5, and

ηϵ = ηθ = 0. When the photons are frequency-entangled in-
formation plateaus to some regular oscillatory information at
high |δ|, either side of the central peak (a closeup is shown
in inset to top plot). These enduring fringes are not present
when the input photons are frequency-independent, with in-
formation gradually decaying to zero at high |δ|.

visibility. A deeper analysis of these classical correla-
tions, as well as a discussion of the extra subtleties in the
mode-uncorrelated noise model, is given in Appendix C.

C. Oscillatory information

For the MZ protocols, information peaks at δ = 0
which decays as the frequency components lose a common
phase. However, when our input photons are frequency-

entangled F does not decay to zero, but rather we see
a constant regular oscillatory information. This is not
the case when the input photons are independent: there
is still a central peak and some oscillation in the de-
cay, but information ultimately drops to zero at large
delays. Both cases are shown in Fig. 5, in the scenario
with zero noise.4 When noise is introduced (not shown),
these fringes decay faster than the central peaks, and no
fringes remain in the high frequency-independent noise
limit.
Such oscillations arise because the frequencies of down-

converted photons, though themselves unknown, will al-
ways sum to the constant pump frequency ωp. A quick
inspection of the frequency-entangled coinicidence prob-
abilities for MZ2s [Eq. (33)] and MZ2d [Eq. (36)] re-
veal these are indeed oscillations at the pump frequency.
These oscillations concur with results from previous two-
photon MZ experiments where down-converted photons
enter via the same port [17] and via di�erent ports [18],
and similar oscillatory behaviour is observed in the two-
photon Franson interferometer [41].
By contrast, when the photons are independent, their

frequencies no longer sum to some constant ωp. As a
result all probabilities tend to constants at high delays
and information decays entirely.
Appendix F shows the relation between the detected

signal (probabilities) and the resulting Fisher information
in the oscillating region.

D. Zero visibility and comparison with
single-photon MZ

We now want to compare our two-photon MZ proto-
cols to MZ1. MZ1 has no fringes, so it is natural to
compare it more directly to MZ2s and MZ2d with ind-
pendent photons. We also choose α = 0 for MZ2d so as
to prevent interference at the initial beamsplitter, which
yields additional information.
We might suppose that both MZ2s and MZ2d are now

equivalent to twice MZ1. However, the bottom plot of
Fig. 6 shows this is only true for MZ2s which does in-
deed have double the information of MZ1. Though MZ2d
shares the same central peak, its overall shape is di�er-
ent to MZ2s (and thus, di�erent to twice MZ1). This is a
limitation of the measurements which do not distinguish
between the two photonic modes. In MZ1s and MZ2s we
can recognise whether the photon(s) are detected in the
same spatial mode they started or the opposite, as the

4 The central peaks (at δ → 0) coincide at 1
2
(4σ2 + ω2

p) for
MZ2s regardless of whether the photons are frequency-entangled
or independent (full expressions given in Supplemental Mate-
rial [40]). For MZ2d, however, the frequency-entangled peak is
2σ2+ 1

2
(1+α)ω2

p−2ασ2 whereas the frequency-independent peak

drops the �nal term and is simply 2σ2+ 1
2
(1+α)ω2

p. This makes
separable photons marginally favourable around δ ∼ 0.
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FIG. 6. Fisher information for frequency-entangled (top) vs
independent (bottom) photons, with additional comparison
to the single-photon MZ1 protocol in the bottom plot. We
choose zero visibility to minimise any two-photon interference
e�ects, and plot σ =

ωp

100
and ηϵ = ηθ = 0. Though the central

peaks of MZ2d and MZ2s coincide, MZ2d generally performs
worse at zero visibility. This is true everywhere when the in-
put photons are independent, but for the frequency-entangled
case the two curves converge at the fringes (shown in inset to
top plot). When the photons are independent, MZ2s has ex-
actly double the information compared to MZ1.

photon(s) always start in a common mode. In MZ2d the
same coincidence event is observed when each photon is
detected in the original spatial mode as when they are
detected in the opposite spatial mode due to this non-
distinsuihing measurement. This gives rise to an appar-
ent loss in precision, albeit one which could be alleviated
with a distinguishing measurement.

Returning to frequency-entangled photons, the top

plot of Fig. 6 shows that we see similarly di�erent Fisher
information for both protocols despite α = 0, though at
large delays the information coincides at the fringes.

E. Maximal infomation

As a �nal comparison, Fig. 7 explores the resilience of
MZ1 to noise in comparison to its frequency-entangled
two-photon counterparts. Plotting only the maximum
information, as both types of noise increase, we again see
the superior performance of MZ2d at low noise (provided
a su�ciently high visibility). We also see, however, that
MZ1 proves slightly more resilient to noise than MZ2s.
Thus, in scenarios where noise is su�ciently high so that
MZ2d is no longer preferable, but before reaching such
high values that HOM is preferable to all MZ protocols,
the best choice is not MZ2s but rather two individual
runs of MZ1.

We also see that we require higher values of ηϵωp to
obtain a similar information decrease compared to lower
ηθ values. The disruptive e�ects of frequency-dependent
noise naturally scale with the frequency. Speci�cally,
recalling the central frequency is

ωp

2 we would ex-
pect performance with frequency-dependent noise ηϵ to
be roughly equivalent to performance with frequency-
independent noise ηθ = ηϵ

ωp

2 .5 Thus, normalising as we
do with respect to the pump frequency ωp we see both
sets of maximal Fisher information curves in Fig. 7 sep-
arated by a factor of 2.

In perfect conditions (no noise, α = 1) MZ2d performs
twice as well as MZ2s and four times as well as MZ1. This
can be associated with the monochromatic limits where
the MZ2d probe state equates to a Heisenberg-scaling 2-
photon N00N state, while the MZ1 and MZ2s probes are
shot-noise limited Fock states [3].

Additonally, Table II gives the requisite noise values
that reduce the peak information by 50% compared to
the peak information in the absence of noise.

MZ2d MZ2s MZ1 HOM

ηϵωp 0.8 1.32 1.66 27.36
ηθ 0.4 0.66 0.83 N/A

TABLE II. Noise values where peak information is halved
compared to the zero-noise peak. HOM is impervious to
frequency-independent noise.

5 For an immediate justi�cation for why they cannot be exactly
equal, recall that the Fisher information tends to di�erent high
noise limits for each type of noise.
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VI. CONCLUSION

Our results con�rm that under ideal, i.e. noiseless, con-
ditions Mach-Zehnder interferometry o�ers superior per-
formance over Hong-Ou-Mandel interferometry for the
purposes of delay estimation on a per photon basis.
Once noise is introduced, we show that�in keeping with
expectations�the HOM protocol proves remarkably re-
silient to frequency-dependent noise (equivalent to some
unknown jitter in the actual delay), and is in fact wholly
una�ected by frequency-independent noise (representing
some random phase shift in one or both of the arms). In
the following, we discuss the performance of MZ interfer-
ometry as the level of noise increases, with a focus on the
di�erence between our three two-photon MZ protocols.
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0.0002
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FIG. 7. Maximum Fisher information for the frequency-
entangled two-photon Mach-Zehnder protocols against noise
with σ =

ωp

100
and α = 0.9. For comparison, we also plot

twice the MZ1 maximum. HOM performance is shown in
the inset. The solid lines show the information decrease as
frequency-dependent noise (scaled with ωp) grows, and the
dashed lines show the decrease with increasing frequency-
independent noise. We saw previously that in the absence
of noise two runs of MZ1 performs comparably to MZ2s, and
MZ2d beats both provided α > 0. We now note that MZ1 is
in fact slightly more resilient to noise: while MZ2s emerges as
superior to MZ2d as noise grows, it now dips below the per-
formance of two MZ1 runs, except in the high ηθ limit where
MZ2s retains some residual information [see Fig. 4 (left)] while
MZ1 information decays fully to zero.

Generally, we have found that two independent runs
of a conventional single-photon MZ protocol (MZ1) is
preferable to a simultaneous two-photon run where both
enter via the same input port of the MZI, as in our MZ2s
protocol, for any �nite amount of noise. Whilst both are
matched at vanishing noise, the superiority of two inde-
pendent input photons increases with noise severity. The
ranking between the (di�erent input port) MZ2d proto-
col and 2×MZ1 depends on the level of noise. The best

protocol choice for a given noise regime is summarised in
Table III.
Speci�cally, in low-noise scenarios, the MZ2d proto-

col o�ers optimal performance provided the visibility of
the initial photon pair is su�ciently high. However, be-
yond a certain noise threshold (the exact point varies
depending on other parameters, but for α = 0.9 and
σ =

ωp

100 the threshold is ηϵωp ≈ 0.9 or ηθ ≈ 0.45)
the performance of MZ2d dips below both 2×MZ1 and
MZ2s, with 2×MZ1 marginally preferable. The experi-
mental setup of Ref. [11] falls within this moderate noise
regime: 2 fs average delay drift and a spectral width
σ ≈ 4.6 ps−1 corresponds to frequency-dependent noise
of roughly ηϵωp ≈ 1.15.
In high-noise scenarios (ηϵωp > 5.6 or ηθ > 2.8 for

α = 0.9 and σ =
ωp

100 ) the performance of all MZ proto-
cols drops substantially, and the best choice is generally
to drop the initial beamsplitter and perform the delay
estimation based on the HOM approach. The exception
to this is if visibility is low (α < 0.5) and noise is largely
frequency-independent, in this case MZ2s may remain
the superior protocol owing to the classical correlations
discussed in Appendix C.

Noise regime

Low Moderate High
ηϵωp < 0.9 0.9 < ηϵωp < 5.6 ηϵωp > 5.6
ηθ < 0.45 0.45 < ηθ < 2.8 ηθ > 2.8

MZ2d 2×MZ1 HOM

TABLE III. The optimal protocol choice for varying noise
regimes. Threshold values calculated for α = 0.9. At higher
visibility both MZ2d and HOM perform better, tightening the
range of noise values where 2×MZ1 (which is una�ected by
visibility) is optimal. At lower visibilty the inverse is true:
2×MZ1 becomes optimal over a wider range of noise values.

Throughout, we see broadly the same qualitative re-
sults whether our photons are frequency-entangled (as
in an SPDC pair) or frequency-independent. The only
remarkable di�erence being that the former produces
regular oscillatory information at delays larger than the
single-photon coherence time, whereas information de-
cays rapidly at large delays if the photons are indepen-
dent.
The results for mode-correlated vs mode-uncorrelated

noise are qualitatively similar, though notable di�er-
ences arise in the interesting limit of high frequency-
independent noise: where classical correlations between
photon paths results in some residual information re-
maining when all other interference has been washed out.
In this paper we have not accounted for the possibility

of photon loss, instead treating our detectors as 100%
e�cient. In practical scenarios, photon loss can result
in some ambiguity as to the location of the second pho-
ton when only a single detector clicks. With conventional
bucket detectors, which lack photon number-resolving ca-
pabilities, it is unclear whether this single click represents



13

a true bunching event, or is simply a consequence of one
photon being lost. This ambiguity can be overcome with
the introduction of number-resolving detectors [15]. In
accounting for loss, the practical detection probabilities
will di�er slightly depending on the number-resolving ca-
pabilities of the detectors. For either detector type, the
Supplemental Material [40] contains the ability to gener-
ate loss-dependent expressions for any of the two-photon
protocol con�gurations we have considered.

In summary, our results provide a rigorous investiga-
tion of the e�ects of noise in MZ and HOM interfer-
ometers traversed by photon pairs. We have con�rmed
that HOM interferometry is indeed largely impervious
to phase noise and thus remains the favoured choice for
noisy scenarios. By exploring three di�erent two-photon
MZ protocols, we have quantitatively established their
considerable resilience to phase noise and uncovered in-

teresting subtleties and di�erences in performance de-
pending on how the photons are fed in. Notably, the
existence of `HOM'-like feature in the Fisher informa-
tion arising from classical correlations and the fact that
MZ2d performs up to twice as well in low-noise scenarios
compared to MZ2s and 2×MZ1 might be interesting for
further exploration, and may become increasingly rele-
vant as more phase-stable Mach-Zehnder setups, e.g. on
integrated photonic chips, become more readily available.
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detector we have

Πj =

∫
dω1dω2

[
1

2
ê†j(ω1)ê

†
j(ω2) |0⟩ ⟨0| êj(ω2)êj(ω1)

+ê†j(ω1)f̂
†
j (ω2) |0⟩ ⟨0| f̂j(ω2)êj(ω1)

]
,

(A2)

where j ∈ {1, 2} indicates which detector we are consid-
ering. The factor of 1

2 in the �rst term is included to
account for double counting. For the case of a coinci-
dence at both detectors we have

Πc =

∫
dω1dω2

[
ê†1(ω1)ê

†
2(ω2) |0⟩ ⟨0| ê2(ω2)ê1(ω1)

+ê†1(ω1)f̂
†
2 (ω2) |0⟩ ⟨0| f̂2(ω2)ê1(ω1)

+f̂†1 (ω1)ê
†
2(ω2) |0⟩ ⟨0| ê2(ω2)f̂1(ω1)

]
.

(A3)

These elements are straightforward sums of projectors
onto orthogonal states, therefore their positivity is appar-
ent. We require one further element 1− (Π1 +Π2 +Πc)
to strictly complete the POVM, however as we are only
considering states of the form of Eq. (A1) the events as-
sociated with that element all occur with probability zero
and our sets of probabilities for each protocol sum to one.

We can now calculate the detection probabilities for
our general output state. We have

Pj = ⟨ψout|Πj |ψout⟩

=

∫
dω

[
|Cej ,fj (ω)|2 +

1

2
|Cej ,ej (ω) + Cej ,ej (ωp − ω)|2

]
(A4)

for the probability of detection at detector j and

Pc = ⟨ψout|Πc |ψout⟩

=

∫
dω

[
|Ce1,f2(ω)|2 + |Ce2,f1(ω)|2

+|Ce1,e2(ω) + Ce2,e1(ωp − ω)|2
]

(A5)

for the probability of coincidence at both detectors.

We can now insert the relevant coe�cient functions for
each output state to obtain the �xed shift probabilities
presented in Sec. II.

2. Independent photons

For the alternative model discussed in Sec. IV, we now
assume both input photons to have independent frequen-

cies. The general output state is now of the form

|ψout⟩ =
∫
dω1dω2

2∑
i=1

2∑
j=1

[
Cei,ej (ω1, ω2) ê

†
i (ω2)ê

†
j(ω1)

+ Cei,fj (ω1, ω2) ê
†
i (ω2)f̂

†
j (ω1)

]
.

(A6)

Our POVM elements are the same as before [Eqs. (A2),
(A3)] and we can calculate the detection probabilties as

Pj = ⟨ψout|Πj |ψout⟩

=

∫
dω1dω2

[
|Cej ,fj (ω1, ω2)|2

+
1

2
|Cej ,ej (ω1, ω2) + Cej ,ej (ω2, ω1)|2

]
(A7)

for the probability of detection at detector j and

Pc = ⟨ψout|Πc |ψout⟩

=

∫
dω1dω2

[
|Ce1,f2(ω2, ω1)|2 + |Ce2,f1(ω1, ω2)|2

+|Ce1,e2(ω2, ω1) + Ce2,e1(ω1, ω2)|2
]

(A8)

for the probability of coincidence at both detectors.
Once again, inserting the relevant coe�cients for the

output state of a speci�c protocol yields the (�xed δ /
phase shift) detection probabilities for that protocol.

Appendix B: Noise in two arms

Throughout this paper we have opted to localise noise
entirely within one arm of the interferometer. To moti-
vate this choice and show that this neat simpli�cation is
su�cient (even if physically noise occurs in both arms),
we will explicitly model noise split between two arms for
our MZ2s protocol in the folllowing. This requires us
to �rst introduce an additional pair of �xed phase shifts
for the lower arm; we therefore modify the propogation
transformations given in Eq. (3) to now read

ĉ†1(ω) → e−iω(δ1+ϵ1)e−iθ1 ĉ†1(ω),

ĉ†2(ω) → e−iω(δ2+ϵ2)e−iθ2 ĉ†2(ω),

d̂†1(ω) → e−iω(δ1+ϵ1)e−iθ1 d̂†1(ω),

d̂†2(ω) → e−iω(δ2+ϵ2)e−iθ2 d̂†2(ω).

(B1)

The exact same method to derive the noisy probabil-
ities now follows: obtain the output state, calculate the
�xed shift probabilities, then average over the �xed shifts.
The only additional requirement is the introduction of a
second pair of integrals over ϵ2 and θ2. The resulting
noisy probabilities are
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P η
1,MZ2s =

1

8

2 +
e
− 2δ2σ2

4ηϵ̃σ
2+1√

4ηϵ̃σ2 + 1
+ cos(δωp)e

−2ηθ̃−
ηϵ̃ω

2
p

2 −
4 cos

(
δωp

2ηϵ̃σ2+2

)
e
−

4δ2σ2+4η
θ̃(ηϵ̃σ

2+1)+ηϵ̃ω
2
p

8ηϵ̃σ
2+8√

ηϵ̃σ2 + 1

 , (B2)

P η
2,MZ2s =

1

8

2 +
e
− 2δ2σ2

4ηϵ̃σ
2+1√

4ηϵ̃σ2 + 1
+ cos(δωp)e

−2ηθ̃−
ηϵ̃ω

2
p

2 +
4 cos

(
δωp

2ηϵ̃σ2+2

)
e
−

4δ2σ2+4η
θ̃(ηϵ̃σ

2+1)+ηϵ̃ω
2
p

8ηϵ̃σ
2+8√

ηϵ̃σ2 + 1

 , (B3)

P η
c,MZ2s =

1

4

2− e
− 2δ2σ2

4ηϵ̃σ
2+1√

4ηϵ̃σ2 + 1
− cos(δωp)e

−2ηθ̃−
ηϵ̃ω

2
p

2

 . (B4)

From the above we see that the frequency-dependent
(frequency-independent) noise terms only enter
through an e�ective total frequency-dependent
(frequency-independent) noise term ηϵ̃ =

√
η2ϵ1 + η2ϵ2

(ηθ̃ =
√
η2θ1 + η2θ2). The form matches Eqs. (31, 32, 33)

which can be recovered by taking ηϵ̃ = ηϵ and ηθ̃ = ηθ.
The same equivalence holds for HOM, MZ1, and

MZ2d; and also in the case of independent photons for
each protocol.

Appendix C: Classical correlations and the high
frequency-independent noise limit

In Sec. V, we noted that at high frequency-independent
noise some residual information remains unscathed for
most of our model variants. To justify our claim that
this is a result of classical correlations, let us return to
our single-photon MZ probabilities with �xed ϵ and θ
shifts. These are P1,MZ1, the probability that the photon
is detected at detector 1, and P2,MZ1, the probability
that the photon is detected at detector 2; and are given
in Eq. (22) and Eq. (23), respectively.
We want to now consider what happens if we run MZ1

twice, but with the same �xed ϵ and θ shifts in both runs.
This leads to three possible outcomes:

P1,CC = (P1,MZ1)
2, (C1)

P2,CC = (P2,MZ1)
2, (C2)

Pc,CC = 2× P1,MZ1 × P2,MZ1, (C3)

the probabilites that both photons arrive at detector 1,
both at detector 2, and a coincidence at both detectors.
We can now perform the same procedure in Sec. III,

averaging over ϵ and θ with appropriate weighting to ob-
tain noisy probabilities. The full expressions for these
are given in the Supplemental Material [40].
If we now take the limit ηϵ → ∞, our new probabilities

tend to constants, just as in a single MZ1 run. However,
while the same holds for a single MZ1 run in the limit

ηθ → ∞ what we instead see is that for two MZ1 runs,
correlated with the same (albeit unknown) θ, the proba-
blities do still vary with delay. Speci�cally, we see

lim
ηθ→∞

P η
1,CC =

1

8

2 +
e
− δ2σ2

2η2
ϵσ2+1√

2η2ϵσ
2 + 1

 , (C4)

lim
ηθ→∞

P η
2,CC =

1

8

2 +
e
− δ2σ2

2η2
ϵσ2+1√

2η2ϵσ
2 + 1

 , (C5)

lim
ηθ→∞

P η
c,CC =

1

4

2− e
− δ2σ2

2η2
ϵσ2+1√

2η2ϵσ
2 + 1

 . (C6)

Because these probabilities were derived from two inde-
pendent runs of MZ1, which could be taken some arbi-
trary time apart, with only the requirement that ϵ and θ
remain constant (but unknown) between each run, these
probabilities must be the result of classical correlations.
We can then note these are the same probabilities we

get for HOM with independent photons and α = 0.5,
which is the same ηθ → ∞ limit we see for indepen-
dent photon MZ2s. While the equivalent frequency-
entangled probabilities di�er slightly, this nevertheless
suggests that the residual Fisher information seen in this
limit is exactly the information that remains from these
classical correlations.
This is su�cient to explain the MZ2s case with mode-

correlated noise. However, MZ2d with mode-correlated
noise sees a peculiar inverse visibility dependence. At
α = 0, the photon pair will not interfere at the initial
beamsplitter. The same logic now holds in terms of clas-
sical correlations: the two photons behave independently
but experience the same θ shift. As visibility increases,
however, so does the degree of interference at the �rst
beamsplitter. When the two photons bunch the anal-
ogy to two correlated MZ1 runs breaks down. Rather
than each photon independently interfering with itself,
the photon pair now acts as one. At α = 1 it becomes
wholly impossible to exploit the classical correlations as
the two photons will be completely entangled after the
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FIG. 8. Comparison of the two-photon protocols, in the
frequency-independent, mode-correlated noise con�guration
with σ =

ωp

100
and α = 0.9. We see behaviour qualitatively

similar to the frequency-entangled case depicted in Fig. 3. As
also seen in the bottom plot of Fig. 6, information decays at
large δ even in the absence of noise, and we now note that
once noise is introduced the Fisher information is generally
slightly lower than the frequency-entangled equivalent. We
also see the wider HOM dip of an independent photon in-
put, speci�cally the Fisher information is equivalent to that
of frequency-entangled HOM with the reduced spectral width
σ/

√
2.

�rst beamsplitter: hence the Fisher information drops to
zero.

It is perhaps even more straightforward to understand
the behaviour with mode-uncorrelated noise. MZ2s re-
tains the same residual information in the high ηθ limit,
but it now decays at low visibility. This naturally follows
as low visibility means the second photon has a larger

contribution from the orthogonal d̂ mode, which experi-
ences a di�erent θ shift. Because the shifts now di�er
between modes, classical correlations only exist between
the paths of the ĉ modes. Letting α drop all the way to
zero puts both photons in wholly distinguishable modes

and thus the Fisher information vanishes as there are no
correlations between the two.

MZ2d with mode-uncorrelated noise has no residual
information at all in this limit. This odd one out can be
explained with a combination of the previous two cases:
at high visibility the photons are more likely to bunch,
which provides no classical correlations to exploit. At
low visibility the photons will behave independently, but
both modes experience di�erent θ shifts so no correlations
exist. Combining these two e�ects we will now always see
zero information.

Appendix D: Noise resilience of independent
photons

For comparison to Fig. 3, we plot in Fig. 8 the Fisher
information at di�erent frequency-dependent noise val-
ues when our input photons are now independent. The
behaviour is qualitatively similar but the value of the re-
sulting Fisher information is slightly reduced.

Appendix E: Noise distributions

In Eq. (25) we derive our noisy probabilities by inte-
grating our �xed shift probabilities with Gaussian weight-
ings. While the choice of a Gaussian noise distribution is
the most natural for frequency-dependent (ϵ) noise, be-
ing equivalent to some jitter in the delay, for frequency-
independent noise (where the θ shifts will always lie
within an interval of width 2π) a more conventional
choice would be some circular distribution for θ shifts.

One such common circular distribution can be ob-
tained by wrapping the standard Gaussian distribution
around the circle. If we de�ne an arbitrary Gaussian
distribution

G(x) =
1√
2πσ

e−
(x−µ)2

2σ2 , (E1)

then the wrapped Gaussian distribution is given by [42]

W (x) =

∞∑
k=−∞

G(x+ 2πk). (E2)

Then, suppose some periodic function f(x) such that
f(x+2πk) = f(x) for all integer k. We can then demon-
strate that integrating this function with a Gaussian dis-
tribution over (−∞,∞) is equivalent to integrating with
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the wrapped Gaussian over a 2π window:∫ ∞

−∞
dxf(x)G(x) =

∞∑
k=−∞

∫ 2πk+π

2πk−π

dxf(x)G(x)

=

∫ π

−π

dx

∞∑
k=−∞

f(x+ 2πk)G(x+ 2πk)

=

∫ π

−π

dxf(x)

∞∑
k=−∞

G(x+ 2πk)

=

∫ π

−π

dxf(x)W (x). (E3)

We now note that all of our �xed shift probabilities
given in Sec. II have appropriate periodic dependence on
θ, i.e. P (θ+2πk) = P (θ) for all integer k. Therefore the
integral in Eq. (25) will produce the same results as if we
had used a wrapped Gaussian distribution.
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FIG. 9. Comparison of the maximal information against
frequency-independent noise modelled with a (wrapped)
Gaussian noise distribution (solid) and a von Mises noise dis-
tribution (dotted). We choose frequency-entangled photons
and mode-correlated noise with σ =

ωp

100
and α = 0.9. At

low noise, values are similar. As noise increases the curves di-
verge, the von Mises curves dropping faster. At higher noise
the curves converge again. In the inset, we see that for large
noise values (ηθ > 2.5) the Gaussian curves, which initially
sat above, have now dropped below the von Mises curves. In-
formation plateaus to the same values for both distributions
(the residual �HOM-like� information from Fig. 4 (left) can
be seen for MZ2s) but with the von Mises distribution this
happens over a notably larger range of noise values.

An alternative circular distribution, the von Mises dis-
tribution, is given by [42]

eκ cos(x−µ)

2πI0(κ)
, (E4)

with I0(κ) the modi�ed Bessel function of the �rst kind.
κ is analogous to the Gaussian distribution's 1/σ2, so for
our purposes we write the von Mises weighting in the
form

Jθ(ϑ) =
e

cos(ϑ)

ηθ
2

2πI0(
1

ηθ
2 )
. (E5)

This can then replace the second expression in Eq. (24),
and the ϑ integral from Eq. (25) is now performed over
the region [−π, π].
Employing the von Mises distribution produces the

same qualitative results, but with slightly di�erent de-
pendence on the noise parameter ηθ. Considering only
frequency-independent noise, we plot in Fig. 9 the max-
imal information for our protocols with both noise dis-
tributions. Values are most similar for high and low ηθ,
attaining the same limits at ηθ = 0 and ηθ → ∞, while
the curves are furthest separated at moderate noise val-
ues. Also notable, from the inset, is that the von Mises
model takes notably longer to decay to its high ηθ limits.

For the protocols in Fig. 9, the Supplemental Mate-
rial [40] contains full probability and Fisher information
expressions where a von Mises noise distribution was cho-
sen for frequency-independent noise. Also included are
all initial �xed shift probabilities from Sec. II, plus those
for the Sec. IV model variations, so that all results can
be easily reproduced for an alternative choice of noise
distributions.

Appendix F: Oscillations in the detected signal

In Sec. V we discussed how, at high |δ|, the Fisher in-
formation oscillates without decay when the input pho-
tons are frequency-entangled. If the photons are inde-
pendent, the Fisher information instead decays to zero.
To further demonstrate this, Fig. 10 plots the detection
probabilities together with the Fisher information in a
high |δ| region, for the MZ2s protocol.

Generally we expect a large Fisher information when
probabilities change most quickly with respect to the pa-
rameter of interest, while it vanishes at the extrema of
the probabilities as there is no local information at these
points; Eq. (26) shows that the Fisher information must
vanish whenever the derivative of all probabilities is zero.
In practice, a degree of prior information (such as that
obtained through some initial coarse calibration) enables
one to tune the setup and operate in a region in which
the Fisher information is high [11].

The relation between detected signal and resulting
Fisher information is similar for MZ2d.
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FIG. 10. Comparison of the detected signal to the resulting
Fisher information for MZ2s in the absence of noise. Solid
lines are the three probabilities (detection at detector 1, at de-
tector 2, or a coincidence at both detectors), and the dashed
line is the Fisher information. We choose σ =

ωp

100
and exam-

ine behaviour at high |δ|. In the top plot (frequency-entangled
input photons), we see regular oscillations in the detected sig-
nal produce a Fisher information that likewise oscillates but
does not decay. In the bottom plot (frequency-independent
input photons) we see the detected probabilities, still slightly
oscillating, are tending towards constants. Thus the Fisher
information is decaying to zero.
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