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ABSTRACT: We develop tunable optical filters with dual-frequency nematic liquid crystal optical 

retarders to enable fast switching between the passed wavelengths. The filters are composed of a series 

of two liquid crystal optical retarders. We select the specific thicknesses of the liquid crystal retarders 

and use individual biasing schemes to continuously tune the wavelength and bandwidth of the filter. 

This enables fine-tuned filter switching speeds of filter operation in the ms regime. We present 

theoretical predictions and experimental results for the electro-optical filter characterization as well as 

an example application for our filter in total internal reflection fluorescence microscopy. We find that 

our filter switching speeds can be as short as a few ms, an order of magnitude improvement over typical 

mechanical filter wheel switching speeds. The quality of our fluorescence images is similar to those 

obtained by conventional filters. 
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Introduction 

Fast switching optical filters are of significant interest for multiple applications in various fields, from 

biomedical imaging and microscopy (1–3) to light detection and ranging (LIDAR) systems (4,5). Modern 

applications require multispectral, narrowband, tunable devices with fast switching speeds. Different 

technologies have been used to produce rapid switching bandpass filters in the visible optical range: 

starting from interference-based filters to optical mode coupling filters (6–8). For the applications we are 

considering – multispectral and hyperspectral imaging, biomedical spectroscopy, and microscopy – the 

most promising types of fast tunable filters in the literature are acousto-optical tunable filters (AOTF) and 

liquid crystal tunable filters (LCTF). AOTF and LCTF have their advantages and drawbacks depending 

on the application (9–11). Even though AOTF has faster transition times compared to LCTF, their typical 

aperture size and image quality are lower than for the LC-based filters and therefore are not appropriate 

for biological microscopy (10).  In addition, AOTF is typically more complicated in operation and 

expensive in production compared to LCTF.  A detailed comparison of AOTF and LCTF is given in Ref. 

10.  

Several types of LC-based optical filters have been presented in recent years. Two major approaches 

for LCTF designs can be distinguished: 

- Modification of the filter architecture (transmission structure, reflection structure, cavity structure, 

etc.) (12–20) 

- Modification of the LC material (i.e. choice of nematics, smectics, functional LC-based materials, 

metamaterials) (21–24) 

In this paper, we discuss the design, characteristics, and applications for a novel LC tunable filter which 

is based on dual-frequency nematic liquid crystals (DFNLC). The advantage of DFNLC is that they have 

significantly faster switching times (25) because the switching can be accomplished by varying both the 

biasing voltage amplitude and the biasing frequency, typically in the 0.1 – 100 kHz range. The filter has 

a novel biasing scheme which utilizes the fact that the effective orientation of the DFNLC depends on the 
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frequency of the biasing voltage (26). The replacement of ordinary nematic LC with DFNLC has proven 

to have advantages in multiple LC devices (27,28).  

Our electrically tunable filter has a millisecond time response — about an order of magnitude faster 

than current mechanical switching filters and typical LCTF, and comparable to the operation times of the 

AOTF. Here, we will show how these filters could be applied in the fluorescence microscopy field with 

a substantially improved time resolution. Fluorescence microscopy is used to image live cells with high 

resolution and requires fast tunable optical components (29–31). Live cells can be imaged on a few ms 

timescales by image splitters or beam splitters (32,33), however, both systems have drawbacks. Image 

splitters reduce the field of view because two or four separate, spatially identical images are displayed as 

two or four quadrants on a single camera chip. Beam splitter set-ups require multiple cameras, one for 

each fluorescent emission spectra. A multiple camera set-up is significantly more expensive than a single 

camera set-up and therefore electrically tunable filters are a better choice for given experiments. 

Historically the application of the LC to the tunable filters started with Lyot (34) and Solc (35) 

structured passive filters. The main idea in these early works was to combine LC layers between crossed 

polarizers and determine the total transmittance of the configuration, taking into account the LC material 

and layer parameters (13). We are concentrated on the active filter scheme, so the thickness selection of 

the LC layer plays a smaller role in our design. In addition, earlier filters typically used standard nematic 

liquid crystals. Our use of DFNLC provides two new aspects for the filter:  

• the time response is faster;  

• the LC birefringence can be adjusted by both the magnitude and frequency (typically in the low 

kHz range) of the biasing voltage. 

To produce an optical filter, DFNLC optical retarders were used as shown in Fig. 1. The polarization 

interference principle is used for wavelength selected transmittance of the filter. The LC retarder consists 

of two crossed polarizers with a LC layer sandwiched in between. Unpolarized light, passing through a 

first polarizer in a retarder, becomes linearly polarized, and then experiences change in its state of 

polarization due to the birefringence of the LC layer. This state of polarization depends on multiple 
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factors: the wavelength of incoming light, the LC layer thickness, and the orientation of the LC molecules. 

The amount of light passing through the retarder depends on the direction of the second polarizer and the 

polarization state of the electromagnetic wave after it passes through the liquid crystal. Because the final 

polarization state depends on the frequency of the incoming light, this can lead to a wavelength selection 

process where only certain frequencies/wavelengths are passed through the filter.  

 

 

Figure 1. Schematical structure of the LC retarder where a LC cell is placed between two crossed 

polarizers. The LC cell comprises a LC sandwiched between two glass substrates, each covered with an 

indium tin oxide (ITO) layer and a polyimide layer.  

Here, we used two optical retarders to produce a usable filter that had a single bandpass region in the 

wavelength of interest (a full description of the device preparation is given in the Methods section). By 

selecting different DFNLC cell thicknesses, a wider or narrower bandpass selection can be achieved. It is 

important to note that the addition of more retarders will decrease the transmission of the filter due to the 

increased number of polarizers. For most optical applications, the transmittance level is as important as 

the speed of filter transition. Therefore, we decided to stay with a system limited to two retarders. In 

addition, thicker LC layers increase the bandpass selection region with narrower passing/blocking 

windows, but with a decrease in filter operation speed as well as transmittance. Because of this, we 

decided to fine-tune the filter through an active driving scheme. Using DFNLCs, we can control the 
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orientation of LC molecules with higher efficiency and achieve ms transition times. Theoretical 

calculations of the various LC retarders and filters behavior under applied external electric field were 

performed as well (these are described in detail in the Methods section).   
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Results. 

We start by looking at the electro-optical response of the LC retarder to a single incident wavelength. 

This allows us to correlate our theoretical predictions to the experimental results. The set-up used here is 

a conventional electro-optical response measurement system consisting of a He-Ne laser (wavelength 

632 nm), a retarder, and a photodetector in a straight optical path configuration (36) as shown in Fig. 2(a). 

For biasing of the LC retarder, a proprietary driving system was used. 

 

Figure 2. (a) Schematics of the electro-optical measurement system composed of a He-Ne laser 

(wavelength 632 nm), a retarder, and a photodetector in a straight optical path configuration. The 

proprietary biasing box is used to apply voltage V to the retarder. (b) Transmittance as a function of the 

applied voltage for a 10.4 µm LC retarder. The frequency of the applied voltage waveform is 1 kHz 

(square waveform). The solid red line is our theoretical calculation (see details and parameters in the 

Methods section), and the blue solid spheres are experimental data. 

Results of the measured (blue spheres) and calculated (red line) transmittance as a function of the 

applied voltage to the LC retarder are presented in Fig. 2(b). Here and throughout the paper we use the 

DFNLC material MLC-2048 from Merck. This figure illustrates the typical response of the LC retarder 

to an applied voltage. Because most of the rotation of LC molecules happens at low voltages (below 5 V), 

we observe fast changes in the transmittance intensity in the form of multiple oscillations. In fact, one 

peak corresponds to a 2𝜋 change in retardation. By changing the applied voltage, the retardation can be 

controlled in a desirable way (37). Note that no significant changes are seen between 0 and 2 V as this is 
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the threshold voltage for this configuration (38). At high voltages, the molecules have almost fully rotated, 

which leads to a vanishing transmission. As it can be seen, our theoretical calculations are in excellent 

agreement with measured results. Therefore, from this point forward we use them to accurately predict 

the behavior of our LC devices. 

We then move to a second experiment where we measure the transmittance spectra of our LC retarders 

using a UV-visible-IR spectrophotometer with a 1 nm spectral resolution (Lambda 1050 from 

PerkinElmer). The LC retarders were placed in the spectrophotometer and continuous transmittance was 

measured for the spectral range from 450 nm to 650 nm, which is the spectral range of operation of the 

polarizers used to produce this device.  

First, we measure the transmittance of the individual retarders with different biasing voltages and 

frequencies of a square waveform. This is shown in Fig. 3, where the experimental data (spheres) is 

compared to theoretical results (lines). Fig. 3(a) shows a comparison of the transmittance spectra for a 

fixed applied voltage amplitude of 2.8 V at three different biasing frequencies. At a frequency of 1 kHz, 

we can see that the peak of transmittance is just above 500 nm (shown in blue). As we increase the 

frequency, inducing a decrease in dielectric anisotropy of DFNLC, the transmittance peak is shifted to 

higher wavelengths – at 550 nm for 5 kHz (shown in green) and 600 nm for 9 kHz (shown in magenta). 

Note that for higher frequencies of the voltages, exemplified by the magenta curves, two peaks are now 

observed. Here we are interested in the first-order interference peak, which is the one with a wider half-

maximum width. In Fig. 3(b) we show the behavior of the LC retarder transmittance for a fixed frequency 

(1 kHz) and different amplitudes of applied voltages. We can see that the peak in the transmittance 

spectrum is now shifted to lower wavelengths as the voltage is increased, starting at 600 nm for 2.1 V 

(shown in blue) and decreasing to 540 nm for 2.6 V (shown in magenta). Again, we are interested in the 

wider (main) peak of transmittance.  
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Figure 3. The transmittance of a 7.4 µm retarder as a function of the incident light wavelength with (a) 

applied voltage of 2.8 V at different biasing frequencies of square waveforms and (b) different biasing 

voltages at 1 kHz frequency. The spheres are for the experimental data and the lines are for the theory. 

We can see that by controlling the amplitude or frequency of the applied biasing voltage, the 

transmittance curve can be smoothly shifted up or down in wavelength. This allows us to design a filter 

with a desired transmittance profile and modify it dynamically by changing the biasing voltage or 

frequency. 

Now that we have checked the behavior of a single LC retarder, we move on to designing a DFNLC 

filter. In the application, discussed below, we are interested in switching between measuring a green 

fluorescence signal and a red fluorescence signal. As a result, we are interested in a filter with an 

approximately 20 nm wide transmittance spectra, and a tunable maximum transmittance near two 

wavelengths: 500 nm and 580 nm. Theoretical predictions show that the bandpass filtering condition can 

be met with a combination of two 10 µm thick LC retarders and their respective transmittance patterns.  

The idea behind our two-retarder filter geometry is to combine the independent transmittance patterns 

of each retarder to obtain a single transmittance maximum. These transmittance patterns can be seen by 

the theoretical results shown in Fig. 4(a) where the blue dashed line is for the first retarder (at 2.7 V) and 

the black dotted line is for the second retarder (at 4.1 V). We used a value of the relative dielectric 

anisotropy ∆𝜀 = 2.06 to produce such curves, appropriate for a biasing voltage frequency of 3 kHz for 
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the experimental results. Combining both lines, we obtain the solid green line showing the resultant 

transmittance peak at the desired wavelength.  

 

Figure 4. (a) Calculated transmittance as a function of wavelengths for individual retarders and combined 

filter at different biasing voltages. The blue dashed line produced by applying 2.7 V to the 10.4 µm 

retarder, the black dotted line – with 4.1 V applied, the solid green line is a resulted spectrum of the 

combined filter from those retarders. (b)Transmittance as a function of wavelength for a filter combining 

two 10 µm thick LC retarders with different biasing. The green curves were produced with a voltage 

amplitude of 2.7 V applied to the first retarder and 4.1 V – applied to the second. The red curves were 

produced using a voltage amplitude of 2.8 V and 5.1 V applied to the first and second retarder, 

respectively. The frequency of all applied voltages was 3 kHz. The spheres depict the experimental data 

and the theory is given by solid lines. 

Applying those predictions, we obtained the transmittance spectrum, shown as spheres in Fig. 4(b), 

displaying two transmittance states. Each state was measured independently by applying a set of voltages 

with a fixed biasing frequency of 3 kHz. The green curves show maximum transmission just below 

500 nm and were obtained using a voltage amplitude of 2.7 V applied to the first retarder and 4.1 V 

applied to the second retarder. The position of the transmittance peak can be readily modified by changing 

the voltages at each retarder. As it can be seen from the red curves the peak is moved to 560 nm as we 

increase the applied voltage to 2.8 V and 5.1 V applied to the first and second retarder, respectively. It is 
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noteworthy that the shifting of the peaks is seemingly different from that shown in Fig. 3, which is 

increasing the voltage shifts the transmittance maximum to a higher wavelength. This is because the 

transmittance maxima, which are seen in Fig. 4(b), are a combination of different order modes of 

interference as described in the process to obtain the solid green line prediction in Fig. 4(a).  

We have shown that a two-retarder system can produce a reasonable transmittance spectrum and act as 

a filter. This is a quasi-static process, meaning that the voltage is applied for a relatively long time. In this 

case, the retarder reaches a stable ordered state for each applied voltage and remains that way for the 

duration of the measurement. In order to achieve fast transition speed for our filters’ operation, we now 

turn to dynamic measurements. For this, we need to investigate the speed at which the filter can transition 

from one transmittance state to another. However, for the fast switching process, the low voltage driving 

scheme used earlier is not appropriate (39), and a novel biasing approach is needed. 

The transition speed could not be measured with the same equipment used earlier because of limitations 

in the time acquisition of the spectrophotometer and spectrometer. Therefore, we built a new set-up to 

measure the transition times. It combines a light source, monochromator, spectrometer, and photodetector. 

The system configuration is illustrated in Fig. 5. First, a signal from a broadband light source is sent to 

the monochromator and a specific wavelength is selected. The wavelength resolution of the 

monochromator is around 25 nm. The light signal then split into two paths using a 50/50 cube. The first 

one goes to the spectrometer for spectrum measurement and calibration (see an example of the selected 

wavelengths in Fig. 5) and the second beam passes through the filter and goes to the photodetector to 

measure the time required for switching the filter. This process is carried out for a range of wavelengths 

from 450 nm to 650 nm. 
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Figure 5. Schematic of the experimental set-up for the dynamic measurements of the filter operation. The 

inset shows monochromator output for wavelengths of interest as measured by the spectrometer.  

Using a custom-designed biasing box, two independent channels with individual biasing voltage 

waveforms were used to drive the filter, with each retarder having different frequencies, amplitudes, and 

durations for its voltage profile. The electronics used in the biasing box produced change from one 

waveform to another with a timeresolution of 0.25 ms. We use an overdriving scheme (40) to facilitate a 

quick transition from one desired filter wavelength to another. An example of the filter time response at 

wavelengths of interest is presented in Fig. 6. with details of the applied voltages and waveforms for each 

retarder given in Table 1.  

From Fig. 6, we can see how the transmittance pattern evolves as a function of time. We start displaying 

a region wherein only green light is allowed through the filter (below 100 ms). This corresponds to Step 

3 in Table 1. Then, after changing the voltages through the overdrive scheme: changing through steps 1, 

2, and back to 3 again, we obtain maximum transmittance of red light only. The overdrive transition steps 

are shown as the vertical lines around 100 ms mark and the transition happens within a total time of 8 ms. 

In order to show the cyclic nature of this process, we show how this repeats again around 200 ms.  
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Figure 6. Transmittance as a function of time for the wavelengths of interest. The biasing voltage scheme 

is given in Table 1. The green spheres represent transmittance of the incoming light with a peak 

wavelength at 500 nm and the red spheres are for incoming light with a peak wavelength at 600 nm. The 

vertical black lines indicate the change in the waveform as shown in Table 1 going sequentially through 

steps 1 to 3. 

Table 1. Biasing voltage scheme of the DFNLC filter.  

 Channel 1 (retarder 1) Channel 2 (retarder 2) 

Step Frequency 

(kHz) 

Amplitude 

(V) 

Duration 

(ms) 

Frequency 

(kHz) 

Amplitude 

(V) 

Duration 

(ms) 

1 1 50 4 1 50 4 

2 25 20 4 25 12 4 

3 5 20 100 1 5 100 

Note that this is one example of a possible voltage scheme. Other schemes can be designed in order to 

obtain different transmittance patterns with even faster transition times. This is possible due to a large 
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number of variables in the waveform design that can modify the overall behavior of the filter. The scheme 

detailed above was designed with a particular application in mind which is now discussed. 

Application to Total Internal Reflection Fluorescence (TIRF) Microscopy. 

In order to test the applicability of our filters, we have tested them within a TIRF microscope to measure 

the fluorescence signal of different parts of live biological cells. For this, we used a DMI8 microscope 

with an oil immersion HCX PL APO 100x/1.47 NA TIRF objective (Leica, Manheim, Germany)(41). A 

1.5x lens was added to the emission beam path resulting in a final magnification of 150x, also we replaced 

the typical mechanical optical filter wheel with our DFNLC filter. The TIRF module was custom designed 

by Spectral Applied Research (Ontario, Canada). In the region of the laser light emission, our filter was 

found to have a relatively high optical density. Therefore, we have combined it with a multiband Chroma 

59004m optical filter, which acts as a notch filter for the blue (488 nm) and green (561 nm) laser light. 

This way, we are able to select one fluorophore signal at a time and observe differently labeled parts of 

the cell. For image comparison, the same cells were imaged with the commercially available bandpass 

Chroma filters of similar wavelength operation to our DFNLC filters.  

An example of the TIRF microscopy images is presented in Fig. 7 and 8. The test samples are chemically 

fixed bovine pulmonary artery endothelial (BPAE) cells commercially available from FluoCells. Alexa 

Fluor 488 phalloidin dye (green) excited by a blue laser was used to stain F-actin, and MitoTracker Red 

CMXRos dye (red) excited by a green laser was used to stain the mitochondria in the cells. The sCMOS 

camera (Zyla 4.2+ with IQ software by Andor, Belfast, Northern Ireland) integration time was set to 

30 ms.  
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Figure 7. TIRF microscopy images in the highly inclined illumination mode of BPAE cells at a 488 nm 

laser excitation with (a) our DFNLC filter and (b) with a Chroma ET600 filter, yellow lines indicate the 

region where the fluorophore signal level was plotted as a function of distance. (c) FFT of the data 

presented in panel (a); (d) FFT of the data in panel (b). The dashed circles represent the effective resolution 

of the images.  
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Figure 8. TIRF microscopy images in the highly inclined illumination mode of BPAE cells at a 561 nm 

laser excitation with (a) our DFNLC filter and (b) with a Chroma ET600 filter, yellow lines indicate the 

region where the fluorophore signal level was plotted as a function of distance. (c) FFT of the data 

presented in panel (a); (d) FFT of the data in panel (b). The dashed circles represent the effective resolution 

of the images. 

By image comparison, we can see that the designed DFNLC filter can be successfully applied to TIRF 

microscopy. The Fourier data for the images were acquired using the fast Fourier transform (FFT) function 

of the ImageJ software. The effective resolution was determined for each image from this data(42). We 
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can confirm that the effective resolution of the images obtained with DFNLC filter and Chroma optical 

filters specified for the fluorescence microscopy are comparable. The signal-to-noise ratio (SNR) of the 

presented images was calculated as well using the equation: 

𝑆𝑁𝑅 =
〈𝐼𝑠𝑖𝑔𝑛𝑎𝑙〉

𝜎𝑏𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑
, where 〈𝐼𝑠𝑖𝑔𝑛𝑎𝑙〉 represents the average signal value from the microscope image and 

𝜎𝑏𝑎𝑐𝑘𝑔𝑟𝑜𝑢𝑛𝑑 – the standard deviation of the background signal. 

Results of the SNR values are presented in Table 2. The SNR calculated for the images obtained with 

our filter and Chroma filter shows that the image quality is not reduced significantly with the application 

of the fast tunable filer, but allows a significant improvement of the temporal resolution of the microscopy 

process.  

Table 2. SNR values of the microscope images. 

 DFNLC filter Chroma filters 

Alexa Fluor 488 dye 40.12 37.24 

MitoTracker Red dye 40.94 46.78 

 

Figure 9 presents a measured fluorophore signal level comparison for the designed DFNLC filter and 

Chroma filters of the appropriate wavelengths. The measured signal was smoothed and normalized to the 

maximum signal level on each image for the signal profile comparison. By looking at Fig. 9(a) we can 

see the signal profile for the parts of the cell labeled with Alexa Fluor 488 phalloidin dye. The main peaks 

and valleys of the signal measured with different filters are in great agreement and looking at Fig 7 (a) 

and (b) we are confirming the identicality of the microscopy images. The same behavior is confirmed for 

the MitoTracker Red CMXRos labeled parts of the cell measured with the DFNLC and Chroma filter as 

well (Fig. 9(b)). With less than 10 ms filter transition times temporal resolution of the dynamical cell 

imaging can be improved (41).  
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Figure 9. Measured fluorophore signal levels as a function of position: (a) for the Alexa Fluor 488 

phalloidin dye measured with designed DFNLC filter (showed in green solid line) and Chroma ET600 

filter (showed in dashed black line); (b) for the MitoTracker Red CMXRos dye measured with DFNLC 

filter (solid red line) and Chroma ET525 filter (dashed black line).  
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Conclusion and Discussions 

In this work, we have provided an efficient method through which it is possible to design tunable, fast 

switching optical filters based on DFNLC. We have presented an experimental design of a fast bandpass 

filter for operation in the visible range, with theoretical calculations as a guide. Using the DFNLCs as a 

birefringent media, we obtain improved control of the electro-optical properties of LC media and achieve 

specific transmittance spectra by the means of the biasing voltage profiles. The transmittance pattern and 

timescales of our filter can be readily tuned with a combination of various parameters in the filter driving 

voltage profile. We expect these properties to also be easily modified through changes in the material 

properties of the composing DFNLC. We should note that the DFNLC material used to produce the filter 

prototype was commercially obtained and no changes in its composition were made. However, with 

material property enhancements, even faster switching speeds can be achieved. We have presented an 

example application of our filter to illustrate its performance when compared to commercially available 

filters designed for the application to the TIRF microscopy. For this, we have chosen to image biological 

live systems (BPAE cells) utilizing TIRF microscopy. However, we expect that these filters can find 

applicability not only in other fields within biomedical imaging and microscopy but also in other fields 

such as light detection technology. 

We have shown examples of how our filters can be used to image the internal structures of fixed cells; 

this is a static measurement. We also expect that the filters designed here can be employed in dynamical 

measurements which could, for example, image the cell membrane behavior during cell-to-cell 

interaction. Finally, the temporal resolution of our filter (ms), combined with the spatial resolution of 

TIRF microscopy (nm), offers a new avenue to investigate several biological processes that fall well 

within this critical time/spatial regime; including protein folding, molecular diffusion, and enzymatic 

reactions (31). 
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Methods 

LC device preparation. 

We prepared single LC cells using the standard planar antiparallel sandwich-like cell configuration. In 

this, the LC is sandwiched between two glass substrates, each covered with an ITO layer and a polyimide 

layer. The ITO layers provide conductivity and the rubbed polyimide layers provide an initial orientation 

and pinning of the LC molecules. The polyimide used was from Nissan Chemicals (ER-1744) for low 

pre-tilt angles (1 to 3 degrees) and high pinning. This yields a planar initial LC director orientation i.e., 

the director is oriented parallel to the cell surface. The LC layer thickness was controlled by the glass tube 

spacers of different diameters. Before filling in a cell, the thickness was confirmed using the interference 

method of cell thickness measurement (43). MLC-2048 from Merck Ltd was used throughout 

experiments.  

These LC cells were then used to make optical retarders by placing them between crossed polarizers. 

We chose a geometry wherein the incident light is polarized at a 45° angle with respect to the LC director 

(shown in Fig. 1). This angle ensures maximum light modulation intensity. 

Theoretical models for LC Filters. 

The experiments performed throughout this work were conducted at room temperature. Therefore, we 

have neglected the temperature effects in our theory. We have also used SI units throughout.  

For a nematic LC in a cell, the total free energy can be calculated as the sum of the bulk and surface 

energies, where we assume Rapini Papoular anchoring energy (44,45), given by  

𝐹 = ∫ 𝑑𝑧
𝑑

0

𝑈(𝜃, 𝜃′) +
1

2
𝑊 𝑠𝑖𝑛2(𝜃 − 𝜃1) +

1

2
𝑊 𝑠𝑖𝑛2(𝜃 − 𝜃2) , (1) 

where 𝜃1 and 𝜃2 are the pre-tilt angles at the z = 0 and z = d surfaces, respectively. Here, the bulk energy 

density, 𝑈(𝜃, 𝜃′), is a sum of the Oseen-Frank (elastic) (46,47) and the electric (48) energy densities, and 

it can be written as: 

𝑈(𝜃, 𝜃′) =
1

2
(𝐾11cos

2𝜃 + 𝐾33sin
2𝜃) (

𝑑𝜃

𝑑𝑧
)
2

−
1

2
𝜀0𝐸

2(𝜀⊥ − Δ𝜀 𝑠𝑖𝑛
2 𝜃). (2) 
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In these equations, 𝜃(𝑧) is the angle of the director with respect to the substrate (as shown in Fig. 1), 

𝜃′ = 𝑑𝜃/𝑑𝑧, W is the anchoring energy, 𝐾11 and 𝐾33 are the splay and bend elastic constants, 

respectively, E is the electric field from the applied voltage, and ε0 is the permittivity of free space. Lastly, 

Δε is the dielectric anisotropy which is given by ε∥ − ε⊥, where ε∥ is the permittivity measured along the 

direction parallel to the LC director and ε⊥ is the permittivity perpendicular to the director, respectively 

substrate. We note that for DFNLC all the dielectric parameters depend on the frequency of the biasing 

field. This will be discussed in detail later.  

We have solved Eq. (1) for the director profile, 𝜃(𝑧), by numerically minimizing the free energy F. We 

used this method because it is much easier to include the anchoring energy, which the experiment tells us 

is present in our cells. To calculate the derivative 𝜃′, we used a combination of forward and backward 

difference derivatives. Note that we have neglected any electrostatic charging in the polyimide layers as 

is often the case in the literature. We also assumed symmetric anchoring energies, leading to symmetric 

pre-tilt angles.  

Alternatively, one can use the Euler-Lagrange equation: 

𝑑

𝑑𝑧
(
𝜕𝑈

𝜕𝜃′
) −

𝜕𝑈

𝜕𝜃
= 0, (3) 

to derive a steady-state differential equation (39,45) governing 𝜃(𝑧) along with the boundary 

conditions.  

One finds: 

𝑑2𝜃

𝑑𝑧2
(𝐾11cos

2𝜃 + 𝐾33sin
2𝜃) + (

𝑑𝜃

𝑑𝑧
)
2

(𝐾33 − 𝐾11) sin 𝜃 cos 𝜃 + 𝜀0Δ𝜀𝐸
2sin 𝜃cos 𝜃 = 0 (4) 

In these, the boundary conditions are 

(−
𝜕𝑈

𝜕𝜃′
+
𝜕

𝜕𝜃
[
1

2
𝑊𝑠𝑖𝑛2(𝜃 − 𝜃1)])|

𝑧=0
= 0, (5) 

and 

(
𝜕𝑈

𝜕𝜃′
+
𝜕

𝜕𝜃
[
1

2
𝑊𝑠𝑖𝑛2(𝜃 − 𝜃1)])|

𝑧=𝑑
= 0. (6) 
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We have checked these two methods against each other and found that both give identical results.  

The director profile allows one to calculate an effective index of refraction, 𝑛𝑒𝑓𝑓 , given by(49), 

𝑛𝑒𝑓𝑓 =
𝑛𝑒𝑛𝑜

√𝑛𝑒2 𝑠𝑖𝑛2 θ (𝑧) + 𝑛𝑜2 𝑐𝑜𝑠2 θ (𝑧)
 (7) 

Here the ordinary (o, perpendicular) and extraordinary (e, parallel) indices of refraction are dependent 

on wavelength (49). A typical plot of the effective index of refraction against biasing voltage is given in 

Fig. 10. The effective refractive index changes rapidly after the threshold voltage of about 2 V, as seen in 

Fig. 10 (a). This rapid change accounts for the small difference between the experimental and theoretical 

results at low voltages. A similar decrease in effective refractive index occurs as the incident light 

wavelength increases, as seen in Fig 10 (b). 

 

Figure 10. Calculated effective index of refraction (a) as a function of biasing voltage with an incident 

light wavelength of 632 nm; (b) as a function of incident light wavelength at a biasing voltage of 2.7 V, 

for a 10.4 μm thick LC cell. 

The wavelength-dependent refractive indices are calculated using the extended Cauchy equations(50): 

𝑛𝑒,𝑜 = 𝐴𝑒,𝑜 +
𝐵𝑒,𝑜
λ2
+
𝐶𝑒,𝑜
λ4
 (8) 

Where Ae,o, Be,o, and Ce,o are the experimentally determined Cauchy coefficients and λ is the 

wavelength.  
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It is then necessary to integrate the effective index of refraction with respect to z over the thickness of 

the LC layer to determine the transmittance. We split the profile into 101 equally spaced sites and because 

the number of divisions is even, we can calculate the effective index of refraction integral numerically 

using Simpson’s 1/3 Rule (error of dz5 (51)). The number of divisions is divisible by four, so we check 

our accuracy with the higher-order Boole’s Rule (52) (error of dz7 (51)), which confirms the accuracy of 

Simpson’s 1/3 Rule.   

For a single LC retarder, as is the case of Fig. 1 and the results discussed in this paper, the transmittance 

can be found by (49), 

𝑇 = sin2 [
π

λ
(∫ 𝑑𝑧

𝑑

0

𝑛𝑒𝑓𝑓 − 𝑛𝑜𝑑)] (9) 

For the filter produced by combining multiple LC retarders, we need a different method to calculate 

transmittance. The filter has an initial polarizer, a LC film, an intermediate polarizer, a 2nd LC film, and a 

final polarizer. The experiment is at normal incidence, so we can start by using the Jones Matrix Method 

(49) to find the intensity transmitted through a single LC cell of thickness d. The incident light is 

unpolarized and is equal in intensity in both the ordinary and extraordinary directions. Thus, we can write 

the Jones vector (49), 

𝑉𝐼𝑛 =

(

 
 

1

√2
1

√2)

 
 
. (10) 

All polarizers in the filter are linear polarizers. However, as shown in Fig. 2, in our experiment these 

are taken to be at an angle 𝜑 with respect to the x-axis and in the x-y plane. To model this, we can take 

the typical Jones matrix for linearly polarized radiation along y, given by   

𝐽𝑃 = (
0 0
0 1

) , (11) 

and apply the rotation matrix 

𝑅(φ) = (
𝑐𝑜𝑠 φ −𝑠𝑖𝑛 φ
𝑠𝑖𝑛 φ 𝑐𝑜𝑠 φ

) (12) 
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to find the rotated polarizer in the x-y plane to be 𝑅(φ) 𝐽𝑃 𝑅(−φ). 

In the LC layer, the Jones matrix can be written as (49) 

𝐽𝐿𝐶 =

(

 
 
 𝑒𝑥𝑝 [

−2π𝑖

λ
𝑛𝑜𝑑] 0

0  𝑒𝑥𝑝 [
−2π𝑖

λ
∫ 𝑑𝑧 𝑛𝐸𝑓𝑓

𝑑

0

]
)

 
 
 (13) 

We can then combine these equations to find the total output Jones vector by(49), 

𝑉𝑂𝑢𝑡 =  𝑅(φ1)𝐽𝑃𝑅(−φ1)𝐽𝐿𝐶𝑅(φ2)𝐽𝑃𝑅(−φ2)𝑉𝐼𝑛 (14) 

Where φ1 and φ2 are ±45° with respect to the rubbing direction, shown as in Fig. 1. The ± accounts for 

the geometry with two crossed polarizers. The transmittance is the modulus squared of the output Jones 

vector. It is noteworthy that we have checked that we get the same results from the Jones Matrix Method 

and the transmittance equation from Scharf. 

We extend the calculation to the filter by multiplying the output Jones vector by the appropriate number 

of additional LC Jones matrices and rotated polarizers. For our filter of two liquid crystals and three 

crossed polarizers, we have added one more Jones matrix for the LC and an additional rotated polarizer. 

Parameters used in the calculations: 

We use the Frank elastic constants K11 = 12.4 pN and K33 = 24.7 pN(53). We have experimentally 

measured a pre-tilt angle to be 0.04 rad. We determine an anchoring strength of W = 2 x 10-4 J/m2 best 

matches the experiment. For the Cauchy coefficients, we use Ae = 1.6950, Be = -0.0015 µm2, Ce = 0.0035 

µm4, Ao = 1.5200, Bo = -0.0212 µm2 and Co = 0.0044 µm4 which were obtained for MLC-2048 (54). 

Dielectric parameters used in calculations as a function of biasing field frequency presented in Table 3. 

Table 3. Dielectric values of MLC-2048 as a function of the frequency of applied field (55).  

Frequency of 

applied field (kHz) 
𝜀∥ 𝜀⊥ Δ𝜀 

1 11.1 8.07 3.03 

3 10.1 8.04 2.06 

5 10.14 8.04 2.1 
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9 9.72 8.02 1.7 
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