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We present the macroscale three-dimensional numerical solution of anisotropic Biot’s poroelasticity, with co
efficients derived from a micromechanical analysis as prescribed by the asymptotic homogenisation technique.
The system of partial differential equations (PDEs) is discretised by finite elements, exploiting a formal analogy
with the fully coupled thermal displacement systems of PDEs implemented in the commercial software Abaqus.
The robustness of our computational framework is confirmed by comparison with the well-known analytical
solution of the one-dimensional Therzaghi’s consolidation problem. We then perform three-dimensional nu
merical simulations of the model in a sphere (representing a biological tissue) by applying a given constant
pressure in the cavity. We investigate how the macroscale radial displacements (as well as pressures) profiles are
affected by the microscale solid matrix compressibility (MSMC). Our results suggest that the role of the MSMC on
the macroscale displacements becomes more and more prominent by increasing the length of the time interval
during which the constant pressure is applied. As such, we suggest that parameter estimation based on tech
niques such as poroelastography (which are commonly used in the context of biological tissues, such as the brain,
as well as solid tumours) should allow for a sufficiently long time in order to give a more accurate estimation of
the mechanical properties of tissues.

1. Introduction
Biot’s theory of poroelasticity deals with the mechanical and hy
draulic behaviour of a medium in which the solid skeleton interplays
with fluid percolating its pores (Detournay and Cheng (1993); Biot
(1955, 1956a, 1956b, 1962)). Materials that can be modelled via a
poroelastic approach include, but are not limited to biological tissues
(Dehghani et al. (2018); Cowin (1999); Bottaro and Ansaldi (2012);
Taffetani et al. (2014)), artificial constructs (Chalasani et al. (2007);
Jacob et al. (1998); Karageorgiou and Kaplan (2005)), rocks and soil
(Wang (2017)). Biot’s poroelasticity can be derived via a number of
upscaling techniques, e.g. average field techniques (see in particular De
€nicke et al. (2015) for the representative volume
Buhan et al. (1998); Ja
element approach), the mixture theory Morro (2015), and asymptotic
homogenisation, see, e.g., Berryman (2005) and the works Davit et al.

(2013); Hori and Nemat-Nasser (1999) for a comparison between
alternative approaches in the context of poroelasticity, fluid, and solid
mechanics, respectively.
The asymptotic homogenisation technique (see, e.g., Auriault et al.
(2009); Bakhvalov and Panasenko (1989); Holmes (2013); Mei and
Vernescu (2010); Bensoussan et al. (1978); Palencia (1980)) exploits the
sharp length scale separation between the pore-scale and the average size
of the domain (the macroscale) to derive the macroscale equations of
poroelasticity via providing a precise prescription of the coefficients of
the model (as opposed to most of the other alternative approaches), as
done in Burridge and Keller (1981) and extended in Penta et al. (2014)
for growing materials. These coefficients encode information on the
microstructure, as they are to be computed by solving appropriate cell
problems at the pore-scale.
In Dehghani et al. (2018) the authors conduct a three-dimensional
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computational analysis via computing the relevant macroscale poroe
lastic coefficients, i.e. the stiffness tensor, the hydraulic conductivity,
Biot’s modulus, and Biot’s coefficients, as prescribed via the asymptotic
homogenisation technique via solving elastic-type and Stokes’-type pe
riodic cell problems on a connected porous structure. Their analysis,
framed in the context of tumour modelling, serves as a basis to quantify
the response of poroelastic materials in terms of the microstructure, and
primarily focuses on the role of the matrix’s porosity and
compressibility.
In fact, the mechanical properties of biological tissues, such as the
brain and (healthy and malignant) cell aggregates, can be estimated in
~ ez et al. (2010) Weaver et al.
vivo by means of poroelastography (Perrin
(2012)), elastography (Islam et al. (2018)), and viscoelastography
(Kazemirad et al. (2016)). Macroscale displacements are induced in the
target tissue from different sources, e.g. Valsalva manoeuvre (Mousavi
et al. (2014)), blood pressure pulses (Weaver et al. (2012)), mechanical
waves (Weaver et al. (2001)), etc., and are subsequently measured. On
the basis of the constitutive assumptions characterising a given tissue,
the effective poroelastic, elastic, or viscoelastic properties of the tissue
~ ez et al. (2010) the elastic
can then be estimated. For example, in Perrin
matrix is assumed to behave as a linear elastic material.
Here, we extend the analysis carried out in Dehghani et al. (2018) by
solving the actual macroscale Biot’s system of PDEs to provide dis
placements and pore pressure maps via performing a parametric study in
terms of the Microscale Solid Matrix Compressibility (MSMC). By doing
so, we provide ways of improving grounds for the reliability of current
poroelastography protocols by quantifying the importance of the time
period during which such a technique should be applied, as well as by
highlighting the role of the loading conditions (i.e. transient vs.
steady-state analyses).
We solve the quasi-static anisotropic Biot’s system of PDEs for
poroelastic media via a finite element (FE) discretisation exploiting a
formal analogy with the fully-coupled thermo-mechanical system of
equations, which is well implemented in the commercial software
Abaqus for different types of elements. We first benchmark our nu
merical approach against the analytical solution of the one-dimensional
Terzaghi consolidation problem by using a given set of parameters. We
then solve the model by accounting explicitly for the relationship be
tween the pore-scale and the macroscale by exploiting the results re
ported in Dehghani et al. (2018). In particular, we follow our approach
by solving the model in a sphere with a cavity which represents a
compressible, poroelastic biological tissue. The analysis is performed by
varying the MSMC and by fixing the porosity and the other micro
mechanical parameters (such as the Young’s modulus of the matrix) and
by applying a constant pressure in the cavity. Furthermore, we quantify
the arising model anisotropy which is also present when accounting for a
simplified microstructure, invariant under permutation of the three
orthogonal axes, such as the one exploited in Dehghani et al. (2018).
The remainder of this work is organised as follows: In Section 2 the
macroscale governing equations and their FE formulation are provided.
Section 3 provides an illustration on the numerical implementation
which relies on the analogy between Biot’s equations and the fullycoupled thermo-mechanical system of equations (implemented in the
FE software Abaqus). In Section 4 our framework is benchmarked and
the results are shown and discussed. To close with, a summary of the
presented research work, as well as a discussion concerning further
developments of this work, are provided in Section 5.

The homogenized model is derived by considering a fluid-structure
interaction problem between a linear elastic matrix and a Newtonian
fluid phase flowing in the pores. Relevant fields are then expressed in
terms of power series expansions in terms of the ratio between the
pore-scale and the macroscale (this latter typically representing the
average size of the domain). The model is then derived by closing a
system of PDEs for the leading (zeroth) order fields, namely the
macroscale fluid pressure pð0Þ and displacement uð0Þ . The porous media
problem is solved for small strains, such that the small strain measure is
defined as usual as
�t i
�
1h
(1)
ε ¼ rx uð0Þ þ rx uð0Þ
2
where uð0Þ denotes the solid displacement. The essential balance equa
tions at the macroscale are the balance of linear momentum and the
continuity equation, respectively the conservation of mass. Their local
forms allow representation as
(2)

0 ¼ rx ⋅σ ;
p_ð0Þ ¼

�
�
~ : ε_ ;
M rx ⋅ 〈v〉rf þ α

(3)

wherein the quasi-static case is assumed and where additional body
forces are neglected. Equation (3) provides us with a continuity state
ment that relates the change in the volume of fluid and solid to the time
derivative of pore pressure. Moreover, σ is the Cauchy stress tensor, pð0Þ
describes the present pore pressure, 〈v〉rf represents the relative pore
~ are the Biot modulus and the Biot tensor,
fluid velocity, M and α
~ ¼α
~ I, where α
~ represents
respectively. The Biot tensor is defined as α
the Biot coefficient and I denotes the second order identity tensor. The
notation �_ is used to define the time derivative of the quantity �. In order
to close the overall system of equations, the following constitutive re
lations shall be introduced for the stresses as well as for the relative pore
fluid velocity, to be specific
~:ε
σ¼E
〈v〉rf ¼

~;
pð0Þ α
〈W〉f ⋅ rx pð0Þ ;

(4)
(5)

~ denotes the effective elasticity tensor and where 〈W〉f sym
where E
bolises the hydraulic conductivity.
The above system refers to the anisotropic quasi-static Biot’s equa
tions by using the notation that can be found in Penta et al. (2014),
where the authors obtain a more general form of the above mentioned
equations from the microstructure.
2.2. Finite element formulation
In this section, the weak form is introduced by considering the
contributions from both, mechanical equilibrium in the absence of me
chanical body forces for a porous medium and the continuity statement
for the liquid phase in the porous medium. Based on this, the model
equations are transformed into discrete forms. The FE implementation is
briefly discussed in Section 3. Even though the general FE framework
has been introduced in the literature before, the discussion of the FE
model is included in this contribution in order to show in particular the
similarities between the FE formulation of the poroelasticity and
thermoelasticity.
The weak form is obtained by multiplying (2) with an arbitrary test
function δu that is admissible regarding the continuity and the Dirichlet
boundary conditions. The result is then integrated with respect to the
volume of the underlying body B . Applying the divergence theorem and
using Cauchy’s theorem t ¼ σ ⋅n, where t represents surface tractions per
unit area and where n denotes the outward normal unit vector, results in

2. Governing equations
2.1. Essential balance relations
We now introduce the homogenized Biot’s poroelastic equations as
derived via asymptotic homogenisation in Burridge and Keller (1981).
We refer to the quasi-static case, ignore body forces and make use of a
notation which is consistent with that used in Dehghani et al. (2018).
2
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Z

0¼

(6)

σ : rx δu dv :

t⋅δu da
∂B

The same approximation is applied analogously for the physical
fields of ue and pe according to (12). For the time discretisation of the
pressure rate p_ð0Þ and strain rate ε_ an implicit Backward Euler integration
scheme is adopted. For the respective variable � the definition
�_ ¼ ½nþ1 � n ��=Δt is used, where n þ 1 denotes the current time step nþ1 t
n
and Δt ¼ nþ1 t
t.

B

In analogy, the same procedure is used for (3) with an admissible,
continuous test function δp, resulting after integration over the domain
B in
Z
� ð0Þ
��
�
~ : ε_ δp dv :
p_ þ M rx ⋅ 〈v〉rf þ α
0¼
(7)
B

3. Finite element implementation

Afterwards, the integral is split into three parts and divided by the
Biot modulus M so that
Z
Z
Z
�
�
1 ð0Þ
~ : ε_ δp dv :
p_ δp dv þ
0¼
rx ⋅ 〈v〉rf δp dv þ α
(8)
M
B

B

In this section, we discuss the implementation of the macroscale
system of equations into the commercial finite element program Abaqus
by considering the mechanical equilibrium statement for the porous
medium together with the continuity statement for its liquid phase. To
solve this problem, a coupled pore fluid diffusion/stress analysis is
usually used. Abaqus provides a built-in feature for such a problem.
However, it is assumed that both solid and fluid phases are intrinsically
incompressible which in turn means that Biot’s modulus approaches
infinity. Therefore, this assumption is not appropriate for the poroelastic
problem at hand. In the following, the analogy to the heat equation shall
be examined by briefly summerising basic equations related to the heat
equation and its computational treatment. With help of Abaqus sub
routines UMAT and UMATHT the porous media material model can then
be realised. This allows the implementation of the framework at hand
without writing a user element subroutine UEL in Abaqus.

B

Finally, integration by parts and the divergence theorem can be
applied such that
Z
R 1 ð0Þ
p_ δp dv þ 〈v〉rf ⋅n δp da
0 ¼
B M
∂B

R

(9)

Z

α~ : ε_ δp dv :

〈v〉rf ⋅rx δp dv þ

B

B

As a next step, the discretisation of the problem in space and time has
to be performed. Therefore, body B is decomposed into nel finite ele
ments and the spacial discretisation of the weak forms is represented by
�
Z
nel �Z
X
t⋅δue da
σ : rx δue dv ¼ 0;
∂B e

e¼1
nel �Z
X
e¼1

Be

1 ð0Þ e
p_ δp dv þ
eM
B

(10)

Z

The strong form of the energy balance can be expressed as

e

∂B e

Z

〈v〉rf ⋅nδp da

ρ c θ_ ¼

�

Z

Be

3.1. Analogy to heat equation

Be

where ρ is the mass density of the material, c represents the specific heat
capacity, θ_ θ_ defines the temperature, q denotes the heat flux vector and
where r symbolises heat sources. The heat sources in a thermomechanical problem can be additively decomposed into the sum of
external heat supply rE and into the volumetric heat generation per unit
time caused by mechanical working of the material rM defined as

(11)

:

〈v〉rf ⋅ rx δpe dv þ

~ : εδpe dv ¼ 0:
α

In addition, the test functions are discretised elementwise for each
element node nen in the following manner
p

u

δ ue �

nen
X
NAu δueA ;

δpe �

A¼1

nen
X
NCp δpeC ;

(12)

The heat conduction is represented by the Fourier law

A¼1
e¼1

∂B

e

Be

q¼

σ

⋅rx NAu

(13)

dv5 ¼ 0;

(17)

κ⋅rx θ

with the thermal conductivity tensor κ.
The weak form of (15) is derived by analogy with the procedure in
Section 2.2. Multiplying (15) with an admissible test function δθ and
integrating over the domain results in
Z
Z
Z
0 ¼ ρ c θ_ δθ dv þ ½rx ⋅ q�δθ dv
r δθ dv :
(18)

3

Z

(16)

r ¼ rE þ rM :

C¼1

where N denotes the corresponding set of shape functions. The contri
butions δueA and δpeC represent the respective values of the test function
at the nodes. With these relations at hand and by additionally defining
the assembly operator A, the discretised weak form can finally be given
by
nel
2
nuen Z
A 4
t NAu da

(15)

rx ⋅q þ r

B

B

B

nel
npen
A
C¼1

"Z
Be

1 ð0Þ p
p_ NC dv þ
M

Z
∂B e

〈v〉rf ⋅n NCp da

Be

�

Z

Z
〈v〉rf ⋅rx NCp dv þ

:

Be

~ : ε NCp dv ¼ 0
α

e¼1

3

(14)
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Table 1
Specification of all return values when implementing the user subroutine UMAT
for the porous media model compared to a fully coupled thermo-mechanical
model.
UMAT variable

thermo-mechanical model

porous media model

STATEV

V

–

STRESS

σ

~ :ε
σ ¼E

DDSDDE

dσ
dε
dσ
dθ
rM

~
E

DDSDDT
RPL

drM
dθ
drM
dε

DRPLDT
DRPLDE

Table 2
Specification of all return values when implementing the user subroutine
UMATHT for a classic rigid heat conductor and the porous media model.

~
pð0Þ α

∂B

FLUX

0

DFDG

B

(20)

rM ¼

nel

Be

Z

Z
q⋅rx NCθ dv

q⋅n NCθ da
∂B e

κ

〈W〉f ⋅rx pð0Þ

〈W〉f

quantities STRESS, STATEV, DDSDDE and the thermo-mechanical
quantities RPL, DRPLDT, DRPLDE and DDSDDT must be evaluated
within the UMAT user subroutine for the mechanical material model.
These quantities are further defined in Table 1.
Within the subroutine, not only the strain tensor ε is provided as an
input variable, but also the temperature θ, here respectively the pore
pressure pð0Þ , as the heat transfer equation is “abused” to solve the partial
differential equation of the pore pressure (3). Thus it is possible to up
date the stresses σ according to the constitutive equation (4) within the
routine UMAT, where STRESS is used as the return variable in Abaqus.
In addition, volumetric heat generation caused by mechanical working
rM is incorporated into RPL. For a thermo-mechanically coupled prob
lem, the dissipation and the Gough-Joule effect would be expected here.
In view of (15), the only contribution dependent on the displacement
field, i.e.

equation (19) can be finally assembled as

C¼1

〈v〉rf ¼

0

Δt

C¼1

Z

dq
¼0
dθ
dq
¼
drx θ

~
α

B

ρ c θ_ NCθ dv þ

dU
¼c
dθ
dU
¼0
drx θ
q :¼
κ⋅rx θ

DFDT

nen
X
NCθ δθeC ;

"Z

DUDT

1 ð0Þ
p
M
1
M
0

~ : ε_
α

θ

nθen
A

porous media model

U ¼cθ

~
α

The similarity of (9) and (19) is already obvious. As a final step, the
aforementioned equation is discretised in space and time in the same
manner as in Section 2.2. By dividing body B into a finite number of
elements nel and discretising the test functions for each element node
nen , i.e.
δθe �

standard heat transfer

U

DUDG

Applying integration by parts and the divergence theorem, the
aforementioned equation can be reformulated to
Z
Z
Z
Z
q⋅rx δθ dv
r δθ dv :
(19)
0 ¼ ρ c θ_ δθ dv þ q⋅n δθ da
B

UMATHT variable

Be

~ : ε_ �
α

�
1
~ : nþ1 ε
α
Δt

n

�

ε ;

(22)

is incorporated into the subroutine of the mechanical material model.
Furthermore, the respective derivatives, i.e. the contributions to the
Jacobian within the Newton-Raphson-based solution scheme, are
necessary, as summarised in Table 1.
In addition, the thermal material model can be adapted within the
user subroutine UMATHT for heat transfer, where the quantities U, DUDT,
DUDG for the internal energy and FLUX, DFDT, DFDG for the heat flux
have to be specified. The temperature degree of freedom θ is substituted
by the pore pressure pð0Þ as mentioned before. For the internal energy U,
the expression U ¼ pð0Þ =M is valid when comparing the respective
equations (14) and (21). The heat flux q is replaced with the relative
pore fluid velocity 〈v〉rf , where the constitutive relation (5) is used for
the return variable FLUX. The respective derivatives are shown in
Table 2.

#
r NCθ dv ¼ 0 :

Be

e¼1

(21)
Comparing the latter equation with (14), it can be summarised that
the heat equation as well as the continuity equation are both partially
different equations in a similar form. With this property at hand the
implementation into Abaqus is possible in a straightforward manner as
defined in the next section.
3.2. Implementation in Abaqus
Due to the similarity of the continuity equation and the heat equa
tion, it is possible to use the coupled thermal-displacement analysis
within the commercial FEM software Abaqus. The mechanical and
thermal material behaviour with the respective subroutines UMAT and
UMATHT can be adapted by the user. This way, the heat equation is
“manipulated”, such that the temperature degree of freedom is equal to
the pore pressure and that the heat flux corresponds to the relative pore
fluid velocity. Then, Abaqus can be used to implement the discretised
macroscale system of equations as defined in (14) and (15). Contrary to
the formulation of a user element in Abaqus via the UEL subroutine, the
time for development and for testing the model is less when using a
coupled temperature-displacement analysis. This also enables the usage
of all standard features within Abaqus. The heat equation with the
subroutine UMATHT has been manipulated due to these advantages
before, see for example Ostwald et al. (2019) for a finite deformation
gradient-enhanced damage model. To gain a better understanding into
the implementation into Abaqus, all return values for both subroutines
shall be analysed in the following paragraphs.
For a thermo-mechanically coupled user material, the general return

4. Applications and results
In this section we present the results obtained by solving the
macroscale system of poroelastic PDEs introduced in Section 2. The
solution is computed by finite elements by following the methodology
depicted in Section 3. Next, in Section 4.1, we present the numerical
solution of the one-dimensional Terzaghi’s problem, which is success
fully benchmarked by the well-known analytical solution of the problem
reported, for example, in Ferronato et al. (2010). In Section 4.2 we solve
the macroscale Biot’s equations in three dimensions by accounting
explicitly for the role of the microstructure in the coefficients of the
model Dehghani et al. (2018), and highlight the importance of the
proposed framework in the context of poroelastography for biological
tissues. In Section 4.3 we quantify the anisotropic behaviour of the
macroscale fields of interest.

4

H. Dehghani et al.

European Journal of Mechanics / A Solids 83 (2020) 103996

The expressions given by (23) and (24) represent the analytical so
lutions for the quasi-static Biot’s consolidation problem when the latter
can be reduced to one dimension due to the given symmetry, as in this
case, see Fig. 1. However, here we focus on the Terzaghi’s limit, that is
α~→1and M→∞. In practice, a sufficiently high Biot’s modulus is chosen,
and the parameters which in this case are prescribed and do not encode
microstructural properties, are given in Table 3.
In this example, drainage is only allowed at z ¼ 0 where the load is
assigned, zero displacements are imposed in all directions at z ¼ 15 m,
and free axial displacements on the sides, so that the consolidation/
settlement is allowed. As expected, it is necessary to refine the mesh only
along the axial direction where displacements are allowed, according to
the given symmetry. We have used 100 elements with a quadratic
interpolation function for the displacement, and linear ones for the pore
pressure in the height of the column as shown in Fig. 1.
In a consolidation analysis, the time increment is of great importance
as it is a time-dependent process. In principle, the higher the number of
time increments, the closer the numerical and analytical results should
be. For this specific setting, 1000 time increments are sufficient for the
difference between these two solutions to be negligible. Fig. 2 shows the
almost perfect match between the numerical and analytical solutions at
different times.

Fig. 1. The geometry and mesh setting of the column of sand with the typical
colour map of the pore pressure. (For interpretation of the references to colour
in this figure legend, the reader is referred to the Web version of this article.)

4.1. Terzaghi’s problem
Terzaghi’s problem is a special case of quasi-static Biot’s consolida
tion problem in which both phases are assumed to be intrinsically
incompressible.
In order to verify the reliability of our computational framework, we
solve the problem for a saturated column of sand under an applied load
pp ¼ 1000 Paat height z ¼ 0, and compare the results with the analyt
ical solution given in Ferronato et al. (2010), which reads
� �
�
�
∞
4 p0 X
1
t ½2 n þ 1�2 π2 c
½2 n þ 1�π z
pð0Þ ðz; tÞ ¼
sin
exp
(23)
4 L2
2L
π n¼0 2 n þ 1
""
uð0Þ ðz; tÞ ¼

p0
λ þ 2μ

#
L

z

∞
8 LX

π2

n¼0

4.2. Multiscale Biot’s poroelasticity for biological tissues
Biological tissues, such as brain white and grey matter and cell ag
gregates, are typically characterised by a poroelastic mechanical
behaviour, see, e.g. Basser (1992); Franceschini et al. (2006). Here, we
provide displacements, pressure, and volumetric strains radial maps by
solving Biot’s equations in three dimensions. We perform a multiscale
analysis by explicitly accounting for the role of the microstructure in the
coefficients of the model. In particular, we carry out a parametric
analysis in terms of the MSMC (i.e. the microscale Poisson’s ratio of the
elastic matrix), which in turn affects the macroscale coefficients as re
ported in Table 4.
The effect of the MSMC, as opposed to porosity and elastic stiffness
(see, e.g., Netti et al. (2000)) on the poroelastic behaviour of biological
tissues, including the brain, has been mostly overlooked in the bio
physical literature. This is possibly because the elastic phase in biolog
ical tissues is often assumed to be intrinsically incompressible, see, e.g.
Netti et al. (1995) and Franceschini et al. (2006), where the latter is
related explicitly to brain tissues. However, there is a remarkable vari
ability in the reported compressibility of biological tissues (and espe
cially the brain), so that Poisson’s ratios values down to 0.35 have been
reported for brain tumours, as remarked in Stewart et al. (2017). This
motivates us to investigate the poroelastic macroscale response of such
tissues by varying the MSMC (i.e. the matrix Poisson’s ratio) in the range
mentioned in Tables 4 and i.e. from 0.35 to 0.49 (the latter approxi
mately representing incompressibility), by keeping the remaining input
parameters (i.e. the solid matrix Young’s modulus, fluid viscosity, and
porosity) fixed.
The coefficients are computed by means of the asymptotic homog
enisation closed formulas derived in Burridge and Keller (1981), as
revisited for example in Penta et al. (2020) under the assumption of a
periodic microstructure. These formulas comprise auxiliary variables
which are to be computed by performing three-dimensional simulations
at the pore-scale, as illustrated in Dehghani et al. (2018).
This analysis is aimed at providing useful hints to improve the ac
curacy of poroelastic parameters deduced via poroelastography tech
niques when the latter are applied to tissues that are expected to behave
as compressible materials. These include for example various types of
benign and malignant cell aggregates Dehghani et al. (2018), as well as
the unopened skull, see, e.g. Mousavi et al. (2014).
In Dehghani et al. (2018), the authors show that the MSMC does not
affect the effective Young modulus. As such, we prescribe the Young
modulus of the elastic matrix (by fixing its value to 2:57 � 104 Pa) in

1
½2 n þ 1�2

(24)

� �
��
�
t ½2 n þ 1�2 π2 c
½2 n þ 1�π z
þ u0
cos
exp
2
2L
4L
where,
p0 ¼

α~ M pp
~2 M
2μ þ λ þ α

(25)

u0 ¼

½L z� pp
2μ þ λ

(26)

c¼�

ρg M

K
1

~2 ðλ þ 2μÞ
þα

(27)

1 ��:

Here, M; c; p0 ¼ 4662:4 Pa; u0max ¼ 6:6720 � 10 4 m; and L ¼ 15 m
are Biot’s modulus, the consolidation coefficient, the instant maximum
pore pressure, instant settlement (i.e. the maximum displacement), and
the height of the undrained column of sand, respectively. The consoli
dation coefficient c is related to the sand hydraulic conductivity K, fluid
~
specific weight ρg, Lame’s constants λ and μ, and to Biot’s coefficient α
and modulus M as per the work Ferronato et al. (2010).
Table 3
List of parameters used to compute both the analytical and the numerical so
lution of the model.
Hydraulic and mechanical properties of the sand column
Normalised hydraulic conductivity

K=ðρgÞ

10

Lam�
e constants

λ ¼μ

4 � 107

Pa

Biot coefficient

α~

1.0

–

Biot modulus

M

1:05 � 108

Pa

5

m=s

5
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Fig. 2. The analytical vs. numerical solutions of the one-dimensional Terzaghi’s consolidation problem in terms of pressure and displacements at different
time points.

needle related to an injection at a constant pressure, as described in
Basser (1992), where these two values for the radii R and a are used.
We prescribe the pressure pð0Þ to be equal to 666:4 Pa at t � 0on the
internal boundary, while free drainage is applied on the external
boundary. Free stress conditions are considered on the internal bound
ary of the sphere, while we consider free radial stress and zero polar and
azimuthal displacements on the external boundary of the sphere.
Furthermore, it is worth noting that the model is anisotropic due to

order to obtain, by means of the approach described in Dehghani et al.
(2018), a macroscale Young modulus Ep ¼ 1:6 � 104 Pa, which is
representative for the brain tissue, see, e.g. Rashid et al. (2012), Basser
~ ez et al. (2010) and Soza et al.
(1992), Weaver et al. (2012), Perrin
(2005).
We solve the anisotropic, quasi-static Biot’s equations on a sphere of
radius R ¼ 2 cm (resembling a tumor size), from which a very small
cavity of radius a ¼ 0:03 cm is cored. The latter mimics the tip of a

Table 4
The effective poroelastic properties derived from the underlying microstructural properties.
Case number

i

1

2

3

4

–

Poroelastic property

Symbol

ν ¼ 0:49

ν ¼ 0:45

ν ¼ 0:40

ν ¼ 0:35

Unit

Hydraulic conductivity

K

5e

Effective Young’s modulus

Ep

16000

16000

16000

16000

Pa

0.394

0.3664

0.332

0.3

–

6172

6351

6577

6855

Pa

0.94
4:59e þ
05

0.76
1:2e þ
05

0.63
7:9e þ
04

0.543
6:6e þ
04

–
Pa

Effective Poisson’s ratio
Effective shear modulus
Biot coefficient
Biot modulus

νp
μp
α

M

10

5e

6

10

5e

10

5e

10

cm2 =½Pa s�
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Fig. 3. Displacement distribution at φ ¼ 0 vs. the dimensionless radius at times t ¼ 5; 10; 50; 100; 500; 1000 s from transient analyses with respective cases defined
in Table 4.

the cubic symmetry of the effective elasticity tensor, which is in turn
induced by a microstructure organised in cubic cells, Penta and Gerisch
(2015); Dehghani et al. (2018). Therefore, the solution is genuinely
three-dimensional, i.e., even though the results are presented in terms of
the (non-dimensionalised) radius, the solution does, in principle, depend
on the azimuthal and polar angles. The latter are fixed to zero in this
section, while the role of anisotropy is highlighted in the following
section.
This problem is solved in Abaqus (using 4128 C3D20T elements, i.e.
three dimensional Serendipity elements with quadratic approximation
for the displacement field and linear approximation for the temperature,
and, accordingly, pressure field) via transient analyses in which we
choose Δt ¼ 5e 02 s as a sufficiently accurate time step. The pressure
in the core is applied at the beginning of the analysis and we present the
results for the cases reported in Table 4 at various time points.
Fig. 3a to d shows the displacement of case 1 to case 4 at different
times, respectively. According to our results, time plays a crucial role in
determining displacement maps. The latter are normally measured and
~ ez et al. (2010);
interpreted by means of poroelastography (Perrin
Weaver et al. (2012)).
The profiles of the displacements of all the cases together are shown
in Fig. 4a to d at time points t ¼ 50; 100; 500; 1000 s. The effect of solid
matrix compressibility becomes more evident at longer times. We can
therefore observe that a sufficiently long time should be considered to
obtain an accurate estimation of poroelastic properties via poroelas
tography techniques. In fact, modelling and simulation strategies such as

the ones presented here can be used together with poroelastography to
help quantify the minimum time point after which the results become
less and less affected by the passage of time. Due to the fact that reaching
the steady-state sometimes takes a long time, we set an indicator for the
minimum time at which the effect of solid matrix Poisson’s ratio be
comes distinguishable. In general, as one important indicator of the
evolution of the problem (fluid injection) is the distribution of volu
metric strain, an appropriate criterion for identifying a time which is
sufficiently long for reliable experimental measurements can be identi
fied from its profile. The volumetric strain ratio in Fig. 5d is the ratio of
volumetric strain at the dimensionless radius r=a ¼ 5 divided by its
maximum value located at r=a ¼ 1. In the context of the present anal
ysis, we propose that the time should be considered sufficiently long
when the volumetric strain ratio at r=a ¼ 5 reaches 0.1 which happens at
around t ¼ 500 s.
Volumetric strain εv ¼ trðεÞ ¼ ε11 þ ε22 þ ε33 vs. the dimensionless
radius at φ ¼ 0 is shown in Fig. 5a. The latter profile is, as expected, in a
good agreement with the pore pressure distribution in radial direction
demonstrated in Fig. 5b. The mentioned profiles are important for the
determination of the effects of the macroscale poroelastic response on
the microscale properties which will be explained afterwards. Fig. 5c
exemplifies the pore pressure gradient which imposes pore fluid velocity
in this framework. The times t ¼ 2000 s and t ¼ 3000 s are included in
Fig. 5a, b, and 5c in order to show that the model response does not
change considerably after t ¼ 1000 s.
Fluid injection, percolation, and drainage are very important factors
7
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Fig. 4. Displacement distribution at φ ¼ 0 vs. the dimensionless radius at times t ¼ 5; 10; 50; 100; 500; 1000 s from transient analyses.

in the response of the model as well as the determination of the poroe
lastic material properties. Immediately after application of the cavity
pressure, the tissue behaves as almost incompressible (which is also
reported in other studies such as Islam et al. (2018)), which is shown in
Fig. 5a (see e.g. graph for t ¼ 5 s). By comparing Fig. 5a and b, we can
conclude that the volumetric strain is mostly driven by the hydrostatic
pore pressure, which is negligible when evaluated immediately after
imposing the cavity pressure. However, as time passes, the pressure
which is continuously applied in the cavity drives the corresponding
changes in the effective solid and fluid volume portions from which the
compressible behaviour of the poroelastic material can be deduced.
Finally, in order to further elucidate this behaviour and to demonstrate
the qualitative reliability of our framework, we focus on Equation (3).
The latter can be either derived from the microstructure (Burridge and
Keller (1981)) or from standard mass-balance considerations and relates
pressure variations to solid and fluid volume changes. We can rewrite
(3) as
� ð0Þ
�
p_
~ : rx u_ ð0Þ
rx ⋅ 〈v〉rf ¼
(28)
þα
M

We can also write rx ⋅uð0Þ ¼ εv which is the volume change of the solid
~ being proportional to the identity, i.e. α
~ ¼α
~ I, we
phase. In the case of α
can write

The integration in time of Equation (28) can be approximated as
�
� ð0Þ
Δp
~ : Δrx uð0Þ
Δrx ⋅ 〈u〉rf ¼
(29)
þα
M

the fluid and solid volume change of the increment n, respectively.
From Fig. 6 one can see that, as expected, the mean pore pressure
between the mentioned cases in Table 4 is approximately constant, i.e. it
is not affected by the MSMC. Consequently, only the macroscale co
~ as well as εv cause the different volumes of the injected
efficients M and α
fluid in different cases, which is shown together with the solid volume
change in Fig. 7. The mean values are determined by taking the

α~ : Δrx uð0Þ ¼ α~ Δrx ⋅uð0Þ ¼ α~ Δεv

(30)

then,
Δrx ⋅ 〈u〉rf ¼

� ð0Þ
�
Δp
~ Δεv :
þα
M

(31)

We can also write

εmvf �

m
X
Δεnvf

(32)

n¼1

εmv �

m
X
Δεnv

(33)

n¼1

m
where m is the number of the current increment, εm
vf and εv are the total

volume change of fluid and solid at that increment, and Δεnvf and Δεnv are

where 〈u〉rf is the fluid displacement and where Δrx ⋅〈u〉rf ¼ Δεvf is
related to the change in the volume of the fluid in one time increment.
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Fig. 5. Volumetric strain, pore pressure, and radial pore fluid velocity distribution. These fields are rapidly approaching zero when moving towards the periphery, so
that we have restricted the parameter r=a from 0 to 15 in 5(a–c).

weighted average value (with respect to the element dimensions) of the
variables of the whole discretised domain.
As predicted by Biot’s theory of poroelasticity, Fig. 7 reveals that the
higher the compressibility, the wider the difference between the change
in volume of the solid and the fluid, which is in turn directly related to
changes in pressure. This type of analysis can also be used a posteriori to
evaluate the change in fluid volume fraction (i.e. porosity).
4.3. Anisotropy and steady-state analysis
In order to observe the effect of microscale solid matrix compress
ibility on the macroscale anisotropy, we consider the mechanical
properties of the cases in Table 4. We calculate the shear modulus for an
isotropic material with the same Young’s modulus and Poisson’s ratio of
the mentioned cases as well as the deviation of each effective shear
modulus from the isotropic one for each case via

μiiso ¼ h

Epi

2 1 þ νip

Si ¼

Fig. 6. Mean pore pressure over time for four cases in a transient analysis.
9

μip
μiiso

i

(34)

(35)
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Table 5
The effective mechanical properties derived from the underlying microstructural
properties compared with the shear moduli calculated for isotropic cases with
the same effective Young’s modulus and Poisson’s ratio.
Case number

i

1

2

3

4

–

Mechanical
property

Symbol

ν ¼
0:49

ν ¼

0:45

ν ¼
0:40

ν ¼

Unit

Effective Young’s
modulus
Effective
Poisson’s ratio
Effective shear
modulus
Isotropic shear
modulus
Deviation from
isotropy

Eip

16000

16000

16000

16000

Pa

νip

0.394

0.3664

0.332

0.3

–

μip

6172

6351

6577

6855

Pa

μiiso

5738

5854

6006

6153

Pa

Si

1.0756

1.0849

1.095

1.1141

–

0:35

R
R m
Fig. 7. Mean solid and fluid volumetric strain ( εm
εv f dv, respec
v dv and
tively) over time for four cases. C1, C2, C3, and C4 represent case 1, case 2, case
B

B

at the beginning of the first time increment (i.e. transient analysis in
ABAQUS), whereas in the latter, in each time increment, we apply a
portion of the total cavity fluid pressure which is equal to the portion of
the total time. For gradual loading, an incremental loading of 0:001 p0 is
applied every second, for the total time considered being t ¼ 1000 s
(steady-state analysis in ABAQUS). Fig. 9 shows the radial displacement
and volumetric strain versus dimensionless radius of case 4 at φ ¼ 0 for
the gradual loading considered.
The difference between Figs. 9a and 4d shows the fact that the
loading condition also plays an important role. It can be seen from
Fig. 9b that the difference between the volumetric strain for the different
cases are comparatively small under gradual loading.
Comparing the results from gradual and instant cavity pressure
application, the effects of solid matrix compressibility are more pro
nounced for sudden loading.

3, and case 4, respectively.

where i indicates the case number, μiiso is the shear modulus for an
isotropic material with the same Young’s modulus and Poisson’s ratio of
the case i, and where Si is the deviation coefficient of the effective shear
modulus from μiiso . The values of the mentioned parameters are provided
in Table 5.
The parameter “Deviation from isotropy” in Table 5 highlights the
fact that the less the value of the solid matrix Poisson’s ratio ν, the more
the deviation from the isotropy Si .
The effect of the cubic anisotropy which arises as a direct conse
quence of a cubic cell microstructural arrangement (see also Penta and
Gerisch (2015)) is a heterogeneous displacement distribution in all the
directions in spherical coordinates (which resembles a cubic shape) and
is shown in Fig. 8a and b. Moreove, from the latter figures, we observe
that the displacements at different azimuthal locations start to deviate at
a specific radius at which the volumetric strain is very small (see
Fig. 5a). Poroelastography measurements taken at different angles could
be compared to estimate the mechanical properties, in particular the
degree of anisotropy, of poroelastic tissues. A comparison between all
the cases at hand is made at r=a ¼ 20 and t ¼ 1000 s in Fig. 8c along the
azimuthal direction (which has equivalent profile along the polar one)
demonstrating that the more the matrix is compressible, the more the
radial displacement at φ ¼ 45 deviates from the displacements at zero
azimuthal angle, and that the impact of the cubic symmetry decreases
with time.
Fig. 8d highlights that the heterogeneous displacement profile is
more pronounced at short times, such as t ¼ 50 s. However, the absolute
values of the displacements are much smaller for longer times, such as
t ¼ 1000 s (for example, ur ðφ ¼ 0Þjt¼50 s =ur ðφ ¼ 0Þjt¼1000 s ¼ 0:086). It is
noteworthy that, in the previous section, all the values against the
dimensionless radius have been extracted at φ ¼ ϕ ¼ 0 which are the
azimuthal and polar directions in spherical coordinates. Fig. 8 indicates
that although the load and geometry are totally symmetric and inde
pendent of azimuthal and polar directions, the anisotropic effective
elasticity tensor (with cubic symmetry) imposes the dependency of the
response on the mentioned spatial directions.

5. Summary and future works
In this work we have presented the homogenized solution of the
three-dimensional Biot’s system of equations as derived in Burridge and
Keller (1981). We have obtained the results via finite element numerical
simulations, as illustrated in Section 3. In Dehghani et al. (2018), the
authors have presented a systematic computational approach which can
be used to evaluate all the relevant macroscale poroelastic coefficients as
prescribed by the asymptotic homogenisation technique. Here we have
exploited the findings reported in Dehghani et al. (2018) to compute the
corresponding macroscale solution, thus clearly highlighting the link
between relevant poroelastic maps, such as displacements and pres
sures, and the pore-scale properties, in particular focusing on the
microscale solid matrix compressibility.
We have performed a parametric analysis by varying the Poisson
ratio of the elastic matrix (which is considered isotropic consistent with
Dehghani et al. (2018)), and have obtained displacements and pressures
profiles at various time points. The analysis shows that the role of the
solid matrix compressibility in determining displacements and volu
metric strains becomes more and more pronounced as time passes (see
Fig. 4), thus suggesting that current poroelastographic measurements
should account for a sufficiently long time interval to provide an accu
rate estimate of the poroelastic parameters.
Furthermore, the present results also serve as a basis to evaluate the
mechanical anisotropy which arises from the microstructure. In partic
ular, this is reflected in the macroscale displacements and pressure maps

4.3.1. Suddenly vs. gradually applied loading
In this section, we clarify the effects of sudden versus gradual loading
conditions. In the former, we apply the entire pressure instantaneously
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H. Dehghani et al.

European Journal of Mechanics / A Solids 83 (2020) 103996

Fig. 8. Displacement distribution of the cases defined in Table 5.

(see Fig. 8), and is supposed to be present even when considering a
geometry which is invariant under permutation of the three orthogonal
axes, see Dehghani et al. (2018). Measurements taken at different angles
may provide possibilities towards a better understanding of the aniso
tropic response of poroelastic materials, as well as suggestions on the
pore-scale structural arrangement when the latter is not accessible via
proper imaging techniques. Finally, results in terms of mean solid and
volumetric strains (see Fig. 7) provide a successful qualitative bench
mark of the implementation of Biot’s theory of poroelasticity and could
quantitatively be used to estimate the variation in porosity that takes
place depending on the loading condition.
We have presented our results in the context of biological tissues,
which are often characterised by a poroelastic mechanical response. The
next natural step is the application of the presented framework to sup
port specific experimental measurements, for example related to cell
aggregates (as highlighted in Dehghani et al. (2018)) and organs, such as
the brain Mousavi et al. (2014). Furthermore, the present analysis could

be generalized to incorporate inertial effects (see also the analysis car
ried out in Gao et al. (2015) in the context of representative element
volumes), so that this framework could be applied also in scenarios
where ultrasound techniques are involved, such as the bone structure
discussed in Fellah et al. (2013).
These results are to be considered as a first step towards a better
understanding of the mechanics of poroelastic tissues. The framework
presented here could also be used as a basis for a suitable implementa
tion of the recent advances in the literature concerning multiscale
poroelastic tissues, see, e.g. Penta et al. (2014); Penta and Merodio
(2017). Predictions for the latter models would account for growth and
vascularisation and therefore could be applicable to more realistic bio
logical scenarios of interest.
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Fig. 9. Radial displacement and volumetric strain of case 4 from steady-state analysis.

interests or personal relationships that could have appeared to influence
the work reported in this paper.

Bottaro, A., Ansaldi, T., 2012. On the infusion of a therapeutic agent into a solid tumor
modeled as a poroelastic medium. J. Biomech. Eng. 134 (8), 084501.
Burridge, R., Keller, J.B., 1981. Poroelasticity equations derived from microstructure.
J. Acoust. Soc. Am. 70 (4), 1140–1146.
Chalasani, R., Poole-Warren, L., Conway, R.M., Ben-Nissan, B., 2007. Porous orbital
implants in enucleation: a systematic review. Surv. Ophthalmol. 52 (2), 145–155.
Cowin, S.C., 1999. Bone poroelasticity. J. Biomech. 32 (3), 217–238.
Davit, Y., Bell, C.G., Byrne, H.M., Chapman, L.A., Kimpton, L.S., Lang, G.E., Leonard, K.
H., Oliver, J.M., Pearson, N.C., Shipley, R.J., et al., 2013. Homogenization via formal
multiscale asymptotics and volume averaging: how do the two techniques compare?
Adv. Water Resour. 62, 178–206.
De Buhan, P., Chateau, X., Dormieux, L., 1998. The constitutive equations of finite strain
poroelasticity in the light of a micro-macro approach. Eur. J. Mech. Solid. 17 (6),
909–921.
Dehghani, H., Penta, R., Merodio, J., 2018. The role of porosity and solid matrix
compressibility on the mechanical behavior of poroelastic tissues. Mater. Res.
Express 6 (3), 035404.
Detournay, E., Cheng, A.H.-D., 1993. Fundamentals of poroelasticity. In: Fairhurst, C.
(Ed.), Analysis and Design Methods. Elsevier, pp. 113–171.
Fellah, M., Fellah, Z.E.A., Mitri, F., Ogam, E., Depollier, C., 2013. Transient ultrasound
propagation in porous media using biot theory and fractional calculus: application to
human cancellous bone. J. Acoust. Soc. Am. 133 (4), 1867–1881.
Ferronato, M., Castelletto, N., Gambolati, G., 2010. A fully coupled 3-d mixed finite
element model of biot consolidation. J. Comput. Phys. 229 (12), 4813–4830.
Franceschini, G., Bigoni, D., Regitnig, P., Holzapfel, G.A., 2006. Brain tissue deforms
similarly to filled elastomers and follows consolidation theory. J. Mech. Phys. Solid.
54 (12), 2592–2620.
Gao, K., van Dommelen, J., G€
oransson, P., Geers, M., 2015. A homogenization approach
for characterization of the fluid–solid coupling parameters in biot’s equations for
acoustic poroelastic materials. J. Sound Vib. 351, 251–267.
Holmes, M.H., 2013. Introduction to Perturbation Methods. In: Of Texts in Applied
Mathematics, vol. 20. Springer, New York, New York, NY.
Hori, M., Nemat-Nasser, S., 1999. On two micromechanics theories for determining
micro–macro relations in heterogeneous solids. Mech. Mater. 31 (10), 667–682.
Islam, M.T., Tang, S., Tasciotti, E., Righetti, R., 2018. Non-invasive Imaging of Young’s
Modulus and Poisson’s Ratio in Cancer Tumor in Vivo. Arxiv: 1809.02929.
Jacob, J.T., Burgoyne, C.F., McKinnon, S.J., Tanji, T.M., LaFleur, P.K., Duzman, E., 1998.
Biocompatibility response to modified Baerveldt Glaucoma drains. J. Biomed. Mater.
Res. 43 (2), 99–107.
J€
anicke, R., Quintal, B., Steeb, H., 2015. Numerical homogenization of mesoscopic loss in
poroelastic media. Eur. J. Mech. Solid. 49, 382–395.
Karageorgiou, V., Kaplan, D., 2005. Porosity of 3d biomaterial scaffolds and
osteogenesis. Biomaterials 26 (27), 5474–5491.
Kazemirad, S., Bernard, S., Hybois, S., Tang, A., Cloutier, G., 2016. Ultrasound shear
wave viscoelastography: model–independent quantification of complex shear
modulus. IEEE Trans. Ultrason. Ferroelectrics Freq. Contr. 63 (9), 1399–1408.
Mei, C.C., Vernescu, B., 2010. Homogenization Methods for Multiscale Mechanics. World
scientific.
Morro, A., 2015. A mixture model of poroelastic materials. Eur. J. Mech. Solid. 53,
121–130.
Mousavi, S.R., Fehlner, A., Streitberger, K.-J., Braun, J., Samani, A., Sack, I., 2014.
Measurement of in vivo cerebral volumetric strain induced by the valsava maneuver.
J. Biomech. 47 (7), 1652–1657.
Netti, P.A., Baxter, L.T., Boucher, Y., Skalak, R., Jain, R.K., 1995. Time-dependent
behavior of interstitial fluid pressure in solid tumors: implications for drug delivery.
Canc. Res. 55 (22), 5451–5458.

CRediT authorship contribution statement
H. Dehghani: Conceptualization, Writing - original draft, Data
curation, Formal analysis, Investigation, Methodology, Software, Vali
dation, Visualization, Writing - review & editing. I. Noll: Software, Data
curation, Methodology, Writing - review & editing, Writing - original
draft. R. Penta: Investigation, Methodology, Resources, Supervision,
Writing - review & editing, Conceptualization, Project administration,
Formal analysis, Writing - original draft. A. Menzel: Formal analysis,
Software, Data curation, Resources, Methodology, Writing - review &
editing, Supervision, Writing - original draft, Conceptualization. J.
Merodio: Writing - original draft, Conceptualization, Project adminis
tration, Resources, Methodology, Supervision.
Acknowledgements
RP is partially funded by EPSRC grant EP/S030875/1.
Appendix A. Supplementary data
Supplementary data to this article can be found online at https://doi.
org/10.1016/j.euromechsol.2020.103996.
References
Auriault, J.-L., Boutin, C., Geindreau, C., 2009. Homogenization of Coupled Phenomena
in Heterogenous Media. ISTE, London, UK.
Bakhvalov, N.S., Panasenko, G., 1989. Homogenisation: Averaging Processes in Periodic
Media: Mathematical Problems in the Mechanics of Composite Materials. Springer
Netherlands.
Basser, P.J., 1992. Interstitial pressure, volume, and flow during infusion into brain
tissue. Microvasc. Res. 44 (2), 143–165.
Bensoussan, A., Lions, J.-L., Papanicolaou, G., 1978. Asymptotic Analysis for Periodic
Structures, vol. 5. North-Holland Pub. Co., Amsterdam.
Berryman, J.G., 2005. Comparison of upscaling methods in poroelasticity and its
generalizations. J. Eng. Mech. 131 (9), 928–936.
Biot, M.A., 1955. Theory of elasticity and consolidation for a porous anisotropic solid.
J. Appl. Phys. 26 (2), 182–185.
Biot, M.A., 1956a. General solutions of the equations of elasticity and consolidation for a
porous material. J. Appl. Mech. 23 (1), 91–96.
Biot, M.A., 1956b. Theory of propagation of elastic waves in a fluid-saturated porous
solid. ii. higher frequency range. J. Acoust. Soc. Am. 28 (2), 179–191.
Biot, M.A., 1962. Mechanics of deformation and acoustic propagation in porous media.
J. Appl. Phys. 33 (4), 1482–1498.

12

H. Dehghani et al.

European Journal of Mechanics / A Solids 83 (2020) 103996
Rashid, B., Destrade, M., Gilchrist, M., 06 2012. Mechanical characterization of brain
tissue in compression at dynamic strain rates. J. Mech. Behav. Biomed. Mater. 10,
23–38.
Soza, G., Grosso, R., Nimsky, C., Hastreiter, P., Fahlbusch, R., Greiner, G., 2005.
Determination of the elasticity parameters of brain tissue with combined simulation
and registration. Int. J. Med. Robot. Comput. Assist. Surg. 1 (3), 87–95.
Stewart, D.C., Rubiano, A., Dyson, K., Simmons, C.S., 2017. Mechanical characterization
of human brain tumors from patients and comparison to potential surgical
phantoms. PloS One 12 (6), e0177561.
Taffetani, M., de Falco, C., Penta, R., Ambrosi, D., Ciarletta, P., 2014. Biomechanical
modelling in nanomedicine: multiscale approaches and future challenges. Arch.
Appl. Mech. 84 (9–11), 1627–1645.
Wang, H.F., 2017. Theory of Linear Poroelasticity with Applications to Geomechanics
and Hydrogeology. Princeton University Press.
Weaver, J.B., Pattison, A.J., McGarry, M.D., Perreard, I.M., Swienckowski, J.G., Eskey, C.
J., Lollis, S.S., Paulsen, K.D., 2012. Brain mechanical property measurement using
MRE with intrinsic activation. Phys. Med. Biol. 57 (22), 7275–7287.
Weaver, J.B., Van Houten, E.E.W., Miga, M.I., Kennedy, F.E., Paulsen, K.D., 2001.
Magnetic resonance elastography using 3D gradient echo measurements of steadystate motion. Med. Phys. 28 (8), 1620–1628.

Netti, P.A., Berk, D.A., Swartz, M.A., Grodzinsky, A.J., Jain, R.K., 2000. Role of
extracellular matrix assembly in interstitial transport in solid tumors. Canc. Res. 60
(9), 2497–2503.
Ostwald, R., Kuhl, E., Menzel, A., 2019. On the implementation of finite deformation
gradient-enhanced damage models. Comput. Mech. 64 (3), 847–877.
Palencia, E.S., 1980. Non-homogeneous Media and Vibration Theory. Springer-Verlag.
Penta, R., Ambrosi, D., Shipley, R., 2014. Effective governing equations for poroelastic
growing media. Q. J. Mech. Appl. Math. 67 (1), 69–91.
Penta, R., Gerisch, A., 2015. Investigation of the potential of asymptotic homogenization
for elastic composites via a three-dimensional computational study. Comput. Visual
Sci. 17 (4), 185–201.
Penta, R., Merodio, J., 2017. Homogenized modeling for vascularized poroelastic
materials. Meccanica 52 (14), 3321–3343.
Penta, R., Miller, L., Grillo, A., Ramírez-Torres, A., Mascheroni, P., Rodríguez-Ramos, R.,
2020. Porosity and diffusion in biological tissues. recent advances and further
perspectives. Constitutive Modelling of Solid Continua. Springer, pp. 311–356.
Perri~
nez, P.R., Kennedy, F.E., Van Houten, E.E.W., Weaver, J.B., Paulsen, K.D., 2010.
Magnetic resonance poroelastography: an algorithm for estimating the mechanical
properties of fluid–saturated soft tissues. IEEE Trans. Med. Imag. 29 (3), 746–755.

13

