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Abstract
We study the problem of aggregating discounted utility preferences into a social dis-
counted utility preference model. We use an axiom capturing a social responsibility
of individuals’ attitudes to time, called consensus Pareto. We show that this axiom
can provide consistent foundations for welfare judgments. Moreover, in conjunction
with the standard axioms of anonymity and continuity, consensus Pareto can help
adjudicate some fundamental issues related to the choice of the social discount rate:
the society selects the rate through a generalized median voter scheme.

Keywords Consensus Pareto · Social aggregation · Discounted utility model ·
Expected utility theory · Generalized median

JEL Classification D71 · D72 · D91

1 Introduction

We study the problem of aggregating stationary (exponential/geometric) discounted
utility preferences into a social stationary discounted utility model. Given the dom-
inant role of the representative agent model in macroeconomics, economic growth,
environmental economics and many other fields, which is described with the station-
ary discounted utility theory, the problem of how we should construct such model in
a consistent manner is a significant issue.
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The common practice requires the aggregation to satisfy the so-called Pareto prin-
ciple. This principle requires that when each member of the society prefers one
intertemporal allocation to another, the society’s ranking must endorse this view.

Zuber (2011) and Jackson and Yariv (2015) provide a striking impossibility result
that a social ranking satisfying the Pareto principle and the stationarity condition must
be dictatorial, unless all the individuals have the same discount rate.1

Given that people have different attitudes to time, trade-offs must be made between
the Pareto principle and stationarity to avoid dictatorial social rankings. In this study,
we retain the stationarity requirement of social rankings and weaken the Pareto prin-
ciple.2 The reasons of this line of research are detailed below.

A non-dictatorial social ranking that is non-stationary is necessarily time incon-
sistent or time variant (Halevy 2015; Millner and Heal 2018).3 Time inconsistency
is unacceptable because it prejudices the credibility of the social decision. Thus, the
social decision must be time variant. However, this is not desirable either.

The reason is that a time variant social decision imposes no restriction on the
dynamic process of the social welfare ranking, which makes the dynamic problem
trivial. Indeed, time consistency is trivially satisfied by selecting any social ranking
over consumption streams in day 1 and by committing to it from day 2 onwards. Such
a time variant social decision may cause moral tensions.4

To illustrate this point, consider a two-individual society who must decide on how
to divide resources between individuals. Suppose that individual A is patient and that
individual B is totally myopic.5 In this situation, every social decision process that
respects the Pareto principle must have the following form:

• Day 1: Everyone may obtain an amount of resources. Individual B will receive
nothing tomorrow and onwards.

• From day 2 onwards: Because day 1 is over, individual B receives nothing.

Observe that the just described social decision process is dynamically consistent.
Can the planner commit to such a time consistent social decision process? We suspect
not, as it causes a significant moral tension of whether to allocate other resources
to individual B from day 2 onwards. Time invariance can be viewed as a suitable
restriction because it eases this tension.

Thus we propose a weakening of the Pareto principle, which we call consensus
Pareto, and it requires the social preference to agree with the views of its members
only when an intertemporal allocation gives a larger lifetime discounted utility than

1 They do not even need to assume time-additive preference. See (Koopmans 1960) and (Epstein 1983)
for classes of stationary utilities that are not necessarily time-additive.
2 An alternative approach is taken by Chambers and Echenique (2018), who propose to weaken the
completeness requirement on the social ranking.
3 In contrast to stationarity, which is a property of a single preference, time consistency is a consistency
relationship between preferences at different histories. Stationarity and time consistency are equivalent
when the relationship is time invariant; that is, when the ranking of future consumption streams is not
affected by the shifting of preferences backwards or forwards in time.
4 These tensions could be dissolved by imposing some restrictions on the social decision process. Hayashi
(2016) proposes a variant of such dynamic constraints.
5 Formally speaking, the case of total myopia is not in the class of stationary utilities. However, it can be
taken to be as the limit of the class of stationary utilities.
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another for each of its members, according to every member’s discount rate. This
axiom is motivated by the fact that time discounting is not purely a matter of taste.
Indeed, in calculating the lifetime discounted utility of each member of the society, the
society should listen to the discounting opinions of all its members. While no single
individual is responsible for his or her own time preference, the society as a whole is
collectively responsible for its time preference.

Our proposal would remind the readers of the idea of collective responsibility
proposed by by Gayer et al. (2014) in the context of belief heterogeneity, according
to which an uncertain prospect Pareto–dominates another if the former gives a higher
expected utility than the latter, for everyone and for all individuals’ beliefs.6 Hence it
will be helpful to explain the significance of our proposal by comparing it to the one
in the context of belief heterogeneity. We have two reasons.

First, in the context of discount rate heterogeneity the conflict between the full
Pareto condition and time consistency/invariance is necessary, while in the context
of subjective uncertainty (Savage 1972) Pareto itself has no conflict with dynamic
consistency/the sure-thing principle. Hence, even without a substantive motive for
weakening Pareto, we have to, unless we have a strong reason to believe that we can
maximize a time-variant objective with perfect commitment.

Second is that there is indeed a substantive motive to weaken Pareto in the context
of aggregating time preferences. It is that that the formation of time preferences is
affected by sociological aspects that go beyond the control of any individual.

Becker and Mulligan (1997) argue that an individual’s time preference is endoge-
nously determined by his/her parents’ choice, which the individual cannot be
responsible for. Also, empirical approach studies report that the time preference of
an individual is related to his or her socioeconomic status (Lawrance 1991; Barsky
et al. 1997; Tanaka et al. 2010; Dohmen et al. 2016). Although the precise causal
effects are yet unclear, it is fair to say that acquiring and maintaining patience is not
a straightforward process for which individuals can be kept fully accountable.

When individuals have heterogeneous discount factors, the Pareto principle requires
that the society must endorse the view of its members when each of them prefers one
intertemporal allocation to another. This endorsement must be made even when the
superiority of one stream over another is merely justified by disparities in individu-
als’ socioeconomic conditions for which individuals cannot be kept fully accountable.
However, it seems bizarre to elevate these disparities to a social rank. This has moti-
vated us to refine the Pareto principle by seeking “robustness” of the social welfare
ordering to the distribution of individuals’ socioeconomic characteristics, in some
fashion.

In a recent paper, (Feng and Ke 2018) propose a Pareto criterion, called Intergener-
ational Pareto. This axiom treats present and future ‘selves’ of an individual as distinct
individuals, whether their preferences are time-consistent or not, and apply the Pareto
condition there. Although it is logically unrelated to our consensus Pareto, it shares
the critique to the traditional view that an “integrated” individual is solely responsi-

6 One drawback of the Consensus Pareto argument, however, is that it takes preference representations as
given, and consider utilities and beliefs separately as if they were primitive objects. Billot and Qu (2017)
provide a set of consensus Pareto axioms expressed in terms of preference relations which can be used to
restate our consensus Pareto in terms of preference relations.
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ble for his own time preference. Also, in a recent independent paper, Billot and Qu
(2021) apply a version of the consensus Pareto axiom to analyze a problem about
how much the social ranking can be closer to being time-consistent after aggregat-
ing rather time-inconsistent preferences in general. They also consider even weaker
axioms, in the sense that the consensus Pareto condition is applied to restricted situ-
ations in which intertemporal trade-offs involve only limited number of periods, and
obtain more permissive results for aggregation.

In contrast, we show that consensus Pareto has a sharp implication in aggregating
stationary utilities into a stationary utility: the society’s period utility function is a
weighted average of individual utilities, which is along the lines of Harsanyi (1955),
and the society’s discount rate must be exactly equal to one individual’s discount rate.

Although this result has a flavor of dictatorship under fixed profile , as it rules out
any compromise in time discounting by means of averaging, it gives society the free-
dom to socially evaluate the discount rates of its members and to choose that which
responds better to the society’s view, under variable profiles. Indeed, by positing that
the society’s decision criterion satisfies two additional axioms—anonymity and con-
tinuity—, we provide the following complete characterization. The society’s period
utility function is the symmetric additive average of individual utilities, and the selec-
tion rule for the social discount rate has the form of the generalized median (Moulin
1980), which includes maximum, minimum and median as special cases.

Choosing the median of discount rates has been advocated by Millner and Heal
(2014), and studied by Collective (2019) in view of strategy-proof voting. Our result
can be seen as an axiomatic foundation of such political approach.

2 The setting

A set of n agents, denoted by N = {1, ..., n}, must make a collective decision about
sequences of social outcomes.

The agents are infinitely lived and consume in discrete periods t ∈ {1, 2, ...}.
The set of pure social outcomes is C , which is assumed to be finite for simplicity.

Following Harsanyi (1955), we consider the set of lotteries over the set C , denoted by
L, as the set of social outcomes per period. The set of sequences of lotteries is denoted
by L∞ ≡ L × L × ..., which is endowed with the product metric.

We assume that agents’ preference rankings and social decision criterion, which
are defined over the set L∞, follow the discounted utility theory. In other words, each
agent’s preference ranking is represented in the form

∑

t

β t−1
i ui (�t ),

where βi ∈ (0, 1) is agent i’s discount factor and ui : L → R is given in the expected
utility form 7

7 When there is no danger of confusion, with some abuse of notation, sometimes we write � for a lottery
in a given period.
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ui (�) =
∑

c∈C

�(c)vi (c),

where vi : C → R is agent i’s (instantaneous) utility function. Similarly, the social
decision criterion is represented in the form

∑

t

β t−1
0 u0(�t ),

where β0 ∈ (0, 1) is the social discount factor and u0 : L → R is given in the expected
utility form

u0(�) =
∑

c∈C

�(c)v0(c).

Let V be the domain of decision criteria, with (vi , βi ) as a typical agent i’s decision
criterion. This domain is specified below.

A discounted utility aggregation rule8 maps a profile of individual decision criteria
(vi , βi )i∈N ∈ (V × (0, 1))n into a social decision criterion (v0, β0) ∈ V × (0, 1).

We present the following normalization condition, which is natural in our setting
(see, for instance, Mongin 1995).

Minimal agreement and normalization: c ∈ C exists such that for all v ∈ V
and all c ∈ C , it holds that

v(c) ≥ v(c), v(c) = 0 and
∑

c∈C

v(c) = 1.

Consequently, V is a compact and convex subset of R|C|.

3 Delegation of social discounting

A well-known efficiency requirement for a social utility function is the so-called
Pareto condition,which requires that if everyone agrees that one stream is (discernibly)
superior to another, then the social utility function should exhibit the same preference.

Pareto principle: For all ‘, ‘′ ∈ L∞,

∑

t

β t−1
i ui (�t ) >

∑

t

β t−1
i ui (�

′
t ) for all i ∈ N

�⇒
∑

t

β t−1
0 u0(�t ) >

∑

t

β t−1
0 u0(�

′
t ).

As explained in the introduction we propose a weakening of the Pareto Principle,
which we call consensus Pareto, which requires that if everyone agrees that one stream
is superior to another according to all the individuals’ discount rates, then the social
utility function should exhibit the same preference.

8 For expositional simplicity, we omit the full functional formulation and leave it implicit.
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Consensus Pareto: For all ‘, ‘′ ∈ L∞,

∑

t

β t−1
j ui (�t ) >

∑

t

β t−1
j ui (�

′
t ) for all i, j ∈ N

�⇒
∑

t

β t−1
0 u0(�t ) >

∑

t

β t−1
0 u0(�

′
t ).

We now state our first main result. If agents hold heterogeneous discount factors
and their (instantaneous) utility functions are linearly independent, then any social
decision criterion that respects consensus Pareto is dictatorial in the discount factor
component: the social discount factor coincides with the discount factor of one of the
agents. Moreover, the social utility can take only a limited form, namely, it is a linear
combination of individual utility functions.

Theorem 1 Let ((vi , βi )i∈N , (v0, β0)) ∈ (V× (0, 1))n × (V× (0, 1)) be a profile of
decision criteria for individuals and society, in which each criterion satisfies the
minimal agreement and normalization. Suppose that β1, · · · , βn are all distinct and
that v1, · · · , vn are linearly independent. Then, the social decision criterion (v0, β0)

satisfies consensus Pareto if and only if there is a non-zero vector a ∈ R
n+, with∑

i∈N ai = 1, and an agent s ∈ N such that

v0 =
∑

i∈N

aivi and β0 = βs .

Proof Let the premises hold. Since the proof of the “if” part of the statement is obvious,
we prove the “only if” part. Suppose that (v0, β0) satisfies consensus Pareto. Then,
the Harsanyi theorem (Harsanyi 1955) shows that there is a non-zero matrix � =
(γi j )i, j∈N ∈ R

n2+ such that for all � ∈ L∞,

∑

t

β t−1
0 u0(�t ) =

∑

i∈N

∑

j∈N

γi j

∑

t

β t−1
j ui (�t )

Restricting attention to sequences of the form (�, c, c, c, · · · ) ∈ L × C × C × ...

yields
u0(�) =

∑

i∈N

∑

j∈N

γi j ui (�). (1)

By restricting attention to sequences in which an arbitrary � ∈ L appears in period
t and in which agents consume c in all other periods t ′ 
= t , we obtain

β t−1
0 u0(�) =

∑

i∈N

∑

j∈N

γi jβ
t−1
j ui (�). (2)

Using (1) in (2), we obtain

β t−1
0

∑

i∈N

∑

j∈N

γi j ui (�) =
∑

i∈N

∑

j∈N

γi jβ
t−1
j ui (�) (3)
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for any arbitrary � ∈ L. Since the individual instantaneous utility functions v1, · · · , vn

are linearly independent, (3) yields

β t−1
0

∑

j∈N

γi j =
∑

j∈N

γi jβ
t−1
j (4)

for all i ∈ N .
For t = 2, (4) becomes

β0

∑

j∈N

γi j =
∑

j∈N

γi jβ j (5)

for all i ∈ N . By plugging (5) into (4), we obtain

⎛

⎝
∑

j∈N

γi jβ j

⎞

⎠
t−1

=
⎛

⎝
∑

j∈N

γi j

⎞

⎠
t−2

∑

j∈N

γi jβ
t−1
j (6)

for all i ∈ N .
For t = 3, (6) becomes

⎛

⎝
∑

j∈N

γi jβ j

⎞

⎠
2

=
⎛

⎝
∑

j∈N

γi j

⎞

⎠
∑

j∈N

γi jβ
2
j (7)

for all i ∈ N .
Notice that the left-hand-side of (7) is

∑

j∈N

γ 2
i jβ

2
j + 2

∑

j∈N

∑

k∈N−{ j}
γi jγikβ jβk

and the right-hand-side is

∑

j∈N

γ 2
i jβ

2
j +

∑

j∈N

∑

k∈N−{ j}
γi jγik(β

2
j + β2

k ).

Hence simplifying (7) yields

∑

j∈N

∑

k∈N−{ j}
γi jγik(β j − βk)

2 = 0

for all i ∈ N . Since (β1, ..., βn) are all distinct, we obtain

γi jγik = 0

for all i, j ∈ N and k ∈ N − { j}.
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This means that every row of the matrix � can have at most one non-zero entry. For
any i with a non-zero entry (there is at least one such i since � is a non-zero matrix),
let γi j(i) be such a non-zero entry. Then, (5) yields

β0γi j(i) = γi j(i)β j(i),

that is,
β0 = β j(i)

for any such i ∈ N . Since (β1, · · · , βn) are all distinct, the only possibility is that j(i)
is identical for all i who have the non-zero entry in (γi j ) j∈N . Let s be such an index, so
that β0 = βs . Finally, let us define the non-zero vector a as follows: ai = γis if i has
a non-zero entry in (γi j ) j∈N ; otherwise, ai = 0. Thus, we have that v0 = ∑

i∈N aivi ,
where

∑
i∈N ai = 1 follows from the normalization condition. This completes the

proof. ��

Our Theorem 1 may cover the existing impossibility result in the following form.

Corollary 1 (Zuber 2011 and Jackson and Yariv 2015) Let ((vi , βi )i∈N , (v0, β0)) ∈
(V× (0, 1))n ×(V× (0, 1)) be a profile of decision criteria for individuals and society,
in which each criterion satisfies the minimal agreement and normalization. Suppose
that β1, · · · , βn are all distinct and that v1, · · · , vn are linearly independent. Then,
the social decision criterion (v0, β0) satisfies Pareto principle if and only if there exists
an agent s ∈ N such that

v0 = vs and β0 = βs .

Proof There is an immediate violation of the Pareto principle if ai > 0 for some i 
= s.
��

4 The social discounting selection rule

Theorem 1 could be seen as a negative result, in the sense that it rules out any “aver-
aging” method. However, the “discounting dictator” as shown in there is only for
a fixed profile, and the theorem allows a class of reasonable selection rules in the
variable-profile setting.

We now introduce two natural and well-known axioms that a social discounting
selection rule may be required to satisfy—anonymity and continuity.

A social discounting selection rule f for the set V× (0, 1) and the domain
(V× (0, 1))n is a function from (V× (0, 1))n to the set of social decision criteria
V× (0, 1).

An anonymous/impartial social discounting selection rule focuses on the individual
decision criteria, and not on the identities of people who display particular decision
criteria.
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Formally, suppose that σ is a permutation of N . Such a permutation induces a map
σ on profiles of individual decision criteria:

σ ((v1, β1) , (v2, β2) , ..., (vn, βn))

= ((
vσ(1), βσ(1)

)
,
(
vσ(2), βσ(2)

)
, ...,

(
vσ(n), βσ(n)

))
.

Anonymity: A social discounting selection rule f is anonymous if for every
permutation σ on N and every profile of individual decision criteria ((v1, β1) ,

(v2, β2) , ..., (vn, βn)) in the domain of f , it holds that

f ((v1, β1) , (v2, β2) , ..., (vn, βn))

= f
((

vσ(1), βσ(1)
)
,
(
vσ(2), βσ(2)

)
, ...,

(
vσ(n), βσ(n)

))
.

We now turn to the second axiom. A social discounting selection rule is continuous
if changes in the social decision criterion can be bounded to be arbitrarily small by
taking sufficiently small changes in individual decision criteria.

Formally, let f −1 (A) be the set of all profiles of individual decision criteria for
which f ((v1, β1) , (v2, β2) , ..., (vn, βn)) ∈ A.

Continuity: A social discounting selection rule f is continuous (relative to the
Euclidean topology) if for each open subset A of V× (0, 1), the set f −1 (A) is an
open subset of (V× (0, 1))n .

A common objection to discontinuous social selection rules is sensitivity to small
changes in individual decision criteria, and thus, to measurement errors. These issues
are particularly relevant in empirical applications and policy debates, although they
are possibly secondary in theoretical analyses (see Chichilnisky (Chichilnisky 1982,
p. 346) for this argument).

To state the next theorem, given an integer k ∈ {1, · · · , n} and n numbers
(β1, · · · , βn) ∈ (0, 1)n , let k(β1, · · · , βn) denote the k-th largest number out of
(β1, · · · , βn). For example, when k = 1 it refers to the largest number, when k = n it
refers to the smallest number. Also, when n is odd and k = n+1

2 it refers to the median.
In this sense we call the selection rule the generalized median rule (Moulin 1980 ).

Theorem 2 A social discounting selection rule satisfies consensus Pareto, anonymity
and continuity if and only if there is an integer k ∈ {1, · · · , n} such that for
all profiles ((vi , βi )i∈N , (v0, β0)) ∈ (V× (0, 1))n × (V× (0, 1)), where (v0, β0) =
f ((v1, β1) , (v2, β2) , ..., (vn, βn)), it holds that

v0 = 1

n

n∑

i=1

vi

and
β0 = k(β1, · · · , βn). (8)

Proof Let the premises hold. Since the proof of the “if” part of the statement is obvious,
we prove the “only if” part. Suppose that f satisfies consensus Pareto, anonymity
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and continuity. Let ((vi , βi )i∈N , (v0, β0)) ∈ (V× (0, 1))n × (V× (0, 1)) be a profile
of decision criteria for individuals and society, in which each criterion satisfies the
minimal agreement and normalization.

By anonymity, we assume without loss of generality that β1 ≤ β2 ≤ · · · ≤ βn−1 ≤
βn . In addition, by continuity, we assume without loss of generality that β1 < β2 <

· · · < βn−1 < βn .
By restricting attention to sequences of the form (�, c, c, c, · · · ), where � ∈ L is an

arbitrary lottery, Theorem 1 and anonymity implies that

v0 = 1

n

n∑

i=1

vi .

Now, we need only to show that (8) holds. To this end, we assume that agents’
utilities v1, ..., vn are linearly independent.

Suppose that β0 = βs for some s ∈ N . By continuity, it always holds that β0 = βs .
Hence, k = n − s + 1, so that

β0 = k(β1, · · · , βn).

To complete the proof, we need to show that the choice of k is independent of the
choice of individual utilities v1, ...vn . Without loss of generality, we know that all
β1, · · · , βn are distinct. If the choice of k depended on the profile (vi )i∈N , then there
would be a jump of the social discount factor from some βs to another βs′ , which
would be a violation of continuity. This completes the proof.9 ��

5 Conclusions

Wehave studied the problem of aggregating discounted utility preferences into a social
discounted utility preference model. We use an axiom capturing a social responsibility
of individuals’ attitudes to time, called consensus Pareto.

We have shown that under any fixed profile, consensus Pareto implies generically
that we have to select exactly one individual’s discount rate, which rules out any
averaging. We have shown, however, that the way of selecting such discount rate can

9 One may be puzzled by our continuity argument that only order statistics matter—because, otherwise,
the selection rule jumps—andmay have the impression that it is an artifact of the assumption that N is finite.
When there is a continuum of agents i ∈ [0, 1] and a profile of discount factors is given by a continuous (and
monotone increasing/decreasing) function β : [0, 1] → (0, 1), the analogue of our argument of selecting
β0 from β([0, 1]) allows β−1 (β0) to move continuously even when β changes in a way that its ordinal
nature is unchanged. Note, however, that the space of continuous functions is extremely small compared to
the space of Lebesgue measurable functions, though it is the natural choice in the context of a continuum
of agents. Moreover, the space of continuous functions does not allow studying anonymous selection rules,
because continuity is not preserved under permutations (measure-preserving transformations).
When we consider the domain in which β : [0, 1] → (0, 1) is a Lebesgue measurable function, first we
can use our argument in the subspace of simple functions defined over increasing families of subintervals,
generated, for example, by binary expansions, and then we can extend it to the whole domain by continuity
with respect to L∞([0, 1]), because the domain consists of bounded functions. In this way, we obtain that
the rule selects the social discount factor β0 by means of a fixed percentile.
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be made reasonable across variable profiles. We showed that adding Anonymity and
Continuity characterizes the generalized median rule.
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