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We present results of the first lattice QCD calculations of Bc → Bs and Bc → Bd weak matrix elements.
Form factors across the entire physical q2 range are then extracted and extrapolated to the physical-
continuum limit before combining with Cabbibo-Kobayashi-Maskawa (CKM) matrix elements to
predict the semileptonic decay rates ΓðBþ

c → B0
s l̄νlÞ ¼ 52.4ð2.5Þ × 109 s−1 and ΓðBþ

c → B0l̄νlÞ ¼
3.10ð21Þ × 109 s−1. The lattice QCD uncertainty is comparable to the CKM uncertainty here. Results
are derived from correlation functions computed onMILC Collaboration gauge configurations with a range
of lattice spacings including 2þ 1þ 1 flavors of dynamical sea quarks in the highly improved staggered
quark (HISQ) formalism. HISQ is also used for the propagators of the valence light, strange, and charm
quarks. Two different formalisms are employed for the bottom quark: nonrelativistic QCD (NRQCD) and
heavy-HISQ. Checking agreement between these two approaches is an important test of our strategies for
heavy quarks on the lattice. From chained fits of NRQCD and heavy-HISQ data, we obtain the differential
decay rates dΓ=dq2 as well as integrated values for comparison to future experimental results.

DOI: 10.1103/PhysRevD.102.014513

I. INTRODUCTION

The semileptonic weak decays Bþ
c → B0

s l̄νl and Bþ
c →

B0l̄νl proceed via tree-level flavor changing processes
c → sWþ and c → dWþ parametrized by the Cabbibo-
Kobayashi-Maskawa (CKM) matrix of the Standard
Model. Associated weak matrix elements can be expressed
in terms of form factors which capture the nonperturbative
QCD physics. Precise determination of the normalization
and the q2 dependence of these form factors from lattice
QCD will allow a novel comparison with future experiment
to deduce the CKM parameters Vcs and Vcd. Lattice studies
of other semileptonic meson decays that involve tree-level
weak decays of a constituent charm quark include [1–6].
Precise determination of these CKM matrix elements is
critical for examining the second row unitary constraint

jVcdj2 þ jVcsj2 þ jVcbj2 ¼ 1: ð1Þ

This will complement other unitarity tests of the CKM
matrix. It is possible LHCb could measure Bþ

c → B0
s μ̄νμ

using Run 1 and 2 data. For example, normalizing by Bþ
c →

J=ψμ̄νμ would yield a constraint on the ratio Vcs=Vcb. Due
to CKM suppression, a measurement of Bþ

c → B0μ̄νμ is
likely to require many more Bþ

c decays.
A lattice study of the Bþ

c → B0
s l̄νl and Bþ

c → B0l̄νl
decays involves the practical complication of a heavy
spectator quark. Care must be taken in placing such a
particle on the lattice to avoid large discretization effects.
We consider two formalisms for the b quark. A valence
NRQCD [7,8] b quark, a formalism constructed from a
nonrelativistic effective theory, is used to simulate with
physically massive b quarks. A complementary calculation
uses HPQCD’s heavy-HISQ method [9–11]. Here, all
flavors of quark are implemented with the HISQ [12]
formalism. This is a fully relativistic approach which
involves calculations for a set of quark masses on ensem-
bles of lattices with a range of fine lattice spacings,
enabling a fit from which the physical result at the b quark
mass in the continuum can be determined. The method with
an NRQCD bottom quark also uses HISQ for the charm,
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strange, and down flavors. This study will demonstrate the
consistency of the NRQCD and heavy-HISQ approaches
by comparing the form factors extrapolated to the physical-
continuum limit.
In the limit of massless leptons, the differential decay

rates for Bþ
c → B0

s l̄νl and Bþ
c → B0l̄νl are given by

dΓ
dq2

¼ G2
FjVj2
24π3

jp2j3jfþðq2Þj2; ð2Þ

where V is the relevant associated CKMmatrix element Vcs
or Vcd and fþ is one of two form factors that parametrize
the continuum weak matrix element

hBsðdÞðp2ÞjVμjBcðp1Þi

¼ f0ðq2Þ
�M2

Bc
−M2

BsðdÞ

q2
qμ
�

þ fþðq2Þ
�
pμ
2 þ pμ

1 −
M2

Bc
−M2

BsðdÞ

q2
qμ
�
: ð3Þ

The 4-momentum transfer is q ¼ p1 − p2, and only the
vector part of the V − Aweak current contributes since QCD
conserves parity. The contribution of f0 to the decay rate is
suppressed by the lepton mass and hence irrelevant for the
decays to eν̄e and μν̄μ. The phase space is sufficiently small
to disallow decays to τν̄τ. Form factors are constructed from
the matrix elements that are obtained by fitting the appro-
priate lattice QCD three-point correlator data. By calculating
correlators at a range of transfer momenta on lattices with
different spacings and quark masses, continuum form factors
at physical quark masses are obtained and then appropriately
integrated to offer a direct comparison with decay rates that
could be measured in experiment.
In this study, we begin with Sec. II in which details of the

lattice calculations are described. Section II A reports on
the parameters and gauge configurations used to generate
the propagators. Next, Sec. II B explains how the correla-
tors are subsequently constructed for the two different
treatments of the heavy spectator quark, as well as how the
correlator data are fit to extract the matrix elements. Our
nonperturbative renormalization method required to obtain
the form factors is set out in Sec. II C. Section III presents
results of the lattice calculations. Correlator fits are exam-
ined in Sec. III A, while Sec. III B discusses results for
the renormalization of the local lattice vector current. In
Sec. III C, the form factor data for the cases of an NRQCD
spectator and a HISQ spectator are plotted alongside.
Section IV is concerned with the methodology and results
from fitting the form factor data. An extrapolation of the
form factors to physical-continuum point is presented in
Secs. IV D and IV E that shows how the form factors
depend on the mass of the spectator quark. Finally, in
Sec. V, we give our conclusions.

II. LATTICE CALCULATION

A. Parameters and setup

We use ensembles with 2þ 1þ 1 flavors of HISQ sea
quark generated by the MILC Collaboration [13–15] and
described in Table I. The Symanzik-improved gluon action
used is that from [16], where the gluon action is improved
perturbatively through OðαsÞ including the effect of
dynamical HISQ sea quarks. The lattice spacing is iden-
tified by comparing the physical value for the Wilson flow
parameter ω0 ¼ 0.1715ð9Þ fm [17] with lattice values for
ω0=a from [18,19]. Our calculations feature physically
massive strange quarks and equal mass up and down
quarks, with a mass denoted by ml, with ml=ms ¼ 0.2
and also the physical value ml=ms ¼ 1=27.4 [5]. For sets
1–5 in Table I, strange propagators were reused from [20],
a study of the pseudoscalar meson electromagnetic form
factor. Light propagators were reused from [21], an
extension of [20] to the pion. The valence quark masses
used for the HISQ propagators on these gluon configura-
tions are given in Table II. The valence strange and charm
quark masses used here were tuned in [18,20], slightly
away from the sea quark masses to yield results that more
closely correspond to physical values. The propagators
were calculated using the MILC code [22].
We work in the frame where the Bþ

c is at rest, and
momentum is inserted into the strange or down valence
quark through twisted boundary conditions [24,25] in the
(111) direction. The values of the momenta used are given
in Tables III and IV. The periodic boundary conditions of
the fermion fields are modified by phases θi,

ψðnþ NxîÞ ¼ eiπθiψðnÞ ð4Þ

TABLE I. Parameters for the MILC ensembles of gluon field
configurations. The lattice spacing a is determined from the
Wilson flow parameter w0 [23] given in lattice units for each set
in column 2 where values were obtained from [19] on sets 1–5
and [18] on set 6. The physical value w0 ¼ 0.1715ð9Þ was fixed
from fπ in [17]. Sets 1 and 2 have a ≈ 0.15 fm, and sets 3 and 4
have a ≈ 0.12 fm. Sets 5 and 6 have a ≈ 0.09 fm and a ≈ 0.06 fm,
respectively. Sets 1, 3, 5, and 6 have unphysically massive light
quarks such that ml=ms ¼ 0.2. Sets 1–5 were used in the
NRQCD calculation of the form factors. The heavy-HISQ
calculation used sets 3, 5, and 6.

Set w0=a N3
x × Nt ncfg amsea

l amsea
s amsea

c

1 1.1119(10) 163 × 48 1000 0.013 0.065 0.838
2 1.1367(5) 323 × 48 500 0.00235 0.0647 0.831
3 1.3826(11) 243 × 64 1053 0.0102 0.0509 0.635
4 1.4149(6) 483 × 64 1000 0.00184 0.0507 0.628
5 1.9006(20) 323 × 96 504 0.0074 0.037 0.440
6 2.896(6) 483 × 144 250 0.0048 0.024 0.286
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so that the usual lattice momenta qi ¼ 2πki=aNx, for
integers ki, are shifted by πθi=aNx. The corresponding
q2 is then constructed by taking q0 to be the difference in
energies of the lowest lying initial and final states.
The coefficients of operators corresponding to relativistic

correction terms in the NRQCD action are given in
Table III. The valence b quark masses used for the
NRQCD propagators are also given there. The values were
taken from [8], where the b quark mass was found by
matching the experimental value for the spin-averaged
kinetic mass of the ϒ and the ηb to lattice data. For the
calculation with an NRQCD spectator bottom quark, we
use sets 1–5 in Table I.
Bare heavy-quark masses amh used for the heavy-HISQ

method are shown in Table IV. The selection of heavy-
quark masses follows [11]. As well as sets 3 and 5, the
heavy-HISQ calculation makes use of a lattice finer than
the five sets featuring in the calculation with an NRQCD
spectator, set 6 in Table I. This is motivated by the necessity
to avoid large discretization effects that grow with ðamhÞ

(as ðamhÞ4 at tree level) while gathering data at large
masses that will reliably inform the limit mh → mb.

B. Correlators

1. NRQCD spectator case

For the case of an NRQCD spectator quark, random wall
source [26] HISQ propagators with the mass of the charm
quark are calculated and combined with random wall
source NRQCD b propagators to generate Bþ

c two-point
correlator data. Two-point correlators for B0

sðdÞ are gener-

ated similarly. The strategy of combining NRQCD random
wall propagators and HISQ random wall propagators to
yield two-point correlators was first developed in [27].
NRQCD propagators are generated by solving an initial
value problem. This is computationally very fast
compared to calculating rows of the inverse of the quark
matrix.
The three-point correlator needed here is represented

diagrammatically in Fig. 1. A HISQ charm quark propa-
gator is generated by using the random wall bottom quark
propagator as a sequential source. Following Appendix B
in [28], and excluding a spacetime-dependent sign, the
sequential source is given by the spin-trace

TrspinfΓΩ†ðx; 0ÞSRWb ðx; 0Þg; ð5Þ

where Γ is the gamma matrix structure at the operator
insertion, SRWb is the random wall NRQCD propagator, and

TABLE II. The HISQ valence quark masses for the light,
strange, and charm flavors for each of the sets described in
Table I. For the light quarks, the values for the valence quarks are
identical to the masses of the light sea quarks. The masses for the
valence strange quarks and the valence charm quarks were tuned
in [18] using w0 (Table I) to fix the lattice spacing. The fourth
and fifth columns give the valence charm quark masses for the
calculations with NRQCD and HISQ spectator quarks, respec-
tively. In the calculation with NRQCD spectator quarks, slightly
different amval

c values were used for historical reasons. Our fits
allow for mistuning of the charm quark mass.

amval
c

Set amval
l amval

s NRQCD spectator HISQ spectator

1 0.013 0.0705 0.826
2 0.00235 0.0677 0.827
3 0.0102 0.0541 0.645 0.663
4 0.00184 0.0507 0.631
5 0.0074 0.0376 0.434 0.450
6 0.0048 0.0234 0.274

TABLE III. The bottom quark masses, NRQCD action param-
eters cj, and values for the tadpole improvement u0 were obtained
from [8]. The final columns give the different momenta for the
strange and light quarks considered in the NRQCD calculation
implemented with twisted boundary conditions.

Set amval
b c1, c6 c5 c4 u0 jaqj

1 3.297 1.36 1.21 1.22 0.8195 0 0.1243 0.3730 0.6217
2 3.25 1.36 1.21 1.22 0.8195 0 0.3649
3 2.66 1.31 1.16 1.20 0.8341 0 0.1 0.3 0.5
4 2.62 1.31 1.16 1.20 0.8341 0
5 1.91 1.21 1.12 1.16 0.8525 0 0.0728 0.364 0.437

TABLE IV. Heavy-quark masses and momenta used for the
heavy-HISQ calculation. The momenta are in the (111) direction.

Set amval
h jaqj

3 0.663 0.8 0 0.1 0.3 0.5
5 0.450 0.6 0.8 0 0.07281 0.218 0.364 0.437
6 0.274 0.450 0.6 0.8 0 0.143 0.239 0.334

FIG. 1. Three-point correlator C3ptðt; TÞ. The flavor-changing
operator insertion is denoted by a cross at time slice t and the total
time length of the three-point correlator is T. The random wall
source for the b and s=d propagators is at the time slice of the
BsðdÞ interpolator.

BC → BSðDÞ FORM FACTORS FROM LATTICE QCD PHYS. REV. D 102, 014513 (2020)

014513-3



ΩðxÞ ≔
Y4
μ¼1

ðγμÞ
xμ
a ð6Þ

is the space-spin matrix which transforms the naive quark
field to diagonalize the HISQ action in spin space.

2. HISQ spectator case

The case of a HISQ spectator quark proceeds similarly
with the only difference being the use of a HISQ propagator
instead of an NRQCD propagator for the bottom quark.
Again, the charm propagator uses the spectator bottom
quark propagator as a sequential source. Multiple masses
are used for the spectator quark, each requiring a different
charm propagator for the three-point correlator. Figure 2
shows the heavy-charm pseudoscalar meson masses that
arise from calculations with the amh values in Table IV. On
set 6, the finest lattice considered, we reach a value forMHc

that is 80% of the physical Bc mass.
The same strange and light random wall HISQ propa-

gators on sets 3 and 5 are used in both the NRQCD and the
heavy-HISQ calculations; thus, the data on these lattices in
the two approaches will be correlated. However, the effect
of these correlations is small in the physical-continuum
limit since the heavy-HISQ data on sets 3 and 5 are the
furthest away from the physical b quark mass point, and
hence these correlations are safely ignored.

3. Fitting the correlators

The correlator fits minimize an augmented χ2 function as
described in [29–31]. The functional forms for the two-
point and three-point correlators

C
BsðdÞ
2pt ðtÞ¼

X
i

a½i�2e−Ea½i�t−
X
i

ao½i�2ð−1Þte−Eao ½i�t

CBc
2ptðtÞ¼

X
j

b½j�2e−Eb½j�t−
X
j

bo½j�2ð−1Þte−Ebo ½j�t

C3ptðt;TÞ¼
X
i;j

a½i�e−Ea½i�tVnn½i;j�b½j�e−Eb½j�ðT−tÞ

−
X
i;j

ð−1ÞT−ta½i�e−Ea½i�tVno½i;j�bo½j�e−Ebo ½j�ðT−tÞ

−
X
i;j

ð−1Þtao½i�e−Eao ½i�tVon½i;j�b½j�e−Eb½j�ðT−tÞ

þ
X
i;j

ð−1ÞTao½i�e−Eao ½i�tVoo½i;j�bo½j�e−Ebo ½j�ðT−tÞ

ð7Þ

follow from their spectral decomposition and include
oscillatory contributions from the staggered quark time
doubler. The matrix elements are related to the fit param-
eters Vnn½i; j� through

Vnn½0; 0� ¼
hBsðdÞjJjBciffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EBsðdÞ2EBc

q ; ð8Þ

where J is the relevant operator that facilitates the c → sðdÞ
flavor transition. The pseudoscalar mesons of interest are
the lowest lying states consistent with their quark content,
so we are only concerned with the matrix elements for
i ¼ j ¼ 0 since we restrict E½k� ≤ E½kþ 1� by using log-
normal prior distributions for the energy differences. The
presence of i, j > 0 terms is necessary to give a good fit
and to allow for the full systematic uncertainty from the
presence of excited states to be included in the extracted
Vnn½0; 0�. On each set, the two-point and three-point
correlator data for both c → s and c → d at all momenta
are fit simultaneously to account for all possible correla-
tions. The matrix elements and energies are extracted and
form factor values determined, along with the correlations
between results at different momenta.

C. Extracting the form factors

The partially conserved vector current (PCVC) ward
identity allows for a fully nonperturbative renormalization
of the lattice vector current. Since the same HISQ action is
used for the c and sðdÞ quarks that couple to theWþ in both
the NRQCD and heavy-HISQ approaches, we have the
PCVC identity

∂μV
μ
cons ¼ ðmc −msðdÞÞS; ð9Þ

relating the conserved (point-split) c → sðdÞ lattice vector
current and the local lattice scalar density S. We choose a
local lattice operator Vμ

loc; thus, Eq. (9) must be adjusted by
a single renormalization factor ZV associated with that
operator, giving

FIG. 2. The mass MHc
of the heavy-charm meson is plotted

against lattice spacing for each of the values of amh used in the
heavy-HISQ calculation. Obtained from fitting the correlators as
described in Eq. (7), MHc

is a proxy for the bare lattice heavy-
quark mass amh. The continuum-physical point is denoted by a
cross at a ¼ 0 fm and MHc

¼ MBþ
c
. Note that the y-axis scale

begins near Mηc.

LAURENCE J. COOPER et al. PHYS. REV. D 102, 014513 (2020)

014513-4



qμhBsðdÞjVμ
locjBciZV ¼ ðmc −msðdÞÞhBsðdÞjSjBci: ð10Þ

Since ZV is q2 independent, in principle ZV need only be
found at zero recoil where qμ has only a temporal
component [3]. This avoids the need to calculate three-
point correlators associated with the spatial components of
the vector current matrix element that appear in Eq. (10) for
q ≠ 0. However, in practice, it is preferable to determine fþ
near zero recoil through the spatial components of the
vector current matrix element, albeit with the additional
cost in computing three-point correlators with the corre-
sponding insertion.
As in [2], we combine Eqs. (3) and (10) to give a

determination

f0ðq2Þ ¼ hBsðdÞjSjBci
mc −msðdÞ
M2

Bc
−M2

BsðdÞ

ð11Þ

of f0 solely in terms of the scalar density matrix element.
We use Eq. (11) and calculation of the vector current
matrix element to determine fþ and f0 for the full q2 range
following [3,32]. Thus, we will calculate matrix elements
of both the local scalar density J ¼ S and the local vector
current J ¼ V.
Once f0 is determined, fþ is obtained using Eq. (3) for

μ ¼ 0 to yield

fþðq2Þ ¼
ZVV0 − q0f0ðq2Þ

M2

Bþc
−M2

B0s
q2

p0
2 þ p0

1 − q0
M2

Bþc
−M2

B0s
q2

; ð12Þ

where Vμ is the vector current matrix element, except at
zero recoil where the denominator vanishes and fþ cannot
be extracted. We find that using Eq. (12) near zero recoil is
problematic since both the numerator and denominator
grow from 0 as q2 is decreased from the maximum value at
zero recoil. For the case where the spectator is an NRQCD
b quark, we instead use Eq. (3) with μ ¼ i ≠ 0,

fþðq2Þ ¼
− ZVVi

qi þ f0ðq2Þ
M2

Bþc
−M2

B0s
q2

1þ
M2

Bþc
−M2

B0s
q2

: ð13Þ

This method gives much smaller errors near to zero recoil.
Although mathematically equivalent to Eq. (12), extracting
fþ through Eq. (13) does not suffer an inflation of error
near zero recoil since both the numerator and denominator
are nonzero for all physical q2. However, since Vi appears
explicitly in Eq. (13), three-point correlators with an
insertion of Vi need to be calculated. For the case of the
spectator NRQCD b quark, the use of Eq. (13) is straight-
forward except that it requires inversions of the charm
quark propagator from a different sequential source [see

Eq. (5)] to allow for insertion of the current Vi ¼ γi ⊗ γi in
the mixed NRQCD-HISQ three-point function. Collecting
Vi at nonzero 3-momentum transfer in the NRQCD
calculation will also test for any q2 dependence of ZV
that would appear as a discretization effect.
Using Eqs. (11) and (12) or (13), form factor data at a

variety of lattice spacings, light quark masses, and
momenta are obtained from the energies and matrix
elements.

1. NRQCD spectator case

For the case of an NRQCD spectator quark, the form
factor extraction is complicated by the energy offset as a
consequence of the subtraction of the b quark rest mass
inherent in the NRQCD formalism. While physical energy
differences are preserved with NRQCD quarks, energy
sums are not. Consequently, Particle Data Group (PDG)
[33] values are used where necessary. For example, we take

M2
Bc

−M2
BsðdÞ ¼ ðEsim

Bc
ðjaqj ¼ 0Þ − Esim

BsðdÞ ðjaqj ¼ 0ÞÞ
× ðMPDG

Bc
þMPDG

BsðdÞÞ ð14Þ

when extracting the form factors. We use interpolating
operators c̄γ5b and s̄γ5b (d̄γ5b) for JP ¼ 0− pseudoscalars
Bþ
c and B0

sðdÞ, respectively.

2. HISQ spectator case

For the case of a HISQ spectator quark, we work only
with local scalar and vector currents. Expressed in the
spin-taste basis, we use γ5 ⊗ γ5 for the HsðdÞ interpolating
operator and two different operators, γ5 ⊗ γ5 and
γ5γ0 ⊗ γ5γ0, for the Hc interpolator. The first of these,
γ5 ⊗ γ5, makes a tasteless three-point correlation function
when the scalar density operator 1 ⊗ 1 is used. The second,
γ5γ0 ⊗ γ5γ0, allows for a tasteless three-point correlation
function when we use the local temporal vector current
operator γ0 ⊗ γ0 [3]. This requires the calculation of two
Hc two-point functions with the two different choices of
operator at both the source and the sink. The difference in
masses between these two different tastes of Hc meson is
tiny and, although consistently taken care of, it has no
impact on the calculation.

III. RESULTS

A. Correlators

Figures 3 and 4 provide samples of the correlator data
from the NRQCD and heavy-HISQ calculations, respec-
tively. The quantity plotted is the effective simulation
energies, which we define by the two-step log-ratio

aEsim;eff ¼
1

2
log

�
CðtÞ

Cðtþ 2Þ
�
: ð15Þ
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This ratio is preferable to an effective energy defined using
CðtÞ=Cðtþ 1Þ since the ratio in Eq. (15) better suppresses
the oscillatory contributions in Eq. (7). Error bars are
present in the figure but mostly too small to observe. We
exclude tmin=a data points from the beginning and end
points of the correlators in our fits to reduce the contribu-
tions from excited states.
For each of the cases of an NRQCD and HISQ spectator

quark, we fit all of the correlator data to Eq. (7) on each set
simultaneously to obtain the correlations between the fitted
parameters. Consequently, the correlator fits involve a
large covariance matrix. Without extremely large statistical
samples of results, small eigenvalues of the covariance

matrix are underestimated [34,35] and this causes problems
when carrying out the inversion to find χ2. We overcome
this by using an SVD (singular-value decomposition) cut;
any eigenvalue of the covariance matrix smaller than some
proportion c of the biggest eigenvalue λmax is replaced by
cλmax. By carrying out this procedure, the covariance
matrix becomes less singular. These eigenvalue replace-
ments will only inflate our final errors; hence, this strategy
is conservative. The SVD cut reduces the χ2=d:o:f reported
by the fit because it lowers the contribution to χ2 of the
modes with eigenvalues below the SVD cut. In order to
check the suitability of the SVD cut, we must test the
goodness-of-fit from a fit where noise (SVD noise) is added
to the data to reinstate the size of fluctuations expected from
the modes below SVD cut, as described in Appendix D
of [35]. The χ2SVD-noise=d:o:f is used to check the goodness
of fit for both cases of spectator quark.
Many fits were carried out with different SVD cuts,

number of exponentialsN, and positions t2ptmin and t
3pt
min of the

first time slice where the correlators are fit. We selected
the fit of the correlators on each lattice for form factor
extraction based on the χ2=d:o:f and Q value.
The parameters used in the fits of correlators with an

NRQCD spectator quark are presented in Table V. The
parameters given in bold are those used for our final fits.
Other values are used in tests of the stability of our form
factor fits to be discussed in Sec. IV B.
We fit the heavy-HISQ correlator data to Eq. (7) on each

set simultaneously, including correlations between data
with different values of twist, heavy-quark mass, and Hs=d
final state. Values for tmin=a, the chosen SVD cut, the
number of exponentials used in Eq. (7), and the resultant
value of χ2=d:o:f including SVD noise are given in
Table VI. We also include in Table VI fits using variations
of these parameters. Form factor fit coefficients obtained
using combinations of these variations are shown in

FIG. 3. Effective simulation energies [Eq. (15)] of two-point
correlators with an NRQCD spectator quark on set 5 for
jaqj ¼ 0.427. The black lines with gray error bands show the
energies extracted from fitting the correlators in the simultaneous
fit of fine lattice data with all the three-point correlators and all
the momenta. The B-meson energies shown here are offset from
their physical values as a consequence applying the NRQCD
formalism to the constituent b quark.

FIG. 4. Effective simulation energies [Eq. (15)] of two-point
correlators with a HISQ spectator quark on set 6 at zero twist with
amh ¼ 0.8. The horizontal bands show the energies extracted
from the full simultaneous correlator fit.

TABLE V. Input parameters (see text for definition) to the
correlator fits for the calculation with NRQCD spectator quarks
together with fits including variations of tmin=a, N, and SVD cut.
Bold entries indicate those fits used to obtain our final result.
Other values are used in tests of the stability of our form factor fits
to be discussed in Sec. IV B.

Set SVD cut t2ptmin=a t3ptmin=a N χ2SVD-noise=d:o:f

1 0.1 2 2 6 1.00
0.1 2 3 4 1.00

2 0.075 6 2 6 1.00
0.075 6 2 5 1.10

3 0.1 6 3 6 1.00
0.075 4 2 6 1.00

4 0.025 4 3 6 1.00
0.075 4 2 6 0.95

5 0.05 6 2 6 1.00
0.3 4 3 6 1.00
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Figs. 19 and 20 in Sec. IV C and demonstrate that our
results are insensitive to such choices.

B. Vector current renormalization ZV

In this section, we give our results for the renormaliza-
tion factor ZV for the vector current [Eq. (10)] and test
for dependence of ZV on q2 (for the case of an NRQCD
spectator) and on the spectator quark mass (for the case of a
HISQ spectator).
The vector current renormalization factor ZV computed

at different momentum transfer with NRQCD b quarks
shows no significant dependence on q2 on each set,
demonstrated by Fig. 5. Mild lattice spacing dependence
is observed, however. For each momentum, we use the ZV

found at the corresponding q2 from Eq. (10).
The ZV factor in Eq. (10) is associated only with the

local vector current operator and should be independent
of the spectator quark. ZV values obtained in the different

calculations are tabulated in Tables VII–-IX. Good agree-
ment is seen on set 5 at zero recoil between the results with
NRQCD and heavy-HISQ spectator quarks. Dependence
on the mass of the spectator quark is displayed in Fig. 6.
The plot includes values from the analogous calculation for
theD → K case [3]. ForD → K, a charm quark decays into
a strange quark, as in Bc → Bs, but here the spectator quark
is a light quark, much less massive than the heavy spectator
quark in Bc → Bs. The ZV from Bc → Bs and D → K in
Fig. 6 are nevertheless in good agreement, demonstrating
negligible dependence on the mass of the quark spectating
the c → s transition.
It is also of interest to compare vector current renorm-

alization factors for different masses of quark featuring in
the current. For example, [36] calculates the local s̄γμs
vector current renormalization factor from an ηs → ηs
three-point correlation function at q2 ¼ 0 on the 2þ1þ1
MILC ensembles. This gave very precise values and it
was possible to fit ZV to a perturbative expansion in αs
(including the known first-order term) along with discre-
tization effects. The fit is plotted in Fig. 7 alongside ZV for
c → s values determined in this study. This plot shows
differing behavior as a function of a2. The value for ZV,
determined nonperturbatively, is a combination of the
underlying perturbative series in αs evaluated at a scale

FIG. 5. ZV for the c → s vector current evaluated at
different q2 from the calculation with an NRQCD spectator
quark using Eq. (10).

TABLE VI. Input parameters (see text for definition) to the
heavy-HISQ correlator fits together with fits including variations
of tmin=a, N, and SVD cut. Bold entries indicate those fits used to
obtain our final result. Other values will be used in tests of the
stability of our form factor fits in Sec. IV C.

Set SVD cut t2ptmin=a t3ptmin=a N χ2SVD-noise=d:o:f

3 0.025 6 2 4 0.94
0.025 6 2 3 1.05
0.075 6 2 4 0.90

5 0.025 4 2 4 0.95
0.025 4 2 3 0.94
0.075 4 2 4 0.96

6 0.025 6 3 4 0.95
0.025 4 2 3 0.99
0.05 6 3 4 0.95

TABLE VII. ZV obtained at zero recoil using an NRQCD
spectator b quark.

Set c → s c → d

1 1.021(15) 1.041(18)
2 1.0397(61) 1.021(17)
3 1.000(20) 1.004(22)
4 1.034(19) 0.983(20)
5 1.003(12) 0.958(20)

TABLE VIII. ZV for c → s obtained at zero recoil using a HISQ
spectator quark with different values of the heavy-quark massmh.

Set=amh 0.274 0.450 0.6 0.663 0.8

3 1.026(32) 1.029(36)
5 1.006(17) 1.003(19) 1.000(20)
6 0.997(14) 0.994(17) 0.995(19) 0.995(22)

TABLE IX. ZV for c → d obtained at zero recoil using a HISQ
spectator quark with different values of the heavy-quark massmh.

Set=amh 0.274 0.450 0.6 0.663 0.8

3 1.016(47) 1.019(50)
5 1.009(23) 1.004(25) 1.000(27)
6 0.996(22) 0.993(25) 0.994(28) 0.995(32)
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related to the lattice spacing and discretization effects that
depend on how it was determined. Since the underlying
perturbative series is common to different determinations,
comparison will reveal the differing discretization effects.
Figure 7 shows this in the comparison of our ZV values for
the local s̄γμc current with those determined for the local
s̄γμs current. In the limit of vanishing lattice spacing, where
discretization effects vanish, the renormalization factors are
in agreement.
One might worry that the large errors appearing in

Fig. 7 for the s̄γμc renormalization factors determined here
would carry forward into our determination of the form

factor fþ. However, the vector current matrix element at
zero recoil, which contributes the dominant error in ZV ,
is highly correlated with the vector matrix elements at
nonzero recoil. These correlations cancel in the ratio
V0=V0ðq2maxÞ appearing when using Eq. (10) to construct
the renormalized current ZVV0 appearing in Eqs. (12)
and (13). Hence, the uncertainty in the renormalization
factor is not a large contribution to our final uncertainty in
the form factors.

C. Form factors

Figure 8 provides an example of the extracted values for
the form factor fþ, comparing results from the NRQCD
and heavy-HISQ spectator calculations. The lines on the
figures connect data on the same set at a given amh value
and are present as a guide only. The spread of the heavy-
HISQ data for different heavy-quark masses is small, and
the NRQCD and heavy-HISQ results are in good agree-
ment on the fine lattice. Discretization effects are more
noticeable for the case of an NRQCD spectator quark,
especially on the coarsest lattices, sets 1 and 2. We believe
that they result from the Bc meson in the calculation since
the effects are comparable to those seen in the Bc meson
decay constant study with NRQCD b quarks in [37]. Data
points outside the physical region of momentum transfer
are unphysical but nevertheless aid the fit.

IV. DISCUSSION

A. z expansion

The four form factors, f0 and fþ for each of the Bc → Bs
and Bc → Bd processes, at all momenta on all the lattices,
are fit simultaneously to a functional form which allows for
dependence on the lattice spacing a and bare quark masses.

FIG. 7. ZV from the s → s vector current from [36] (red
crosses) and the c → s vector current from the heavy-HISQ
calculation given here (green squares). The curve is the fitted
perturbative expansion, including discretization effects, detailed
in [36]. The red circle is an extrapolated value at the lattice
spacing associated with the superfine lattice.

FIG. 8. fþ form factor data for Bþ
c → B0

s l̄νl from both the
NRQCD and heavy-HISQ approaches. The NRQCD form factor
data is given by filled circles; the heavy-HISQ data, by open
circles. Data points on a given set and for a given heavy-quark
mass are joined by lines to guide the eye.

FIG. 6. ZV of the c → s vector current from both the NRQCD
and heavy-HISQ calculations are plotted alongside values from
D → K [3]. The NRQCD data are marked with circles, the heavy-
HISQ data are marked with crosses, and finally theD → K values
are given by diamonds. As expected, no significant dependence
on the spectator mass is observed.
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The fit is carried out using the lsqfit package [38] that
implements a least-squares fitting procedure. As is now
standard, we map the semileptonic region 0 < q2 <

ðMBc
−MBsðdÞ Þ2 to a region on the real axis within the

unit circle through

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ð16Þ

so that the form factors can be approximated by a truncated
power series in z. Here, we choose the parameter t0 to be 0
so that the points q2 ¼ 0 and z ¼ 0 coincide. The parameter
tþ is in principle the threshold for production of mesons,
the lightest being Dþ K, from the cs̄ current in the t
channel. It is convenient here, however, to work with
tþ ¼ ðMBc

þMBsðdÞ Þ2, but this gives a very small range for
z because then tþ ≫ t−. To correct for this, we rescale z.
The rescaling factor that we use is jzðM2

pÞj−1, where Mp

is the mass of the nearest cs̄ or cd̄ meson pole (we use the
same mass for both vector and scalar form factors for
convenience). For Bc → Bs, we take Mp as the mass of the
vector meson D�

s and for Bc → Bd, the mass of D�0. Thus,
we define

zpðq2Þ ¼
zðq2Þ
jzðM2

pÞj
: ð17Þ

zp then has a range more commensurate to that for the
corresponding D decay and the polynomial coefficients in
zp are Oð1Þ. Coefficients of the conventional expansion in
terms of z can easily be obtained from the expansion in zp.
Using zp also avoids introducing large heavy mass depend-
ence through the z transform in the heavy-HISQ case,
which otherwise would require large ΛQCD=MHc

coeffi-
cients in the heavy-HISQ fit. Note that in the case of the
heavy-HISQ spectator, the B-meson masses above in tþ are
replaced by the appropriate heavy meson masses at each
value of amh (see Sec. IV C).

B. NRQCD form factor fits

The form factor results from the calculation with
NRQCD spectator quark are fit to

fðq2Þ ¼ Pðq2Þ
XN
n¼0

bðnÞznp: ð18Þ

Here, the dominant pole structure is represented by a factor
Pðq2Þ given by ð1 − q2=M2

resÞ−1 with Mres the mass of the
relevant cs̄ or cd̄ meson (the vector meson for fþ and the
scalar for f0). We take the values of Mres from current
experiment [33]: MD�

s
¼ 2.112 GeV, MD�

s0
¼ 2.317 GeV,

MD� ¼ 2.01027 GeV, and MD�
0
¼ 2.300 GeV. We do not

include uncertainties in these values since Pðq2Þ is a purely
fixed factor designed to remove much of the q2 dependence
from the form factors. For our lattice results, uncertainties
enter Pðq2Þ from the uncertainty in our determination of q2

in physical units, including that from the determination of
the lattice spacing.
Pðq2Þ multiplies a polynomial in zp, and the polynomial

coefficients are

bðnÞ ¼ AðnÞ
�
1þ BðnÞðamc=πÞ2 þ CðnÞðamc=πÞ4

þ κðnÞ1

δmsea
l

10mtuned
s

þ κðnÞ2

δmsea
s

10mtuned
s

þ κðnÞ3

δmsea
c

mtuned
c

þ κðnÞ4

δmval
s

10mtuned
s

þ κðnÞ5

δmval
c

mtuned
c

þ κðnÞ6

δmval
b

mtuned
b

�
: ð19Þ

The parameters κðnÞj allow for errors associated with
mistunings of both sea and valence quark masses. The term
accounting for mistuning of valence strange quarks is
included only for the Bc → Bs transition. The tuned masses
mtuned

s and mtuned
c are the valence quark masses that yield

physical ηs and ηc meson masses, respectively, in the sea of
2þ 1þ 1 flavors of sea quark. Values for mtuned

s and mtuned
c

were obtained from [18]. Also, mtuned
l is fixed by multi-

plying mtuned
s by the physical ratio

ml

ms
¼ 1

27.18ð10Þ ð20Þ

obtained from [39]. For the b quark, we take tuned values1

of the quark mass from Table XII in [8].
For each of the sea and valence quark flavors, δmsea and

δmval are given by

δmsea ¼ msea −mtuned

δmval ¼ mval −mtuned; ð21Þ
giving estimates of the extent that the quark masses deviate
from the ideal choices in which appropriate meson masses
are exactly reproduced.
For prior values on the parameters in Eq. (19), we use

0(1) for AðnÞ, BðnÞ, and CðnÞ, and 0.0(5) for κðjÞ. The power
series in Eq. (18) is truncated to include up to the z3p term.
Fits without a pole, i.e., Pðq2Þ ¼ 1, yield no statistically
significant discrepancies. This is not surprising since the
poles are far away from the physical region of q2, and so the
pole effect on the form factor can be reasonably absorbed
into the polynomial. Finally, the kinematic relation

f0ð0Þ ¼ fþð0Þ ð22Þ

1To ensure consistency, we convert values from [8] in lattice
units to physical units by using the lattice spacing determined
in [8] from the ϒð2S − 1SÞ splitting.
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is imposed on the fit as a constraint (we have tested that
removing this constraint makes very little difference to the
fit in fact and fþð0Þ − f0ð0Þ is zero to well within 1σ.).
Constraints on bðnÞ from unitarity, as in the Bourrely-

Caprini-Lellouch [40] and Boyd-Grinstein-Lebed [41]
expansions, are unnecessary here since the full range of
physical momentum transfer can be reached and so
extrapolation in q2, which may benefit in accuracy from
imposing these constraints, is not required. Hence,
more complicated fit forms that impose additional
physical constraints are not expected to be appreciably
advantageous.
In Figs. 9 and 10, we demonstrate that the form factors in

the physical-continuum limit are insensitive to the choice of
the parameters in the fits of the correlators. As can be seen
in the figures, the coefficients in the fits of the form factors
are stable, within their uncertainties, as the correlator fits on
different sets are varied.
The fitted form factors from the NRQCD spectator case

exhibit errors no greater than 4% across the entire physical
range of q2 when tuned to the physical-continuum limit.
Figures 11–14 show the results on all the lattices along with
the fitted function for the form factors in the physical-
continuum limit.

The z0p and z1p behavior of the form factors is well reso-
lved by our fit to Eq. (19), as well as the ðamc=πÞ2z0p discre-
tization effect. Table X summarizes the corresponding
parameters from the fit. After fitting, other parameters

FIG. 9. zp expansion coefficients, for the calculation with an NRQCD spectator quark, computed using the variations of correlator fit

parameters listed in Table V for the Bc → Bs form factors. The integer x coordinate of each result is given by nð1Þvar þ 2nð2Þvar þ 4nð3Þvar þ
8nð4Þvar þ 16nð5Þvar where nðiÞvar ¼ 0, 1 corresponding to the first and second fits, respectively, listed in Table V of set i.

FIG. 10. zp expansion coefficients, for the calculation with an NRQCD spectator quark, computed using the variations of correlator fit
parameters listed in Table V for the Bc → Bd form factors. The x coordinate is the same as that in Fig. 9.

FIG. 11. Lattice results and fitted f0 form factor data for
Bþ
c → B0

s l̄νl with an NRQCD b quark. The gray band shows the
fitted form factor tuned to the limit of vanishing lattice spacing
and physical quark masses.
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show errors comparable to the width of their prior and are
consistent with 0. In particular, quark mass mistuning
coefficients simply return their prior value.

C. Heavy-HISQ form factor fits

We take a similar approach to fitting the form factor
results for the case of a heavy-HISQ spectator. Now, we
have results at multiple heavy-quark masses and the
conversion from q2 to z space [Eq. (16)] uses the values
of MHc

and MHs
or MHd

, as appropriate, from our
calculation. We then rescale z at each mh as described in
Sec. IVA [Eq. (17)]. This rescaling gives a similar z range
for each mh and avoids introducing spurious dependence
on mh that comes simply from the z transform.

The heavy-HISQ results are then fit to a form that is a
product of Pðq2Þ and a polynomial in zp as for the NRQCD
case. We now require a fit form for the polynomial
coefficients that accounts for ðamhÞ2n discretization effects
as well as physical dependence on mh, however. Motivated
by heavy quark effective theory (HQET), we express this
physical heavy mass dependence as a power series in
ΛQCD=MHc

. The form factor data from the heavy-HISQ
approach are fit to

fðq2Þ ¼ Pðq2Þ
X3

n;i;j;k¼0

AðnÞ
ijkz

n
p

×

�
amc

π

�
2i
�
amh

π

�
2j
ΔðkÞ

Hc
N ðnÞ

mis; ð23Þ

where, for k ¼ 0, ΔðkÞ
M ¼ 1 and, for k ≠ 0,

ΔðkÞ
Hc

¼
�
ΛQCD

MHc

�
k
−
�
ΛQCD

MBc

�
k
; ð24Þ

where we take ΛQCD ¼ 500 MeV. The mistuning terms are
given by

FIG. 12. Lattice results and fitted fþ form factor data for
Bþ
c → B0

s l̄νl with an NRQCD b quark. The gray band shows the
fitted form factor tuned to the limit of vanishing lattice spacing
and physical quark masses.

FIG. 13. Lattice results and fitted f0 form factor data for Bþ
c →

B0l̄νl with an NRQCD b quark. The grey band shows the fitted
form factor tuned to the limit of vanishing lattice spacing and
physical quark masses.

FIG. 14. Fitted fþ form factor data for Bþ
c → B0l̄νl with an

NRQCD b quark. The gray band shows the fitted form factor
tuned to the limit of vanishing lattice spacing and physical quark
masses.

TABLE X. A selection of f0 and fþ fit parameters from our fit
to Eq. (19) with an NRQCD-b quark, demonstrating the leading
order momentum and lattice spacing dependence. Note that the
discretization effects in the f0 and fþ fits are allowed to vary
independently of each other with separate Bð0Þ parameters. In
practice, as the table shows, the fit returns very similar values.

fs0 fd0 fsþ fdþ

Að0Þ 0.617(13) 0.548(23) 0.617(13) 0.548(23)

Að1Þ −0.52ð14Þ −0.19ð22Þ −0.74ð14Þ −0.48ð21Þ
Að2Þ −0.63ð63Þ 0.05(74) −0.29ð72Þ 0.12(77)

Bð0Þ 1.44(38) 1.45(46) 1.44(38) 1.45(46)
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N ðnÞ
mis ¼ 1þ δmval

c

mtuned
c

an þ
δmsea

c

mtuned
c

bn

þ δmval
s

10mtuned
s

cn þ
δmsea

s

10mtuned
s

dn þ
δml

10mtuned
s

en; ð25Þ

where we only include the term proportional to δmval
s for

the Bc → Bs case. Pðq2Þ, δm, and the tuned masses have
the same definitions as in the NRQCD case (Sec. IV B).
In the physical-continuum limit, this form collapses to

Pðq2ÞPn z
n
pA

ðnÞ
000. Again, we apply the constraint f0ð0Þ ¼

fþð0Þ in the continuum limit (by fixing Að0Þ
000 to be the same

in the two cases).
Results for the extrapolated form factors are given in

Figs. 15–18 together with the corresponding lattice data.
For the Bc → Bs case, an and cn take prior values 0(1) and
bn, dn, and en take prior values 0(0.3) to reflect the fact that
they enter through loop effects. In the Bc → Bd case, we
take prior values of 0(1) for an and en and 0(0.3) for bn

and dn. In both cases, we take prior values of 0(1) for An
ijk

except for when i ¼ 1 or j ¼ 1 where we use a prior value
of 0(0.3) to account for the HISQ one loop improvement.
As in the case of an NRQCD spectator quark, we present

coefficients of the form factors fits from many different fits
of the correlator data. Figures 19 and 20 show that the
coefficients are insensitive to the choice of the parameters
in the fits of the correlators.

D. Chained fit

The form factor functions tuned to the physical-
continuum limit from NRQCD and heavy-HISQ are com-
pared in Figs. 21–24 in z space. There is good agreement
across the entire physical range of z, with particularly good
agreement for the more accurate Bc → Bs case.
While the fit forms for the form factors from NRQCD

and heavy-HISQ at Eqs. (18) and (23) differ in appearance,
they both allow for effects of discretization and mistuning
of the quark masses. In the continuum limit with physical

FIG. 15. Heavy-HISQ form factor results for fs0 together with
the fitted curve at the physical point with its error band.

FIG. 16. Heavy-HISQ form factor results for fsþ together with
the fitted curve at the physical point with its error band.

FIG. 17. Heavy-HISQ form factor results for fd0 together with
the fitted curve at the physical point with its error band.

FIG. 18. Heavy-HISQ form factor results for fdþ together with
the fitted curve at the physical point with its error band.
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masses, the two forms collapse such that the parameters

AðnÞ from Eq. (19) and AðnÞ
000 from Eq. (23) coincide. Plotted

among the functions from the heavy-HISQ and NRQCD
calculations is a function arising from a “chained” fit where

AðnÞ
000 from the heavy-HISQ fit were used as prior distribu-

tions for AðnÞ in the form factor fit forms in the NRQCD

study. We label this fit NRQCD from heavy-HISQ in
Figs. 21–24. As with the separate fits for each case of
spectator quark, the form factors for Bc → Bs and Bc → Bd
are fit simultaneously. This chained fit has χ2=d:o:f ¼ 1.3
and is consistent with both the separate fits. We make our
final predictions for the decay rates and values for ΓjVj2
using the chained fit.

FIG. 19. zp expansion coefficients, for the calculation with a HISQ spectator quark, computed using the variations of correlator fit

parameters listed in Table VI for the Bc → Bs form factors. The integer x coordinate of each result is given by nð3Þvar þ 3nð5Þvar þ 9nð6Þvar where

nðiÞvar ¼ 0, 1, 2 corresponding to original, first, and second variations, respectively, listed in Table VI of set i.

FIG. 20. zp expansion coefficients, for the calculation with a HISQ spectator quark, computed using the variations of correlator fit
parameters listed in Table VI for the Bc → Bd form factors. The x coordinate is the same as that in Fig. 19.

FIG. 21. Fits of f0 for Bþ
c → B0

s l̄νl tuned to the physical-
continuum limit. The form factor is plotted against zp=jzpðt−Þj.

FIG. 22. Fits of fþ for Bþ
c → B0

s l̄νl tuned to the physical-
continuum limit.
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We include the coefficients AðnÞ
0;þ from the chained fit in

the ancillary json file BcBsd_ff.json [42].

E. Dependence of the form factors
on the spectator quark mass

In order to build up a picture of the behavior of form
factors, it is interesting to ask: how do the form factors for c
to s=d decay depend on the mass of the spectator quark?
We can answer that question with our heavy-HISQ calcu-
lation because we have results at a range of spectator quark
masses from mc upward (see Fig. 2). Our form factor fits
(Sec. IV C) enable us to extrapolate up to mb. Our most
accurate results are for the c to s decay case and we
concentrate on that here.
Figure 25 shows the fit curve from the heavy-HISQ

results for fsþ and fs0 as a function of the heavy-charm
meson mass (as a proxy for the spectator quark mass). The
form factor curves that are plotted are those for q2 ¼ 0

(where fþ ¼ f0) and for the zero-recoil point (q2max). At
q2max, the daughter meson is at rest in the rest frame of the
Hc meson. The q2 value at q2max falls slowly as the heavy-
quark mass increases abovemc because the mass difference
between Hc and Hs mesons falls. Examining the region
between Mηc and MBc

in Fig. 25 we see almost no
dependence on the spectator mass. The form factor value
that shows the most dependence is fþðq2maxÞ. This is not
surprising because fþ shows the biggest slope in q2 close
to q2max and hence sensitivity to the value of q2max. Note that
the curve from the heavy-HISQ analysis agrees with the
NRQCD results at a spectator mass equal to that of the b.
As discussed in the previous subsection, the form factors
obtained from the two calculations agree across the full
q2 range.
We can also investigate the behavior of the heavy-HISQ

fit function as mh is taken below mc to ml where contact is
made with results for D → K from [3]. For the form factors
at q2 ¼ 0, we have Pðq2Þ ¼ 1 and our fit form at Eq. (23)
depends only on MHc

. This permits a straightforward
extrapolation to the point MHc

¼ MD in the continuum
limit. For the form factors at zero-recoil (q2max), construct-
ing the extrapolation curve is complicated by requiring
the dependence of q2max on the mass of the spectator quark.
This requires knowledge of MHs

as a function of MHc
. To

achieve this, we fit our values of MHs
taken from set 6,

together with physical values from experiment [33] at
mh ¼ ml;mb (i.e., MK and MBs

), using a simple fit form

FIG. 23. Fits of f0 for Bþ
c → B0l̄νl tuned to the physical-

continuum limit.

FIG. 24. Fits of fþ for Bþ
c → B0l̄νl tuned to the physical-

continuum limit.

FIG. 25. Values for the physical-continuum form factors
fs0 ¼ fsþ at q2 ¼ 0 and fs0 and fsþ at q2max are plotted against
the mass of the heavy-charm pseudoscalar meson. The curve is
the continuum limit of the heavy-HISQ fit function [Eq. (23)]
extrapolated to the physical Bc and D masses. Note that the region
in which the heavy-HISQ calculation has results is the region
above Mηc . See the text for a description of how the extrapolation
down to theDwas done. Also plotted are the form factor results for
D → K [3] (green squares) as well as the NRQCD Bc → Bs result
presented in this work (red circles).
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MHs
¼ MHc

ð1þP
4
n¼1 ωnðΛQCD=MHc

Þn þ AðaΛQCDÞ2þ
BðaΛQCDÞ4Þ. Here A, B, and ωn take prior values 0(2) and
we do not include aΛ terms for data from [33]. We find this
fit function reproduces our data, as well as the physical
values, well. Figure 25 also shows the result of this
downward extrapolation. While this extrapolation below
mc is outside the region where HQET is expected to be
valid, the curves nevertheless show approximately the
correct amount of upward movement necessary to repro-
duce the D → K results in [3] for fþ and f0 at zero recoil
and q2 ¼ 0. The form factors at q2 ¼ 0 continue to show
almost no spectator mass dependence, and this is in
agreement with the D → K results.

F. Decay rate

The hadronic quantity required for determining the
decay rate and branching fraction is the integral

ΓjVj−2 ¼ G2
F

24π3

Z
t−

0

dq2jp2j3jfþðq2Þj2; ð26Þ

where V is the CKM element Vcs or Vcd. Table XI gives
values for this quantity for each of the Bc → Bs and
Bc → Bd processes based on the NRQCD and heavy-
HISQ chained form factor fit described in Sec. IV D.
Values for different q2 bins can also be obtained. Proceeding
with the total decay rate, combining these results with
existing CKM matrix values [33] Vcs ¼ 0.997ð17Þ and
Vcd ¼ 0.218ð4Þ yields the predictions

ΓðBþ
c → B0

s l̄νlÞ ¼ 52.4ð1.8Þð1.8Þ × 109 s−1

ΓðBþ
c → B0l̄νlÞ ¼ 3.10ð11Þð18Þ × 109 s−1; ð27Þ

where the CKM matrix elements are responsible for the first
errors and the second errors arise from our lattice calcu-
lations. The dominant source of lattice QCD uncertainty is
the fitting of two-point and three-point correlators described
in Sec. II B 3.
We can convert these results for the decay width into a

branching fraction using the lifetime of the Bc meson,
513.49(12.4) fs [43]. This gives

BðBþ
c → B0

s l̄νlÞ ¼ 0.0269ð9Þð9Þð6Þ
BðBþ

c → B0l̄νlÞ ¼ 0.00159ð6Þð9Þð7Þ; ð28Þ

where now the third uncertainty is from the lifetime.

We also present the ratio of the ΓjVj−2 for Bc → Bs to
Bc → Bd taking correlations into account between the
numerator and denominator. From the chained fit of
Bþ
c → B0

s l̄νl and Bþ
c → B0l̄νl form factors, we obtain

ΓðBþ
c → B0

s l̄νlÞjVcdj2
ΓðBþ

c → B0l̄νlÞjVcsj2
¼ 0.809ð53Þ: ð29Þ

In fact, the uncertainty is roughly the same as if we
were to treat the numerator and denominator as
uncorrelated.

TABLE XI. Final results of the weighted integral of jfþðq2Þj2
over the physical range of squared 4-momentum transfer. Units
are MeV.

Bþ
c → B0

s l̄νl Bþ
c → B0l̄νl

ΓjVj−2 3.47ð12Þ × 10−11 4.29ð25Þ × 10−11

FIG. 26. Final form factors from the chained fits of f0 (below)
and fþ (above) for Bþ

c → B0
s l̄νl in the physical-continuum limit,

plotted against the entire range of physical q2. This fit is
described in Sec. IV D.

FIG. 27. Final form factors from the chained fits of f0 (below)
and fþ (above) for Bþ

c → B0l̄νl in the physical-continuum
limit, plotted against the entire range of physical q2. This fit is
described in Sec. IV D.
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V. CONCLUSIONS

We have reported here the first calculations of the decay
rates ΓðBþ

c → B0
s l̄νlÞ and ΓðBþ

c → B0l̄νlÞ, demonstrating
the success of lattice QCD in studying decays of heavy-
light mesons. The use of HISQ-HISQ c → sðdÞ currents
allows for a nonperturbative renormalization using the
PCVC. We used two different formulations for the specta-
tor b quark, heavy-HISQ and NRQCD. Results from the
heavy-HISQ calculations are in good agreement with the
physical-continuum form factors derived from the calcu-
lations using NRQCD b quarks, giving us confidence in
assessing and controlling the systematic errors in each
formulation. Simulating at a variety of spectator masses in
the heavy-HISQ calculation has provided a check of the
spectator independence of the renormalization procedure
for the vector current. The NRQCD study also accessed
ZV away from zero recoil to scrutinize momentum
independence.
Our final form factors from the chained fit that combines

both NRQCD and heavy-HISQ results are plotted against
q2 in Figs. 26 and 27.
The decay rates are predicted from our calculation with

4% and 6% uncertainty for ΓðBþ
c → B0

s l̄νlÞ ¼ 52.4ð2.5Þ ×
109 s−1 and ΓðBþ

c → B0l̄νlÞ ¼ 3.10ð21Þ × 109 s−1, respe-
ctively. There is scope for significant improvement should
future experiment demand more precision from the lattice.
Such improvement would be readily achieved by the
inclusion of lattices with a finer lattice in the heavy-
HISQ calculation. “Ultrafine” lattices with a ≈ 0.045 fm

were used in [11] to provide results nearer to the physical-
continuum limit with amh ≈ amb. Larger statistical sam-
ples could also be obtained on the lattices used here, at the
cost of more computational resources.
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