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Summary

The optical properties of canted antiferromagnetics is discussed
from the perspective of magnetic polaritons and field tunable electro-
magnetic properties. Canted antiferromagnets have a weak magneti-
zation and their electromagnetic properties can be affected by applied
magnetic and in the case of multiferroics, applied electric fields. A the-
oretical approach is outlined here that is useful for describing the THz
frequency electromagnetic response and properties of a large variety
of canted spin systems. The properties of two example systems are
discussed: an antiferromagnet with canted induced through an exter-
nally applied magnetic field, and an antiferromagnetic multiferroic
wherein the magnetic sublattices are canted by an internal coupling to
a spontaneous dielectric polarisation.

Keywords: Magnetic polaritons, canted antiferromagnet, multiferroic, hyper-
bolic media
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1 Introduction

The ability to generate strong electromagnetic waves in the THz region
has motivated interest in using anisotropic media to access and manipulate
electromagnetic waves in the millimeter and micrometer range [1]. However,
the concept that the internal structure of a medium could affect its response
to light has been known for centuries. A well known media with absorptiion
resonances in this wavelength range are magnetic media such as antiferro-
magnets [2]. Propagating electromagnetic excitations of antiferromagnets
are magnon-polaritons and these can be described by permeabilities which
display sharp responses near resonances in the magnetic degrees of freedom
[3]. These resonances can exist in the near infrared, and define bands of
optical frequency transmission separated by restrahlen gaps whose width is
strongly field dependent [4].

These antiferroagnets and electromagnetic properties associated with
their resonances have been extesively studied since the early 50s [5]. The
first structures to be investigated in this field were simple arrangements of
spins perfectly aligned anti-parallel to one another and, therefore, posessing
zero net magnetic moment [3, 6]. Shortly after, a subclass of these structures
gained in interest, that of ’canted antiferromagnets’, in which a small fero-
magnetic component was seen along the direction of canting. This could
be induced by simply applying an external magnetic field perpendicular to
spin alignement direction. However, such behaviour has been also reported
to happen naturally in a variety of magnetic crystals. Soviet literature, for
instance, is resposiable for a great deal on the early investigations in this
topic. The systems investigated include the orthorhombic crystal NaNiF3

[7] and α-Fe2O3 [8]. Spontaneous canting was first explained by Dyzaloshin-
sky who showed that a weak ferromagnetism could be observed in the
antiferromagnet α− Fe2O3 and other materials with a symmetry breaking
effective field arising from spin orbit coupling effects on electronic exchange
interactions. These fields serve to turn the antiferromagnetically coupled
sublattices towards each other, producing a net magnetic moment, and is of-
ten used in models of multiferroic response of magnetic degrees of freedom
to electric fields [9].

In this chapter a theoretical description is presented for electromagnetic
wave propagation in canted antiferromagnets. Two examples are discussed.
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In the first example, the spin canting is achieved by application of a magnetic
field perpendicular to the unaxial anisotropy axis of a colinear antiferro-
magnet. In the second example, the canting appears as a spontaneous
deformation of a colinear antiferromagnet due to the generation of a elec-
tric polarisation via a Dyzaloshinskii mechaism. Through these examples,
properties of bulk and surface magnetic polaritons in antiferromagnets are
described, and interesting consequences for reflection and transmission in
film geometries are discussed.

2 A Semi-classical Description of Polaritons

In order to discuss optical properties in canted antiferromagnets, and
ultimatly, the effect of magneto-electric coupling in spin systems, it is useful
to summarize the general behaviour of polaritons in the context of electro-
magnetic phenomenology.

When electromagnetic waves interact with condensed matter they can
excite the material’s internal degrees of freedom. The propagation of electro-
magnetic waves in the material will be modified strongly near absorption
resonances associated with these excitations. This can appear in the dis-
persive characteristics of the electromagnetic wave as a deviation from the
ligth line in a material that is most pronounced near material resonances
[10]. These phenomena are described with constitutive relations that couple
the displacement D and induction B fields with the medium through linear

response permittivity
↔
ε (ω) and permeability

↔
µ (ω) [1]. The general form

of the constitutive relations is

D =
↔
ε (ω)E (1)

and

B =
↔
µ (ω)H. (2)

The nature of these resonances depends on their origin. Electromagnetic
coupling to elastic properties of a material can generate optical frequency
lattice vibrations which are referred to as phonon-polaritons [10]. The
simplest situation is that in which the crystal has a single infrared active
phonon-polariton so that the dielectric constant is frequency dependent and
can be described by [11]

ε(ω) = ε∞ +
Ω2

ω2
TO −ω2

. (3)
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Here ωTO is the transverse-optical phonon frequency, Ω its oscillator strength
and ε∞ the contributions to the dielectric constant from high frequency exci-
tations.

In a variety of crystals, however, phonon-polaritons have been reported
to be anisotropic i.e., propagation depends on direction relative to the sym-
metry axes of the crystal. This means that the dielectric function differs for
different directions and is expressed in a tensorial form [1]. In this case,
if the Cartesian axes can be chosen to align with the principal axes of the
crystal, the tensor becomes diagonal and can be written as follows

↔
ε (ω) =

εxx 0 0
0 εyy 0
0 0 εzz

 . (4)

Similarly to dielectric crystals interacting with the electric field of radia-
tion, magnetic media respond to dynamic magnetic fields. In this case, The
response is described by the magnetic permeability [10, 12]. In antiferro-
magnets, for instance, the magnetic field of an electromagnetic wave excites
spin precession. The frequency at which the radiation couples with the spin
precession is given by

ω0 = ±γ(2BABE + B2
A)

1/2. (5)

where BA and BE are the internal anisotropy and exchange fields acting
on the spins and keeping them aligned anti-parallel to one another [3, 13].
This resonance determines the frequency of a singularity in the magnetic
permeability. In a colinear antiferromagnet, the magnetic sublattices are
aligned anti-parallel to one another. Denoting these orientations as +y and
−y, the precession and corresponding linear response is in the transverse
x and z directions. This means that µyy is unity at all frequencies and the
other components are given by

µxx = µzz = 1 +
2µ0γ2MSBA

ω2
0 −ω2

. (6)

Similarly to the case of Eq. (4) for phonon-polaritons in dielectric media,
the linear response of antiferromagnets to a time varying magnetic field can
be represented through the permeability tensor:

↔
µ (ω) =

µxx 0 0
0 µyy 0
0 0 µzz

 . (7)

Though diagonal, the susceptibilities
↔
ε (ω) and

↔
µ (ω) are examples

of anisotropic media. In the following sections, we consider off-diagonal
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elements in the susceptibilities and discuss examples of how anisotropic
magnetic media with canted spins can be used to induce unusual optical
effects on reflection, transmission and surface waves. The off-diagonal
elements will describe weak magnetism. In the first example the off diagonal
elements appear in the permeability and are created by an externally applied
magnetic field. In the second example the weak magnetism is created
spontaneously through an effective internal field that describes coupling to
the dielectric properties of the material and is expressed in an additional
magneto-electric susceptibility that in principle involves the time varying
electric and time varying magnetic fields.

Polaritons in Field-Canted Antiferromagnets

Figure 1: Schematics of an electromagnetic beam incidence at the surface
of an antiferromagnet as considered throughout this section. The plane of
incidence is the yz-plane and the radiation is considered to be transverse
electric (TE) polarized so that the time-varying H field of the incident beam
lies in the yz-plane. In the absence of an external field B0 the sublattice
magnetisation, as well as the anisotropy field, are parallel to the surface
and directed along +y and −y. In the case of a nonzero external field B0

applied along x, and perpendicular to the incidence plane, the spins cant
by an angle α towards the applied field direction as shown in the inset. For
clarity only, the vertical axes in the inset have been flipped.

As discussed earlier, we will start our discussion by looking at a canted
spin system due to a static Zeeman field externally applied, such as the
cartoon in the inset of Fig. 1. This sufficiently describes classic collinear
antiferromagnets, such as the salts MnF2, FeF2 and CoF2 [10]. In this case,
the minimization of the competing anisotropy BA and exchange BE fields
leads to a ground state of spins perfectly aligned antiparallel to one another.
However, spin canting can be induced by simply applying an external
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magnetic field B0 perpendicular to the spin alignment direction as shown in
Fig. 1. Precession motion of the spins is driven by a time-varying h(t) of
frequency ω given by

h(t) = (x̂hx + ŷhy + ẑhz)e−jωt. (8)

Here we consider M1 and M2 as the magnetization of each sublattice. In
the Cartesian coordinate system we have: the static,external Zeeman field
B0 is parallel to the x axis; we take both M1 and M2 to lie in the y axis, in
their equilibrium configuration. Thus, the effective fields,H(i)

eff, acting on a
sublattice i is given by [14, 15, 16]

H(i)
eff =

1
µ0

(BiA + BiE + B0) + h(t). (9)

The external field, B0, leads to a spin canting of magnitude α and we can
write expressions for the magnetization of each sublattice as

M1 = Ms(x̂ sin α + ŷ cos α) + m(1) (10)

and
M2 = Ms(x̂ sin α− ŷ cos α) + m(2) (11)

where Ms is the static magnetization and m(1),m(2) are the time-dependent
components associated with the spin wave in the structure. We can then
write classic equations of motion of the various spin components which
yield coupled equations for m1 and m2. These equations can be written
through

1
γ

dMi

dt
= µ0Mi ×H(i)

eff (12)

This yields six coupled equations for each component of the two sublattice
magnetizations. Ultimately, we assume that the m(i) quantities are small
and we can linearize the equations of motion by ignoring quadratic dynamic
terms.

There are two main properties of the spin system which we are interested
here and that can be obtained from the equations of motion:

1. We can use these equations to find the resonances in the canted anti-
ferromagnets. In our particular case, the time-varying fields disturbs
the spin system, generating resonant behaviour in all directions. This
means that there are more than one resonance. These can be found by
setting h = 0 and subsequently writing all components of the dynamic
magnetization as a matrix of the form:
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Ω



m(1)
x

m(1)
y

m(1)
z

m(2)
x

m(2)
y

m(2)
z


= 0. (13)

Thus, the resonance frequencies can be obtained from the secular
determinant of Ω. Given in terms of ω0, they assume the form

ω2
‖ = ω2

0 cos2 α (14)

and

ω2
⊥ = ω2

0 cos2 α + 2BEB0 sin α. (15)

These resonances have a clear dependence on the canting angle α,
and hence external field B0. This angle can be found by finding the
direction of equilibrium of the magnetization, also from the same set
of equations, and can be written as:

sin α =
B0

BA + 2BE
. (16)

2. We can also use these equations to rewrite the permeability tensor and
its components, given by Eq. 7, as to account for the spin canting. This
time, we need to assume a non-zero time varying external field so that
the equations of motion may be written as:

mi =
↔
χ ij (ω)hj (17)

where
↔
χ ij (ω) relates the alternating magnetization to the time varying

magnetic field, it may be called the high frequency susceptibility. To
convert this into the canonical permeability tensor we use the identity
↔
µ (ω) = δij

↔
χ (ω), where δij is the identity matrix. In a tensor form,

Eq. 7 now assumes the form

↔
µ (ω) =

µxx 0 0
0 µyy −jµyz

0 jµyz µzz

 . (18)
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with components written as now written as

µxx = 1 +
2µ0γ2MSBE cos2 α

ω2
‖ −ω2

, (19)

µyy = 1 +
2µ0γ2MSB0 sin α

ω2
⊥ −ω2

, (20)

µzz = 1 +
2µ0γ2MS(B0 sin α + BA cos 2α)

ω2
⊥ −ω2

, (21)

while

µyz = −µyz = −j
2µ0γ2MSω sin α

ω2
⊥ −ω2

. (22)

Note that in this plane, the precession direction is the same for the two
sublattices, but changes direction when the field direction is reversed. The
antiferromagnet is thus gyromagnetic, with nonzero permeability compo-
nents µyz and µzy whose signs depend on the field direction [15]. A full
description of these and the methods of how they can be derived from the
equations of motion has been detailed in Chapter 1 by Anderson, Camley
and Livesey.

2.1 Spectra: Bulk modes and Reststrahl

The dynamic response of antiferromagnets to optical waves is thus
determined by competition between components of the permeability tensor.
Having now discussed the nature of resonances and general structure of
the tensor in a field canted spin system, we now turn to the electromagnetic
problem. This begins with Maxwell’s equations. In the present case, where
Maxwell’s equations without sources or currents hold, we have:

∇ ·D = 0, (23a)

∇× E = −∂B
∂t

, (23b)

∇ · B = 0, (23c)

∇×H =
∂D
∂t

(23d)

We consider the electromagnetic waves to be propagating from vacuum
onto a uniaxial antiferromagnet in the geometry shown in Fig. 1 with
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incidence plane yz. If the angle of incidence is represented as θ1 and k0 =

ω/c, the in-plane wave vector component ky is the same across all layers
and is given by

ky = k0 sin θ1. (24)

The z component of the wave vector, however, assumes different forms
through the different layers. In this case, it is useful to employ Maxwell’s
equations in the two media. This can be done by combining Eqs. (23b) and
(23d) to find the wave equations for both E and H. These can be written as

ik×
[↔

ε (ω)−1(ik×H)
]
=

ω2

c2

↔
µ (ω)H (25)

and

ik×
[↔

µ (ω)−1(ik× E)
]
= −ω2

c2
↔
ε (ω)E. (26)

These equations are symmetric and can be interchanged by one another. For
simplicity, we will carry on working only with H.

In vacuum, we can then use Eq. (25) to find the wavevector component
kz1 as being

k2
z1 = k2

0 − k2
y. (27)

In the antiferromagnetic crystal, on the other hand, the properties of the
wave vector component kz2 depend on the polarization of the propagating
wave. In the case of TE polarised waves, this component is given by

k2
z2 =

εk2
0(µyyµzz − µ2

yz)− µyyk2
y

µzz
, (28)

while for TM polarised waves we have

k2
z2 =

µxx

ε
k2

0 − k2
y. (29)

These equations can be, in a way, regarded as a generalised Fresnel’s
equation of the wave normals for a field canted antiferromagnet.

In order to illustrate the nature of magnon-polaritons in antiferromagnets
the following sections use the example antiferromagnet MnF2. This is a
two-sublattice uniaxial antiferromagnet of simple structure which has been
extensively investigated theoretically as well as experimentally. For this
material, the relevant parameters [17] at a temperature of 4.2 K are MS =
6.0 × 105 A/m and BA = 0.787T. The Néel temperature is 67 K and the
corresponding exchange field is BE = 53.0 T. Also γ/2πc = 0.975 cm1/T,
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Figure 2: Magnon-polariton dispersion relation for TM-polarized radiation
incident on a MnF2 surface for B0 = 0. The shaded regions represent
propagation inside the material while no propagation is shown elsewhere.
Based on data from R. Macêdo. Tunable Hyperbolic Media: Magnon-Polaritons in
Canted Antiferromagnets. In Robert E. Camley and Robert L. Stamps: Solid State
Physics, 68, 91–155 (2017).

corresponding to ω0/2πc = 8.94 cm−1. The damping parameter is Γ/2πc
= 0.0007 cm−1. In the case where B0 = 0, µzz has a pole at the resonance
frequency ω0/2πc = 8.94 cm−1 and a zero at a somewhat higher frequency
close to 9.00 cm−1. Even though it has been pointed out that the the dielectric
constant in MnF2 is also anisotropic and should be treat in the form given
by Eq. (4) [18], we simply treat this quantity as isotropic ε=5.5. This does not
affect the nature of the effects we will discuss and this approach has been
shown to be consistent with experimental works in this spectral area [17].

In order to illustrate the TM polarised wave propagation, we show the
plotted dispersion relation in Fig. 2. Because Eq. 29 only couples with
the resonant component µxx which the negative between ω‖ and ωS, no
propagation is allowed in this region. This is called the reststrahl region.
The areas of propagation as shown as two shaded regions, the upper and
lower bulk polariton bands(BP).

The most interesting case, however, is that of TE polarised incident
waves shown in Fig. 3. In this plane of polarisation, and in the absence of
an external field as shown in (a), propagation is possible for every incident
ky in the frequency range between ω0 and ωS. In contrast to the case of TM
polarised waves, there is no reststrahl gap between the upper and lower
bulk bands at ky = 0. This is because in this geometry, the magnetic field
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Figure 3: Magnon-polariton dispersion relation for TM-polarized radiation
incident on a MnF2 surface. Here (a) is for B0 = 0 and (b) is for B0 = 1.5
T. The shaded regions represent propagation inside the material while no
propagation is shown elsewhere. Based on data from R. Macêdo. Tunable
Hyperbolic Media: Magnon-Polaritons in Canted Antiferromagnets. In Robert E.
Camley and Robert L. Stamps: Solid State Physics, 68, 91–155 (2017).

of light couple with two different permeability tensor components with
opposing signs.

The nature of this behaviour is not affected by an external field as shown
in Fig. 3(b). However, the field does shifts the resonance to higher frequency
and thus, shifting the features of the dispersion relationr. Another conse-
quence of the off-diagonal components µyz and µzy is to slightly separate
the upper and lower bulk bands so that there is a small reststrahl gap just
after ωS, even at ky = 0.

2.2 Reflection

In order to investigate further the behaviour of the dispersion relation
shown previously, we look at the properties of a reflected beam from an
antiferromagnetic surface. Here, we concentrate on a geometry in which
the electric field of the propagating electromagnetic waves is polarised
perpendicular to the plane of incidence (TE-polarised) and along x as shown
in FIg. 1. The reflectivity coefficient can be found by matching the boundary
conditions in the surface (z = 0). The boundary conditions require the
continuity of the tangential components of E and H. This leads to a complex
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reflection coefficient r, written in terms of Eq. 18 as [15]

r =
Erx

Eix
=

kz1(µyyµzz + µ2
yz)− kz2µzz − kyµyz

kz1(µyyµzz + µ2
yz) + kz2µzz + kyµyz

. (30)

Note that r is given in terms of the components of
↔
µ (ω), including the

imaginary off-diagonal components µyz and µzy. As discussed previously,
the signs of these components depend on the field direction, and hence
canting. If we then consider an steady field, so that the system is canted
and these components always exist, their sign will simply depend on the
magnetic field of the incident radiation. In the present case, the incident
magnetic field has a component in the yz plane, therefore, nonreciprocal
effects may be expected in reflection and any other effect dependent on it.

2.2.1 Lateral Shifts and Nonreciprocity

In Fig. 4 we show the spectral reflectance (R = rr∗) at the surface of
an antiferromagnetic crystal for an incidence angles of ±60◦. We start by
looking at the case where case when Γ = 0 so that kz2 is either wholly
real or imaginary. In this particular case, a real kz2 leads to propagation
into the material, whereas an imaginary kz2 gives no propagation. The
propagating and non-propagating regions are depicted in Fig. 3(b) as shaded
and unshaded regions, respectively. Note that the shading regions are made
to match those of Fig. 4. Another consequence of Γ = 0 is that of only one
line to be seen for either directions of the incident beam (±60◦), in which
case R is always unity when kz2 is imaginary and smaller elsewhere.

One important aspect of reflection in antferromagnetic crystals, how-
ever, is that of nonreciprocity when damping is included (Γ 6= 0) [2]. This
behaviour, has been explained in a simple manner by using symmetry argu-
ments [19]. This dictates that when a spin system of this sort is subjected to
an external magnetic field B0 the symmetry of the system is broken so that

R(θ1, B0) 6= R(θ1, B0) 6= R(θ1,−B0). (31)

The nonreciprocal behaviour is shown by the solid lines in Fig. 4. It is
clear from those that the different directions of propagation of the incident
beam yield a distinct reflectance spectrum [20].

If we now consider this reflection to be that of a finite beam, we can
model it to be a sum of plane waves. This spectrum approach has been
used previously by McGuirk and Carniglia where the complex reflection
coefficient is given by
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Figure 4: (a) Calculations of TE polarised oblique incidence (θ1 = ±60◦)
reflection from the interface between vacuum and MnF2 in the presence of
an external magnetic field of 1.5 T and (b) Goos-Hänchen shift D. Reflected
(c) phase and (d) amplitude, as a function of in-plane wavevector ky, at
frequency marked as A (9.125 cm−1) in (a). Dashed lines are calculated
ignoring damping, whereas solid lines are for calculations in which damping
is included. The shaded region shows frequencies where transmission can
occur in the absence of damping according to Fig. 3(b). Adapted from R.
Macêdo , R. L. Stamps , and T. Dumelow , Spin canting induced nonreciprocal
Goos-Hn̈chen shifts, Opt. Express 22, 28467 (2014).

r(ky) = ρ(ky)ejφ(ky) (32)

where ρ(ky) is the reflection amplitude and φ(ky) is the associated phase
change on reflection [21]. These are shown in Fig. 4(c) and (d), where
can be seen that the phase is not always 0 or π. In this case, as the phase
change varies with ky, interference between the reflected plane waves will
be different from that for the incident waves, leading to a change in the
reflected beam profile. This typically manifests itself as a lateral shift of the
reflected beam given by

D = − dφ

dky
. (33)

We depict this behaviour in Fig. 4(b) we show the corresponding values
of this displacement. This is commonly known as Goos-Hänchen shifts,
and in antiferromagnetic case, It can be immediately noticed that these are
distinctly nonreciprocal D(+θ1) 6= D(θ1), either with or without damping.
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When investigating lateral shifts of the reflected beam, it is also useful
to consider energy flow within the crystal. This is of interest as it was used
as an argument in theories, such as that of Renard [22] to described the
behaviour of a displaced reflected beam. This is also particularly useful to
directly visualised the behaviour of the displacement. In order to do this,
we make used of the time-averaged Poynting vector 〈S2〉 = 1/2Re(E×H∗).
When considering a TE polarised wave, incident in an antiferromagnetic
surface in the geometry shown in Fig. 1, 〈S2〉 has components

〈S2y〉 =
|Ex|2
2ωµ0

Re

(
kyµyy − k2zµyz

µyyµzz + µ2
yz

)
(34)

and

〈S2z〉 =
|Ex|2
2ωµ0

Re

(
k2zµzz + kyµyz

µyyµzz + µ2
yz

)
. (35)

+60
0
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MnF2

(a) (b)
x

z z

10
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Air

MnF2

x

DD

Figure 5: Calculated overall intensity of the magnitude of the time-averaged
Poynting vector for a beam of 0.2 cm wide obliquely incident on a Air/MnF2

interface at frequency A in the presence of a magnetic field B0 = 1.5 T. (a)
θ1 = +60◦ and (b) θ1 = −60◦. The arrows represent the incident and
reflected beams, positioned according to Eq. (33), with angle of reflection
assumed equal to angle of incidence. Based on data from R. Macêdo , R. L.
Stamps , and T. Dumelow , Spin canting induced nonreciprocal Goos-Hn̈chen shifts,
Opt. Express 22, 28467 (2014).

The lateral displacement of a Gaussian beam incident on a MnF2 surface
is shown in Fig. 5. The simulations shown use a plane wave spectrum
model [21, 20], of a Gaussian beam of width g = 0.2 cm incident on the
surface of a semi-infinite antiferromagnet. In Fig. 5(a), results are given for
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a positive incident angle corresponding to a small displacement as expected
from Fig. 4(b). In Fig. 5(b) we show the case for a negative incident angle,
with a much larger displacement also agreeing with the results shown in
Fig. 4(b). Both cases cases shown in Fig. 5 were calculated for the same
frequency masked as A in Fig. 4(a). This clearly depicts not only the lateral
displacement, but also its nonreciprocal nature. Note that the nonreciprocity
shown here is given in terms of the incident angle, but it would also be
present by reversing the direction of the external field B0 due to the nature
of the off-diagonal components of the permeability tensor, as discussed
previously.

2.3 Refraction

Now that we have analysed spectral region of nonreciprocal reflection
and the behaviour of the reflected beam, we now turn to the problem of the
refracted beam. This is of particular interest as it has been recently reported
that canted antiferromagnets can be used as a route to tunable negative
refraction [14, 23]. Here we take the angle of refraction θ2 to be given in
terms of the Poynting vector S2 inside the antiferromagnet. By the geometry
shown in Fig. 1 we get

tan θ2 =
〈S2y〉
〈S2z〉

, (36)

It is easier to interpret the behaviour of the refracted by by starting with
the situation in which there is no damping nor external applied field. In this
case, µyz and µzy vanish and in the region between ω0 and ωS, µyy > 1 and
µzz < 1. In this region k2z is wholly real so that if we substitute this quantities
into Eq. (36), is easy to see that θ1 and θ2 will always have opposing signs
[24].

This can be visualised by simulating the behaviour of a Gaussian beam
travelling through an antiferromagnetic slab as done in Sec. 2.2. This is
shown in Fig. 6(a) where negative refraction of the power flow for a beam
incident on a MnF2 slab is seen.

Because we are interested in the canted spin systems, we show the
behaviour of the refracted beam for various fields in Figs. 6(b)-(c). When
an nonzero external field is applied the values of the permeability tensor
components change and so does the the magnitude of θ2. For the field values
chosen, negative refraction of a Gaussian beam can be directly observed in
all cases. However, a more complete analysis of this behaviour has been
given by Macêdo and Dumelow showing that is possible to turn the negative
refraction on and off according to the field strenght [14].
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Figure 6: Intensity profile (time averaged power density) of a Gaussian
beam obliquely incident at an angle of incidence θ1 = 450, passing through
an MnF2 slab at frequency ω/2πc = 8.984 cm−1. (a) B0 = 0.0, (b) B0 = 0.2 T
and (c) B0 = 0.4 T. The intensity scale is in arbitrary units. Adapted from R.
Macêdo , T. Dumelow , and R. L. Stamps, Tunable Focusing in Natural Hyperbolic
Magnetic Media, ACS Photonics 3, 1670 (2016).

2.3.1 Tunable Hyperbolic Dispersion and Focusing

Even though we have just seen how negative refraction in canted anti-
ferromagnets can be explained in terms of the power flow, this is commonly
treated as hyperbolic behaviour [25]. This has been extensively investigated
in context of metamaterials [26] and even natural dielectric crystals [27, 28].
The hyperbolic behaviour has derived its name from the shape of the ma-
terials dispersion relation, which resembles a hyperbola. This behaviour
can also be seen in the canted antiferromagnet studied here as shown in
Fig. 7. In each plot, we show both the equifrequency curves for air (incident
medium) and MnF2 (refractive medium).

The vectors from the origin to a point on one of the surfaces specifies the
direction of the phase propagation in the corresponding plane wave with
different wavenumbers k of the kind ei[k·r−ω(k)t]. In this case the wavepacket
has a group velocity [29]

vg = ∇kω(k), (37)

where the gradient is given in k space of the frequency ω = ω(k). The
direction of vg gives the direction of the propagating wavepacket and
in anisotropic materials this generally differs from the direction of the
wavevecor k. The vector vg is always normal to the equifrequency sur-
face, at ω = ω(k) = constant and so is the Poyting vector [30, 31, 32].

In the present case, however, when an external field B0 is applied the
equifrequency curve becomes flatter than the equivalent zero field curve, as
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Figure 7: Real parts of the wave-vector component k1z (blue lines) and k2z

(green lines) as a function of ky (expressed in units of k0), for transmission in a
MnF2 crystal having its extraordinary axis directed along x, in s-polarisation
at a frequency ω/2πc = 8.984 cm−1. (a) B0 = 0.0, (b) B0 = 0.2 T and (c) B0 =
0.4 T.

shown in Figs. 7(b)-(d). This is due to changes in the permeability tensor
component µzz. From these figures, it can be inferred that the effect of the
small fields is simply to decrease the magnitude of the angle of refraction θ2

without changing the frequency ω.
The hyperbolic plots shown in Fig. 7, indicate that there is negative

refraction of all angles. This is the necessary condition to achieve focusing
in flat lenses. This is shown in the diagram of Fig. 8(a). Even though
the focusing in Fig. 8(a) seems fairly perfect, in a hyperbolic medium, the
focusing of peripheral rays occurs at positions which cannot be described
by the paraxial approximation. Marginal rays are focused after the paraxial
focus within the slab, and before the paraxial focus outside the slab. This
leads to an envelope of interfering refracted rays, also known as caustics.

In this sense, we look at the focusing of the power flow going through
an antiferromagnetic flat lens. For this reason, a source radiating in all
directions in the yz plane must be used. In Fig. 8(b) the behaviour of the
power flow can be seen in great detail as it crosses trhough the lens. As
previously discussed, the power flow is given by the time-average Poynting
vector 〈S2〉. Due to high levels of transmission for all incident angles, inter-
secting rays produces a network of constructive and destructive interference
within the caustic envelope, both inside and outside the slab. The network
of intensities discussed here are examples of caustic curves analogous to
those discussed in the classic works by Nye [33]. These caustics are a result
of the non-perfect focusing due to hyperbolic behaviour of antiferromagnets.
The shape of these caustics can be modified by changing the magnitude of
the external applied field B0. Nevertheless, despite the complications of the
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Figure 8: Image formation due to a TE-polarised line source placed above
a MnF2 slab. The distance d2 is 20λ’ (≈ 1.0 cm), where λ’ represents the
wavelength within the antiferromagnet at normal incidence (about half the
free-space wavelength). The distance d1 is equal to d2/4 (≈ 0.25 cm). The
extraordinary axis is directed along x and the frequency of the incident
radiation satisfies ω/2πc = 8.984 cm−1. (a) Schematic showing the path of
multiple rays passing through an MnF2 slab for B0 = 0.0. (b) Power flow
intensity for the setup shown in (a). Effect of a magnetic field on the intensity
profile for (c) B0 = 0.2 T and (d) B0 = 0.4 T.The intensity scale is in arbitrary
units. Adapted from R. Macêdo , T. Dumelow , and R. L. Stamps, Tunable Focusing
in Natural Hyperbolic Magnetic Media, ACS Photonics 3, 1670 (2016).

imperfect focusing at high angles, there remains a high intensity focus at the
cusp. Figures 8(c) and 8(d) show how the image is moved closer to the lens
by applying an external field.

Polaritons in Antiferromagentic Multiferroics

Having extensively discussed the behaviour of waves propagating in
canted antiferromagnets due to an externally applied Zeeman field, we now
turn to another example system: intrinsically canted multiferroics. The
geometry is that shown in Fig. 9 which is very similar to that of a canted
antiferromagnet given in Fig. 1. However, in the present case the spins
lie perpendicular to the crystal’s surface and along z. The canting angle α

arises from a competition between bilinear Heisenberg exchange, that tends
to align the magnetic sublattices antiparallel, and an interaction associated
with magnetoelectric coupling. In this case the competition appears as
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Figure 9: Schematics of an electromagnetic beam incidence at the surface
of a multiferroic material as considered throughout this section. The plane
of incidence is the yz-plane and the radiation is considered to be transverse
electric (TE) polarized so that the time-varying H field of the incident beam
lies on the yz-plane. The system is spontaneously canted by an angle α

towards x as shown in the inset, with electric polarization P perpendicular
to the magnetisation and hence along the y direction. Note that, for clarity
only, the horizontal axes in the inset have been flipped and the canting angle
has been exaggerated as it is usually very small for this type-material.

an effective field whose magnitude depends on the polarization P. The
polarization is affected by static electric fields, temperature, and provides
the magneto-electric coupling for time varying electric fields [34]. The
canting, is assumed to be given by [35, 36]

tan(2α) =
4δPy

K + 2λ + 4π
(38)

where δ is the magnetoelectric coupling constant, K is a uniaxial anisotropy,
λ is the Heisenberg exchange, and Py is a spontaneous electric polarisation
in the material aligned along the y direction [35]. An example material for
which this form of canting is applicable is BaMnF4 [34, 37, 38]. It should be
mention that this angle is often quite small, in BaMnF4, for instance, this is
only 0.17◦.

Similarly to the case of canting due to an external field discussed earlier,
the canting angle here is found by energy minimization. No magnetic or
electric fields are needed to induce spin canting. However electric fields
along the y direction or magnetic fields along the canting direction can affect
the resonance frequency.

A phenomenology can be constructed by starting with free energies
describing the magnetic, electric and magneto-electric interactions. Details
are given in [35], but schematically one includes as a minimum the electric
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energy FE, a magnetic contribution FM and a magnetoelectric coupling
energy FME (elastic energies are also typically important but are neglected
for simplicity here) [39]. The magnetic susceptibilities are derived as before
from the spin equations of motion, but now it is necessary to include the
terms describing the magneto-electric coupling. In this case, Eq. 12 for
simple spin systems becomes becomes

1
γ

dM
dt

= M×
[
−∂

∂M
(FM + FME)

]
. (39)

Here, FM is a long wavelength density energy term containing the mag-
netic contribution and FME represents an energy density for the magneto-
electric coupling which is assumed to be of the Dzialoshinskii-Moriya form
[40].

In this model, it is also necessary to modify the dielectric response in
order to accommodate the magneto-electric coupling, and it now becomes

d2P
dt2 = − f

∂

∂P
(FM + FME), (40)

with FE being a fourth order Ginzburg-Landau (G-L) energy density which
describes the dielectric contribution through P and f is the inverse of the
phonon mass.

Equations (39) and (40) are used to obtain the dynamic permeability and
permittivity tensor components. These assume the same forms as those

shown previously. In the present case, the components of
↔
µ (ω), however,

assume a very different form from those shown by Eqs. (20)-(19). Their
form has been previously derived by Gunawan and Stamps [35], but for
simplicity here we continue to work with Eq. (18).

The responses associated with
↔
µ (ω) and

↔
ε (ω) are uncoupled except

for certain orientations (i.e. polarization) of the time varying electromagnetic
fields with respect to the crystal. For some polarisations and orientations
with respect to the crystal there is a magneto-electric response. We consider
the case appropriate for BaMnF4, where the magneto-electric response is
given by the tensor

↔
κ (ω) =

 0 χme
xy 0

χme
xx 0 0
0 0 0

 . (41)

For materials in this class, it is possible to affect the spontaneous elec-
tric polarization with a static applied magnetic field, and affect the weak
magnetisation with a static electric field. A combination of, and competition
among the terms in these tensors determines how electromagnetic waves
propagate in multiferroics. This is the subject of the next sections.

20



2.4 Surface Modes and Attenuated Total Reflection

In order to study the optical properties of multiferroic materials, we use
the same approach as in Sec. 2.1. However, due to the magneto-electric
coupling the constitutive equations have to be rewritten in order to accom-
modate the tensor

↔
κ (ω). Equations (33) and (2) now take the general

form:

D =
↔
ε (ω)E + 4π

↔
κ (ω)H (42)

and

B =
↔
µ (ω)H + 4π

↔
κ (ω)E. (43)

Because there is no contribution of the magnetoelectric coupling when
the incident waves are TE-polarised, these equations and the associated po-
lariton dispersion equations will be the same as those previously derived for
simple canted antiferromagnets. However, when considering TE-polirised
incident waves, the effect of

↔
κ (ω) must be accounted for [35]. A full

discussion is presented below.

2.4.1 Trnasverse Electric (TE) Polarisation

Due the nature of the magnetoelectric coupling, this class of materials has
also great potential to display interesting features in their surface polaritons.
To investigate this behavior, it is necessary to obtain a dispersion relation
assuming solutions for the wave equation in the form of H ∼ eβzej(kyy−ωt)

for z < 0 and H ∼ e−β0zej(kyy−ωt) for z > 0. In this case β and β0 are the
attenuation constants for the respective media. It is therefore possible to
derive a dispersion relation for surface modes which is similar to that of
bulk modes. Boundary conditions dictate the continuity of tangential H and
normal B at the boundary between air and a semi-infinite multiferroic. This
gives

β2
0 = k2

y −
ω2

c2 (44)

and

µzzβ + (µyyµzz − µ2
yz)β0 + µyzky = 0, (45)

in vacuum and and in the multiferroic, respectively.
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We now apply this to the example material BaMnF4 where measured
values of the weak ferromagnetism [41] are MC = 18.347 Oe, and a canting
angle [42] of α = 3 mrad at T = 4.2 K. These paramaters are used to obtain
the magnetization of the sub-latticesusing the relation Mc = 2Ms sin α, this
yields Ms = 3.054 × 103 Oe. The approximations by Holmes [43] gives the
exchange field, HE = 50 T, and from the relation HE = λMs we obtain the
exchange constant as λ = 163.72 erg cm−3Oe−2. Further parameters for this
material have also been provided by Gunawan and Stamps [35, 36].

Figure 10: Attenuation constant and dispersion relation. In (a) the atten-
uation constant is shown for two values of wavevector in the absence of
external fields. The solid line represents k = 0 cm−1, while the dashed line
correspond to k = 16 cm−1. In (b) bulk and surface mode dispersions are
shown. Surface modes are indicated by SP. The shaded regions represent
bulk bands. The vertical thin lines denoted by vertical and horizontal arrows
represent ATR light lines for incident angles of 30◦ and 70◦. The asymptotic
boundaries and lightline are represented by vertical thin lines which are
indicated as A and L respectively. Adapted from V. Gunawan and R. L. Stamps,
Surface and bulk polaritons in a PML-type magnetoelectric multiferroic with canted
spins: TE and TM polarization, Journal of Physics: Condensed Matter 23, 10
(2011).

A plot of both bulk and surface modes is shown in Fig. 10 for BaMnF4.
The bulk regions are depicted as shaded regions while the surface modes
are shown as sharp lines which only appear where propagation is forbid-
den. Note that the bulk bands, similarly to simple antiferromagnts, display
reciprocal behaviour. However, because of the chosen geometry, in which
the magnetisation lies perpendicular to the surface of the crystal, there is
a large reststrahl area between the lower and upper bulk band. This is
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because, in this situation, the magnetic field of light couples with the two
permeability tensor of opposing sign, µxx and µzz. Note that the propagation
of the surface modes is nonreciprocal as can be seen from the differences in
position for the sharp +k and −k peaks.

Because these surface modes lie outside the vacuum’s light line, they are
not strongly coupled to polaritons propagating along the light line in the
material. There are different techniques used to excite and study surface
modes, including grating couplers and index matching [2, 44, 45]. We dis-
cuss here the method of Attenuated Total Reflection (ATR). A schematics
of this technique is given in Fig. 11. This technique has been used to detect
surface modes at THz frequencies in a variety of systems including antifer-
romagnets [2]. It is particularly useful for exciting surface excitations and
uses a high optical index prism. Evanescent fields produced by total internal
reflection of electromagnetic radiation can couple to surface excitations on
an adjacent material whose frequencies are away from the vacuum light line.
Surface modes appear in the ATR reflection as sharp dips of reflectivity at
certain angles of incidence [44]. An example is given below for the model
multiferroic discussed above.

Figure 11: Schematics of classic attenuated total reflection (ATR) experiments
considering the multiferroic geometry depicted in Fig. 9. Here. d is the
distance between the multiferroic crystal and the dielectric prism.

In order to calculate the ATR reflection, we derive the reflection coeffi-
cients taking into account β and β0. Doing this we arrive at

R =

∣∣∣∣ kz(1 + re−2β0d)− iβ0(1− re−2β0d)

kz(1 + re−2β0d) + iβ0(1− re−2β0d)

∣∣∣∣2 , (46)

where d is the distance between the prism and the sample as defined in Fig.
11. The reflection coefficient is
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r =
β0 − κ

β0 + κ
, (47)

κ =
µzzβ− µyzky

µyyµzz − µ2
yz

(48)

where the wave vector components of the incident beam are

ky = ε1/2
p

ω

c
sin θ1 (49)

and

kz = ε1/2
p

ω

c
cos θ1 (50)

where εp is the dielectric constant of the prism and θ1 is the incident angle.

Figure 12: ATR spectra with incident angles (a) 30◦ and (b) 70◦. In (a) two
different sharp dips illustrate the non-reciprocity of the surface modes. In (b)
the absence of the sharp dips indicate the absence of surface modes. Adapted
from V. Gunawan and R. L. Stamps, Surface and bulk polaritons in a PML-type
magnetoelectric multiferroic with canted spins: TE and TM polarization, Journal of
Physics: Condensed Matter 23, 10 (2011).

The resulting plots for ATR are given in Fig. 12 for two different incident
angles. Part (a) shows θ1 = 30◦ and part (b) is for θ1 = 70◦. The first plot is
a clear example of nonreciprocal surface modes as seen by the reflectivity
dips at different frequencies when the incident beam direction is reversed.
The second plot however, does not show examples of coupling with surface
waves. The dips on these plots are instead associated with bulk polariton
modes [35]. By way of comment, we note that in work by Barnas for thin
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film multiferroics, bulk modes can be non-reciprocal for certain propagation
directions [34, 37].

2.4.2 Transverse Magnetic (TM) Polarisation

In much the same as we have done for TE polarised waves, the propaga-
tion of TM polarised waves can be described by solving Maxwell’s equations
given by Eqs. (23b) and (23d). However, in this plane of polarisation, the
magnetic dynamics are coupled to the electric dynamics through the mag-
netoelectric susceptibilities χme and χem.

If we then assume plane waves for E and H ∼ ej(kyy+kzzωt) for bulk
travelling modes, Maxwell equations provide the following bulk mode
dispersion:

εyy

[
εzzµxx

(ω

c

)2
− k2

y

]
− εzz

(
4πχme ω

c

)2
= 0. (51)

Note that differently from the case of TE polarised waves, here the dis-

persion relation depends very little on the components of
↔
µ (ω), very much

on the components of
↔
ε (ω) and mostly importantly has a contribution of

↔
κ (ω). We can also use the definition of the surface localised plane wave
given by H ∼ eβzei(kyy−ωt) for z < 0 and H ∼ e−β0zei(kyy−ωt) for z > 0 to find
the implicit relation for the attenuation constant in the material which is
given by

εyzz

(
β + j4πχme ω

c

)2
= εyyk2

y − εyyεzzµxx

(ω

c

)2
. (52)

It is also possible to find an equation for the surface modes. This is done
by noting the continuity of the tangential H, tangential E and normal D
fields. When satisfied, it is possible to obtain the following equation for the
dispersion relation: (

β + j4πχme ω

c

)
+ εyyβ0 = 0. (53)

Solutions for the TM bulk and surface modes are shown in Fig. 13. Two
gaps can be seen in the bulk regions shown in part (a). These are created by
the electric and magnetic contributions in which case the gap around 3 cm−1

is of the same nature as that shown for TE polarised waves. The gap around
41 cm−1, on the other hand, is due to the magneto-electric interaction. This
gap, shown in part (b) is strongly dependent on the components of

↔
κ (ω),

disappearing if terms are zero. The gap becomes wider if the coupling
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Figure 13: (a) The dispersion relation without the external field is shown.
The surface modes are indicated by ’SP’. The shaded regions represent bulk
bands. (b) The ’window’ where the surface modes exist is shown. (c) A
narrow gap around ωi is expanded. (d) The narrow gap is wider when the
ME coupling is increased by a factor of 10. Adapted from V. Gunawan and R.
L. Stamps, Surface and bulk polaritons in a PML-type magnetoelectric multiferroic
with canted spins: TE and TM polarization, Journal of Physics: Condensed Matter
23, 10 (2011).

strength increases and this shown in part (d) for the case where the coupling
is increased by a factor of ten when compared to that shown in part (c).

The gap at which propagation is not allowed allows for the possible
existence of an interesting class of surface localised excitations. This class of
excitation is characterised by a complex attenuation and requires dissipation
to be included in the theoretical model.

In Fig. 14 we show the resulting curves for the attenuation constant given
by Eqs. 52 and 53. These curves are of particular interest since, differently
from those for TE polarised surface modes, it is only possible to satisfy the
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Figure 14: Attenuation constant as a function of frequency. (a) The real part
of the attenuation constant is shown for two values of wavevector in the
absence of any external fields. The solid line represents k = 0 cm−1, while
the dashed line corresponds to k = 250 cm−1. (b) The imaginary part of the
attenuation constant is shown for two values of ME coupling. The solid line
is for 1.42 × 10−5 cm2/statC, and the dashed line represents the coupling =
1.42 × 10−4 cm2/. Adapted from V. Gunawan and R. L. Stamps, Surface and bulk
polaritons in a PML-type magnetoelectric multiferroic with canted spins: TE and
TM polarization, Journal of Physics: Condensed Matter 23, 10 (2011).

boundary conditions with a complex β. This is known as a pseudo-surface
mode rather than a true surface mode. These are surface modes in which the
energy is not purely localised to the surface and instead, the energy ’leaks’
into the bulk. The real part β determines how the mode travels along the
surface and decays into the material, whereas the imaginary part β gives
the wave number at which the wave travels into the medium.

3 Summary and Outlook

We have discussed how electromagnetic waves can be manipulated by
spin canted media. This can happen in the form of nonreciprocal reflection,
surface modes, lateral shifts on reflection, and negative refraction of the
refracted beam.

In simple antiferromagnetic crystals, canting can be induced by an apply-
ing an external magnetic field perpendicular to the spin orientation direction.
This leads to non-reciprocal reflection coefficients and non-reciprocal Goos-
Hänchen. Moreover, the orientation of the spin system leads to hyperbolic
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dispersion and large regions of propagation close to the magnon-polariton
resonance. This can be used to obtain negative refraction and field tunable
focusing in flat lenses.

In multiferroics, the effects of nonreciprocity as somewhat similar to that
of simple field canted antiferromagnts. In this case however, there is interest
in propagation of both TE and TM polarized waves due to the nature of
the coupled excitations in these media. The non-reciprocal reflections are
largely affected by the surface modes in both planes of polarisation.

Figure 15: Goos-Hänchen shift, D, for a beam reflected at the surface of MnF2

with θ1 = ±60◦ and different values of applied external field (a) B0 = 0.0 T,
(b) B0 = 0.5 T, (c) B0 = 1.0 T and (d) B0 = 1.5 T. (e) Geometry of anisotropy
rotation in a canted antiferromagnet due an externally applied field and (f)
the effect of rotation on surface magnon-polaritons probed through ATR.
Based on data from R. Macêdo , R. L. Stamps , and T. Dumelow , Spin canting
induced nonreciprocal Goos-Hn̈chen shifts, Opt. Express 22, 28467 (2014) and R.
Macêdo and R. E. Camley, Engineering terahertz surface magnon-polaritons in
hyperbolic antiferromagnets, Phys. Rev. B 99, 014437 (2019).

For field canted antiferromagnets we considered the spins to lie parallel
to the surface of the crystal; and for multiferroics we considered the spins
to lie perpendicular to the surface. In the first example we discussed re-
flection and transmission, and in the second example we concentrated on
surface localised excitations. These two cases describe only two of many
possibilities.

To illustrate this point, in Fig. 15(a)-(d) we show the effect of various
externally applied magnetic field on the Goos-Hänchen shifts. The figure
shows how the applied field shifts the resonance to higher frequencies and
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how the displacement becomes nonreciprocal. The effect of the field on
the displacement is distinctly nonlinear. This has been pointed out to be
associated with coupling of the incident radiation to surface resonances [15].
For instance, the reflectivity dip in Fig. 4 at negative θ1 is actually an example
of coupling to a surface resonance. This implies an increased penetration
into the antiferromagnet, so it is reasonable to expect a higher absorption
[4]. In this sense, surface modes in multiferroics, could be used to exploit
the features of possible lateral shifts on the reflection of radiation from
these surfaces. These surface waves are highly dependent on the anisotropy
direction, therefore by controlling this it is possible to control and widen
the regions where these waves appear. In Fig. 15(e) an example geometry
is shown of how the axis can be rotated by an angle ϕ with respect to the
surface. By doing so, it is possible to open up gaps of non-propagating
regions where surface polaritons can appear as shown in Fig. 15(f) [46].
As demonstrated recently, this rotation allows for the existence of surface
waves even at zero external field which could be used as a way to enhance
Goos-Hänchen shifts.

Figure 16: Artificial canted systems for devices: We show examples for (a)
an artificial canted multilayer structure, (b) a waveguide micro-strip device
for signal processing based on the multilayer shown in (a) and in (c) we
show examples of how strain can affect heterostructures with magnetoelectic
coupling. Based on data from R. Macêdo , K. L. Livesey and R. E. Camley, Using
magnetic hyperbolic metamaterials as high frequency tunable filters, Appl. Phys.
Lett. 113, 121104 (2018) and K. L. Livesey, Strain-mediated magnetoelectric
coupling in magnetostrictive/piezoelectric heterostructures and resulting high-
frequency effects, Phys. Rev. B 83, 224420 (2011).

Throughout this chapter, we have discussed natural canted systems
which work mostly at low temperatures. This is often a challenge to realise
experiments and limits their applicability. However, it is possible to engineer
artificial canted structures that emulate the behavior of natural crystals
whilst working at room temperatures. For example, in Fig. 16(a) we show
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a multilayer structures comprising magnetic layers separated by a non-
magnetic spacer layer [47]. By controlling the thickness of the spacer layer
it is possible to induce antiferromagnetic coupling, and therefore generate
spin canting by means of an externally applied field. These structure can
be used to achieve resonances in the high GHz range, and can be easily
incorporated into signal processing and communication devices such as
ban-pass or band-stop filters. An example of such structure, in the form of a
micro-strip waveguide, is shown in Fig. 16(b).

In the case of multiferroics, their performance can also be enhance, or
magnetoelectric coupling can be built into heterostructures, such as the one
shown in Fig. 16(c). However, as studied by Livesey, strain between the
layers may affect the strength of the magnetoelectric coupling and therefore
affect their resonance frequencies [48]. It is important point out here that
if the geometry of the multiferroic is chosen as to imitate that chosen for
antiferromagnetic crystals, hyperbolic behaviour and hence negative refrac-
tion of all angles should also be expected. However, in multiferroic crystals,
both lateral shifts on reflection and negative refraction would be affect not
only by an externally applied magnetic field but also by externally applied
electric fields.
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