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ABSTRACT 

Under certain circumstances, spontaneous acoustic oscillations inside thermoacoustic systems exhibit 

beating and quasi-periodic patterns, in contrast to constant-amplitude limit-cycle oscillations regularly 

studied in the literature. This paper explores the underlying mechanisms of limit cycles, beating and 

quasi-periodicity in thermoacoustic devices from acoustic/vibrational and 

thermodynamic/hydrodynamic perspectives. Firstly, the acousto-mechanical coupling between the 

thermoacoustic engine (TAE) and external load is investigated using a lumped element model (LEM), 

which is verified against a distributed parameter model (DPM). The effect of external load on the natural 

frequencies and mode shapes of intrinsic oscillation modes is investigated. Secondly, the thermo-

acoustic coupling between the temperature and acoustic fields is analysed using a reduced-order 

network model based on the linear thermoacoustic theory. The effect of thermoacoustic core on stability 

of oscillation modes is studied. Finally, the steady-state behaviour of the device is examined by 

considering the unsteady linear decay/growth and nonlinear saturation processes. This study 

demonstrates that the linear mode selection decides whether the steady state is static (quiescent) or 

dynamic. Apart from linear mode selection, the dynamic steady-state responses are also affected by 

nonlinear mode competition during the saturation process. Simultaneous excitement of oscillation 

modes at different external loads may lead to distinctively different steady-state waveforms including 

beating and quasi-periodicity. Discussions on the steady-state energy transition/conversion indicate that, 

to improve the performance of the thermoacoustic device, excitation of the oscillation mode whose 

frequency is close to that of the external load is encouraged. It is suggested that ultra-compliant 

transducers be employed for better acoustic power extraction. 

Keywords: Thermoacoustic engine; Beating; Quasi-periodicity; Lumped element model; Network 

model; 

1. Introduction 

Thermoacoustic engines (TAEs) or prime movers are natural heat engines capable of converting 

external heat, such as industrial waste heat, solar energy, excess heat from microelectronic devices, etc., 
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into acoustic oscillations through the thermoacoustic effect [1-6]. The thermoacoustics is a 

multidisciplinary research topic that blends the knowledge of thermodynamics, heat transfer, fluid 

mechanics, vibration, acoustics, dynamics, to name a few. It was first qualitatively explained by Lord 

Rayleigh (so-called Rayleigh’s stability criterion [7]), then theoretically (linear theory) investigated by 

Rott [8] through perturbation of Navier-Stokes equations, and later advanced by Swift and his 

colleagues [9-11] by incorporating one more total energy equation. Targeting at industrial design and 

practical application of thermoacoustic apparatuses, Swift et al. [12] further developed a computer 

programme called DeltaEC (Design Environment for Low-amplitude ThermoAcoustic Energy 

Conversion), which has gained popularity in the thermoacoustic research community. 

Despite the existence of a linear theory, complex phenomena in thermoacoustic devices are frequently 

encountered and not fully understood. These phenomena in the literature can be classified into four 

main categories based on the existing research fields. First introduced are the nonlinear effects in fluidic 

filed, which normally include multi-dimensional flow effects [13], minor losses caused by vortex 

shedding [14], mass streaming [15], onset of turbulence [16], and so on. Second, at large-amplitude 

thermoacoustic oscillations, complex acoustic phenomena such as harmonic distortions [17] and shock 

waves [18] may appear. Another group of complex behaviour is related to nonlinear dynamics. 

Examples of such phenomena include hysteresis [19-21], chaotic oscillations [22], mode transition [23], 

phase-locking and amplitude death (or quenching) due to synchronization [24-26], etc. The last type of 

complex observations in thermoacoustic engines is called periodic switching/surging [27-29], a 

phenomenon that involves the energy transition between the heat storage in the stack/regenerator and 

acoustic energy of the oscillating fluid. The “double-threshold effect [30]” and “fishbone-like instability 

[31]” are also believed to share the same underlying energy conversion mechanism. 

Another two interesting complex phenomena observed in thermoacoustic devices are beating and quasi-

periodicity, which are rarely reported and thus less familiar to researchers. In regular operational 

conditions, the steady-state pressure waveforms are limit cycles with a stabilized invariant pressure 

amplitude. However, it was reported by Yazaki [32-34], Atchley [35] and Sujith [36] that the limit-

cycle acoustic oscillations inside the thermoacoustic systems became quasi-periodic as the temperature 

gradient imposed on the stack increased. Similar quasi-periodic patterns were also observed in a recent 

study by Chen [3] where a piezoelectric membrane was used to harvest energy from the thermoacoustic 

engine. What’s more, Wang [37] noticed that the beating oscillations occurred if the natural frequency 

of the mechanical subsystem (i.e., linear alternator) was tuned to be the same as the resonance frequency 

of the thermoacoustic oscillator. Up till now, although experimentally investigated, the beating and 

quasi-periodicity phenomena inside thermoacoustic systems have not been theoretically addressed, and 

the basic principles governing these effects still remains unclear. 
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Thermoacoustic engines are essentially the acoustic equivalents of conventional gas-cycle engines. 

They rely on the complex interactions between the gas parcels and the solid boundaries (at microscopic 

level) in the thermoacoustic core (i.e., a piece of porous material with a steep axial temperature gradient) 

to facilitate the thermodynamic/hydrodynamic processes and induce spontaneous acoustic oscillations. 

The design and control of geometrical/thermophysical parameters and boundary conditions have great 

influence on the dynamic behaviour of spontaneous acoustic oscillations, and therefore are pivotal for 

the operation and optimization of thermoacoustic systems. As reviewed above, different dynamic 

waveforms such as limit cycles, beating and quasi-periodicity have been observed in the past decades, 

but no generic theory has been developed to explain the differences. Therefore, this study aims at 

developing an analytical approach to comprehend the underlying mechanisms of various dynamic 

waveforms in thermoacoustic devices. Efforts are made towards the modelling and analysis of the 

acousto-mechanical and thermo-acoustic coupling effects which play an important role on the dynamic 

characteristics of thermoacoustic oscillations. 

The rest of the paper is organized as follows. Section 2 introduces the thermoacoustic device 

investigated in this study. Background information of coupling types and dynamic responses of the 

device below and above onset is provided. Section 3 describes the lumped element model for studying 

the intrinsic acoustic oscillation modes inside the thermoacoustic device. Section 4 presents the network 

model that selects the unstable oscillation modes in the linear regime. Following the linear mode 

selection, the unsteady transition to steady-state oscillations is analysed in Section 5. Section 6 discusses 

the steady-state energy transition and conversion. Finally, concluding remarks are drawn in Section 7. 

2. Problem formation 

2.1 Model description 

Figure 1 shows a representative thermoacoustic device where a standing-wave thermoacoustic engine 

(TAE) is integrated with an external load [38]. The TAE is composed of a hot buffer, a stack and an 

acoustic resonator. The external load, simplified as a single mechanical oscillator in the figure, could 

be in the form of a piston [39], a mechanical-to-electric transducer [40], acoustic radiation [41], or even 

a thermoacoustic refrigerator [42]. The key geometrical parameters of the TAE in this study are listed 

in Table 1. The working fluid inside the engine is air (ideal gas) at atmospheric pressure (pm = 101,325 

Pa). High-amplitude standing waves are first initiated and sustained inside the air-filled TAE in the 

presence of a large temperature gradient across the parallel-plate thermoacoustic stack that is 

sandwiched between a pair of hot and cold heat exchangers. Subsequently, the acoustic oscillations 

inside the acoustic resonator are absorbed by the external load, producing useful mechanical work, 

electricity, or refrigeration (cold energy), etc. Thereby, energy conversion from heat to other forms of 

energy is realized by the thermoacoustic device. 
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Figure 1. Schematic of a thermoacoustic device which comprises a standing-wave thermoacoustic 

engine and an external load. 

Table 1. Key geometrical parameters for the standing-wave thermoacoustic engine. 

Parameters Values 

Diameter D 0.05 m 

Hot buffer length LH 0.1 m 

Stack length LS 0.04 m 

Resonator length LR 0.36 m 

Stack plate thickness ts 8×10-4 m 

2.2 Coupling types 

In general, there are two distinctively different types of coupling effects inside a thermoacoustic device. 

One is the acousto-mechanical coupling between the acoustic waveguide (e.g. feedback loop, acoustic 

resonator, etc.) and external load. This process concerns the sound propagation and reflection, and 

therefore determines the intrinsic acoustic oscillation modes as will be discussed in Section 3. The other 

coupling type is the thermo-acoustic coupling between acoustic and temperature fields at the fluid/solid 

interfaces where non-zero time-averaged hydrodynamic entropy and work flows arise because of the 

thermoacoustic effect. Sound generation or absorption is involved in this process. It will be found in 

Section 4 that this process is also responsible for deciding the most unstable oscillation modes (linear 

mode selection). 

In this paper, for simplicity, a linear-type standing-wave TAE employing a parallel-plate stack (Figure 

1) is chosen to study the above two coupling effects. The more complicated looped-type TAE using a 

thermoacoustic regenerator (e.g., Stirling-type TAE) will be investigated in the future. 

2.3 Evolution of pressure disturbances 

In thermoacoustic systems, “positive feedback” inside the inhomogeneous thermoacoustic core (i.e., 

stack or regenerator) relies on the phase shifts within the penetration depths, leading to non-isentropic 

oscillations. The difference between resultant time-averaged entropy flows entering and leaving the 

working fluid contributes to a net time-averaged work flow (acoustic power) that combats the viscous 

and thermal losses in the rest of the whole device. The temperature gradient across the thermoacoustic 

core plays an important role in the acoustic power generation and thereby the dynamic responses of 

initial pressure disturbances. 

outQ

Load

inQ

Acoustic resonator

x

StackHot buffer
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At small temperature gradients, acoustic power generation is smaller than dissipation: pressure 

disturbances attenuate, as shown in Figures 2(a) and 2(b). Quantitative values of pressure amplitude PA 

and acoustic power are not of interest and therefore not given. As time goes by, the evolution of pressure 

disturbances below onset experiences two consecutive processes: (i) initial decay where the system is 

unsteady and PA decreases exponentially with time at a constant decay rate. Both acoustic power 

generation and dissipation are proportional to 2

Ap (initial value 2

,A inip ) in this linear regime [1]; (ii) static 

steady state (from t = tS) where PA decreases to zero and the system is quiescent. At large temperature 

gradients, acoustic power generation exceeds dissipation: onset of instability takes place, as shown in 

Figures 2(c) and 2(d). The evolution of pressure disturbances above onset normally contains three 

consecutive processes: (i) initial growth where the system is linearly unstable/unsteady. PA increases 

exponentially with time at a constant growth rate; (ii) saturation where the system is still unsteady. 

However, the growth rate decreases due to nonlinear viscous/thermal losses; (iii) dynamic steady state 

(from t = tS) where the growth rate is zero and dynamic energy balance is achieved between acoustic 

power generation and dissipation. 

It should be noted that the waveforms exemplified in Figures 2(a) and 2(c) are sinusoidal oscillations 

at a single frequency. Here come three questions. Is it possible that beating or quasi-periodic patterns 

occur? How will the two coupling categories mentioned above affect the dynamic responses? Does the 

saturation process affect the steady-state waveforms? These questions will be addressed in next sections. 

 

Figure 2. Evolution of pressure disturbances. (a) Pressure oscillations decaying with time below onset. 

(b) Hypothesised relationship between the acoustic power generation and dissipation below onset. (c) 

Self-excited pressure oscillations evolving into limit cycles above onset. (d) Hypothesised relationship 

between the acoustic power generation and dissipation above onset. 

( )c ( )d

2

AP

Power

Generation

Dissipation

0 (i) (ii)

(iii)

2

AP

Power

Generation

Dissipation

0
0

2

,A iniP

( )a ( )b

(ii)

(i)



6 

 

3. Intrinsic oscillation modes 

In the first place, thermoacoustic systems are acoustic systems. The oscillation nature of a 

thermoacoustic system offers the feasibility of studying the sound propagation or reflection from a pure 

acoustic/vibrational perspective. This section investigates the effect of acousto-mechanical coupling on 

the intrinsic (acoustic) oscillation modes inside the thermoacoustic device displayed in Figure 1. 

3.1 Lumped element model 

By using the perturbation techniques, Swift derived the linearized quasi-one-dimensional continuity 

and momentum equations in thermoacoustics [1]. For the working fluid inside the TAE with length Δx, 

the volume velocity and acoustic pressure differences at the ends can be expressed by 

 
1 1 1

1

k

ompU j c x x p g xU
r

 = −  +  + 
 
 
 

  (1) 

 ( )1 1vp j l x r x U = −  +    (2) 

where j= 1−  is the imaginary unit and ω is the angular frequency. p1 and U1 denote the first-order 

expansion values of acoustic pressure and volume velocity. 
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represent the acoustic compliance and inertance per unit length, respectively.  
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represent the thermal-relaxation resistance per unit length, complex gain/attenuation constant due to a 

non-zero temperature gradient and viscous resistance per unit length, respectively. pm, ρm and Tm are the 

mean pressure, density and temperature of the working fluid. S is the cross-sectional area of the flow 

channel (S1 = S/2 in the stack region), σ is the Prandtl number and γ is the ratio of isobaric to isochoric 

specific heats. fv,k are thermo-viscous functions accounting for the thermo-acoustic coupling at the 

fluid/solid interfaces [43].   and   denote the real and imaginary parts of a complex quantity. 

Motivated by Swift’s work, we establish a multi-degree-of-freedom (MDOF) model of the 

thermoacoustic device by evenly dividing the TAE into sub-segments with length Δx: the number of 

sub-segments of the hot buffer, stack and resonator are n1, n2 - n1 and n3 – n2, respectively. Tests show 

that Δx = 5 mm is small enough for the results to converge. As illustrated in Figure 3, the working fluid 

inside the TAE is represented by a number of mechanical oscillators in series, and the external load is 

simplified as a single mechanical oscillator. The equivalent stiffness, mass, damping coefficient, 
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displacement around equilibrium positions of each degree of freedom (DOF) are denoted by K, M, c 

and w, respectively. Note that K = S2Δx/comp and M = S2Δxl. Different from the thermoacoustic 

refrigerator (TAR) where the working fluid is forced by an external actuator (e.g., loudspeaker) with 

designated amplitude and frequency, the thermoacoustic engine, in contrast, is self-excited where the 

damping coefficient c of each DOF is determined by the joint influence of 1/rk, g and rv. Analogous to 

negative damping at large wind speeds leading to galloping [44], large temperature gradients will induce 

negative damping in the stack region (cn1+1, ‧‧‧, cn2 < 0) that counteracts the positive damping within the 

hot buffer (c1, ‧‧‧, cn1 > 0), resonator (cn2+1, ‧‧‧, cn3+1 > 0) and external load (cM > 0). 

From the above analysis, we can see that K, M and c of the working fluid are all affected by fv,k if the 

thermo-acoustic coupling is considered. However, since this section primarily focuses on the derivation 

of intrinsic oscillation modes, we assume negligible thermo-acoustic coupling (fv,k = 0) and only 

consider the effect of acousto-mechanical coupling. This assumption is valid because the near-wall 

penetration depths are very small compared to the hydraulic radius of hot buffer and resonator. 

Moreover, the length of the stack is small compared to that of the whole device or acoustic wavelength, 

although the penetration depths are relatively large in the stack region. Therefore, the equivalent 

stiffness, mass and damping coefficient of the each DOF are simplified and expressed as 

 ; / ; 0m mM S x K p S x c     =  ( 5) 

As to the external load, the equivalent mechanical impedance can be written as 

 ( )/L M M MZ j M K j c = + +  ( 6) 

Our previous study [41] shows that cM has negligible impact on the oscillation modes and thereby 

neglected (cM = 0). Under these assumptions, the MDOF model in Figure 3 is simplified to an 

“undamped free vibration” model, which is also referred to as the lumped element model (LEM) in this 

study. 

To summarize, the key features of the lumped element model are as follows. (i) fv,k and cM are omitted. 

(ii) Tm is constant at 300 K along the TAE. (iii) ω is real since there is no resistance considered. (iv) 

Both frequency-domain and time-domain analyses (shown later) are available. 

 

Figure 3. Generic MDOF representation of the TAE integrated with an external load. 
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3.2 Eigenvalue problem 

The governing equations for the lumped element model can be written as 

 +Mw Kw = 0  ( 7) 

where  

 ( )

1 2 2

2 2 3

1 2 3 1

3 3 1 3 1

3 1 3 1

0
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0
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M M M M
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+ +

+ +

+ −      

− +

  

+ −

      − +

 
 
 
 
 
 
  

M =  K =  ( 8) 

are the mass and stiffness matrices. And 

    
T T

1 2 3 3 1 1 2 3 3 1;n n n nw w w w w w w w+ + w = w =  ( 9) 

are the acceleration and displacement vectors. Assuming harmonic time dependence, Equation (7) can 

be rewritten as 

 2 − + M K w = 0  ( 10) 

which has nontrivial solutions if 

 2 0− + =M K  ( 11) 

Solving the above characteristic equation yields the eigenvalues
2

i
 and natural frequencies ωi (i = 1, ‧‧‧, 

n3+1) of each longitudinal oscillation mode. The eigenvector ϕi (or mode shape) for each longitudinal 

oscillation mode can then be obtained by solving the following equation 

 ( )2

3; 1,2, , 1i i n− = = +iK M 0  ( 12) 

Note that the natural frequencies can be also derived using a distributed parameter model (DPM) in 

Appendix A. The natural frequencies obtained from the two methods agree with each other very well, 

which validates the lumped element method applied in this study. 

3.3 Natural frequencies and mode shapes 

Figure 4 shows the effect of external load stiffness KM on the natural frequencies of the first three 

oscillation modes while keeping MM constant at Mb using the lumped element model. The baseline 

values of mass and stiffness of the external load are set at Mb = 0.01 kg and Kb = 1×104 kg/s2, respectively. 

Similar patterns can be found on the effect of external load mass MM when KM is kept constant at Kb, 

and therefore not displayed herein.  
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In Figure 4, the natural frequency fM = (KM/Mb)0.5 of the external load alone increases with the increase 

of KM. When KM/Kb is small (e.g., around 1), the first (fundamental) natural frequency f1 of the coupled 

system (i.e., the TAE with external load) is close to that of the external load, whereas the second and 

third mode frequencies f2 and f3 of the coupled system approximate the natural frequencies fTAE1 and 

fTAE2 of the TAE alone corresponding to a wavelength λ of 2L and L, respectively. When KM/Kb reaches 

around 4.5, f1 and f2 become close but f3 barely changes. As KM/Kb increases to around 12, f1 and f3 

approximate fTAE1 and fTAE2, while f2 approximates fM. When KM/Kb reaches 20, f1 barely changes, but f2 

is close to f3. Finally, when KM/Kb increases to 30, f1 and f2 approximate fTAE1 and fTAE2, whereas f3 

approximates fM. 

 

Figure 4. Effect of external load stiffness KM on the first, second and third mode frequencies (solid 

lines) of the thermoacoustic device. fM (dashed red line) is the natural frequency of the external load. 

fTAE1 and fTAE2 (dashed blue lines) are natural frequencies of the TAE. 

Figure 5 presents the longitudinal mode shapes ϕ1, ϕ2 and ϕ3 at a few selected values of KM/Kb using 

the lumped element model. The shaded areas indicate the location of the stack where cross-sectional 

area suddenly decreases (S1 = S/2). wi is normalized (divided by maxima) at each oscillation mode. In 

the figure, the right-end displacement is almost zero at oscillation modes whose frequencies 

approximate fTAE1 and fTAE2. However, large non-zero displacements at the right end are observed at the 

fundamental mode in Figure 5(a), the second mode in Figure 5(c) and the third mode in Figure 5(e). 

These oscillation modes (highlighted) have frequencies close to fM. It is also observed in Figures 5(b) 

and 5(d) that, oscillation modes with close frequencies share similar mode shapes (highlighted) and 

have small non-zero right-end displacements. 
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Figure 5. Longitudinal mode shapes at (a) KM/Kb = 1; (b) KM/Kb = 4.5; (c) KM/Kb = 12; (d) KM/Kb = 20; 

(e) KM/Kb = 30. Highlighted oscillation modes have obvious non-zero right-end displacements. 

4. Linear mode selection 

Thermoacoustic systems are also thermodynamic systems where non-zero time-averaged acoustic 

power is generated or dissipated in each thermodynamic cycle due to the thermoacoustic effect. 

Following the pure acoustic/vibrational analysis of intrinsic oscillation modes, this section proceeds to 

investigate the stability of oscillation modes from a thermodynamic/hydrodynamic viewpoint by 

considering the thermo-acoustic coupling effect. 

4.1 Network model 

In this work, a system-level reduced-order network model based on the linear thermoacoustic theory [1] 

is utilized to conduct the stability analysis. Detailed descriptions of this method could be found in our 

previous study [3]. Note that, different from LEM, non-zero thermo-viscous functions fv,k associated 

with thermo-acoustic coupling and mechanical resistance of the external load are included in the 

network model: comp and l in Equation (3) and 1/rk, g and rv in Equation (4) are used; cM is described by 

2ξ(KMMM)0.5, where ξ is the damping ratio, chosen to be 0.001.  

Figure 6 illustrates the detailed configuration of a parallel-plate thermoacoustic stack. The key 

parameters are hydraulic radius rh which is half of the gap between the stack plates, and the thermal 

penetration depth δk = (2κ/ρmcpω)0.5 where κ and cp are thermal diffusivity and isobaric specific heat of 

the fluid. A linear temperature distribution (from Th to Tc) is imposed on the solid surfaces and the cold-

end temperature Tc of the stack is maintained at 300 K. The temperatures of the hot buffer and acoustic 

resonator are assumed constant at Th and Tc, respectively. The temperature dependences of dynamic 

viscosity μ and thermal conductivity κ follow Sutherland’s laws [45]. As to the boundary conditions of 

the TAE, a solid wall is imposed at the left end (x = 0) whereas at the right end (x = L), impedance 

matching applies between the equivalent acoustic impedance ZA = ZL/S2 of the external load and that of 

the working fluid. Hence, the characteristic equation from the network model becomes [3] 
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21 11 0T A TM Z M− =  ( 13) 

where MT11 and MT21 are first-column elements of the total transfer matrix MT. Solving the characteristic 

equation yields the complex frequency ω = ωR+jωI as a function of hot-end temperature Th for each 

oscillation mode. The onset temperature Th,onset and onset frequency ωonset/2π are determined when ωI is 

zero. 

To summarize, the key features of the network model are as follows. (i) fv,k and cM are non-zero. (ii) Tm 

is not constant along the TAE. (iii) ω is complex and dependent on Th. (iv) Only frequency-domain 

analysis is available. 

 

Figure 6. Diagram of two adjacent plates in a parallel-plate thermoacoustic stack. 

4.2 Stability curves 

Figures 7(a) to 7(e) display the stability curves of oscillation modes calculated from the network model 

at KM/Kb = 1, 4.5, 12, 20 and 30, respectively. rh varies from 0.18 mm to 0.8 mm. Geometrical 

dimensions of the TAE in Table 1 are adopted. In each figure, stability curves of oscillation mode(s) 

whose right-end displacement is no-zero are highlighted. It is found that, at each oscillation mode, the 

onset temperature Th,onset is minimum when rh is neither too small nor too large. Appendix B shows that 

minimum Th,onset is obtained when the non-dimensional parameter rh/δk lies around 1.6, where the 

longitudinal time-averaged enthalpy flux hx peaks. This proves the fact that the thermoacoustic stack 

relies on irreversible heat conduction to produce acoustic power whereas at two reversible processes 

(isothermal or adiabatic) when rh is extremely small or large, acoustic power generation disappears. 

Generally, oscillation modes with higher frequencies possess higher Th,onset. However, this does not 

apply to oscillation modes highlighted due to high mechanical resistance from the external load. As 

seen in Figure 7(a) where KM/Kb = 1, the stability curves of the first and second oscillation modes 

intersect. In region (I), no oscillation modes are excited. Any initial pressure disturbances will be 

damped. In region (II), only the fundamental oscillation mode is unstable while in region (III), only the 

second oscillation mode is prone to becoming unstable. In regions (IV) and (V), the first two and all 

first three oscillation modes can be initiated. In Figure 7(b) where KM/Kb = 4.5, since f1 and f2 are close, 

the corresponding stability curves are close: the area of region (II) shrinks significantly. In Figure 7(c) 

where KM/Kb = 12, Th,onset  at the second oscillation mode increases remarkably due to large non-zero 

displacement of the external load. In Figure 7(d) where KM/Kb = 20, the second and third oscillation 
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modes have close stability curves because f2 and f3 are close. In Figure 7(e) where KM/Kb = 30, the 

stability curve of the third oscillation mode is above 2000 K (not practical) and not displayed. 

To conclude, from the stability analysis, one can find that multiple oscillation modes can be 

excited/damped simultaneously if both parameters Th and rh lie within certain regions. In other words, 

the thermoacoustic stack selects the linearly unstable oscillation modes according to Th and rh. 

 

Figure 7. Stability curves of oscillation modes at (a) KM/Kb = 1; (b) KM/Kb = 4.5; (c) KM/Kb = 12; (d) 

KM/Kb = 20; (e) KM/Kb = 30. Highlighted stability curves correspond to oscillation modes with obvious 

non-zero right-end displacements. 
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5. Unsteady transition to steady state 

The linear mode selection determines the excitation/suppression of oscillation modes at instant t = 0. 

This section discusses the unsteady transition from t = 0 to t = tS (see Figure 2). In addition, approximate 

time-domain solutions to the steady-state dynamics are presented. Finally, experimental evidences 

reported in the literature are provided to support theoretical predictions. 

5.1 Unsteady transition 

5.1.1 Linear decay below onset 

As discussed in Section 2.3, one possible steady state is quiescence after the linear decay process below 

onset. From Figure 7, we realize that if Th and rh fall within region (I), any oscillation mode(s) excited 

initially, for example, by an external disturbance, will be damped afterwards. The waveform in Figure 

2(a) illustrates the case in which one single oscillation mode is damped. However, it will be shown in 

Section 5.4 that the waveform changes when multiple oscillation modes are damped simultaneously.  

5.1.2 Linear growth and nonlinear saturation above onset 

Another possible steady state is dynamic energy balance after the linear growth and nonlinear saturation 

processes above onset. If Th and rh fall within region (IV) or (V) in Figure 7(a), multiple oscillation 

modes will be triggered simultaneously. The waveform in Figure 2(c) only corresponds to the case 

where one single oscillation mode is initiated.  

In the linear growth process, the oscillation modes do not interfere with each other at small amplitudes. 

However, in the unsteady, large-amplitude saturation process, the nonlinear nature of oscillations 

encourages mode competition and energy cascade from one mode to another. Such complex behaviour 

has been observed in previous experimental work [32-35]. A recent study also shows that when the 

TAE is operating in the large-amplitude regime, nonlinear excitation of higher harmonics could even 

induce shock waves [46]. So far, the principle of nonlinear mode competition in thermoacoustic devices 

is still unclear. In order to investigate the complex nonlinear interaction between oscillation modes, one 

may resort to nonlinear acoustics/thermoacoustics, which is out of scope for this study that is primarily 

interested in trends rather than precise agreement. Quantitative analysis on the growth rates of 

oscillation modes during the nonlinear saturation process will be conducted in future studies. 

5.2 Approximate steady-state solutions 

5.2.1 Static steady state 

If the static steady state (quiescence) is achieved after the linear decay process below onset, the 

approximate solution of the steady-state displacement vector will be =w 0 . 
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5.2.2 Dynamic steady state 

Following the lumped element model in Section 3, the MDOF system first is decoupled and the 

governing equations are rewritten as 

 2 − + p p pM K w = 0  ( 14) 

where 
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p

p

M M

K

w =

  =

  =  ( 15) 

are the principal mass matrix, stiffness matrix and displacement vector at the principal coordinate. 

 
31 1n +

 =      ( 16) 

is the modal matrix of the coupled system. The time-domain solution of Equation (14) is 

 3(0)cos( ) (0)sin( ) / ; 1,2, , 1pi pi i pi i iw w t w t i n   = + = +  ( 17) 

where t* = 0 starts from t = tS. wpi(0) and (0)piw  are initial conditions (t* = 0) at the principal coordinate 

that are determined by the initial displacement vector w(0) and velocity vector (0)w , i.e., 

 (0) (0); (0) (0);= =
p p

w w w w
− −   ( 18) 

Then, by considering the joint influence of linear mode selection and nonlinear mode competition, w(0) 

and (0)w  can be described by superposition of unstable oscillation modes, i.e., 

 
3 1

1

(0) ; (0) ;
n

i

i


+

=

= = i
w w 0  ( 19) 

where βi are the steady-state mode coefficients that reflect the extent to which an oscillation mode is 

excited. Since only first three oscillation modes could possibly be excited in the steady state, β4, ‧‧‧, βn3+1 

are set at zero in the following calculations. The values of β1, β2 and β3 vary case by case, as will be 

discussed in the next section. Finally, the approximate time-domain solution to the steady-state 

displacement vector w is derived and expressed by 

 = pw w  ( 20) 
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5.3 Experimental evidences 

This section presents four examples showing distinctively different waveforms as a result of 

simultaneous excitement of oscillation modes at different KM/Kb using the lumped element model.  

5.3.1 Limit cycles 

The first example is limit-cycle oscillations that exhibit sinusoidal waveforms at a single frequency. 

When Th and rh lie within region (II) at KM/Kb = 1 in Figure 7(a), only the fundamental oscillation mode 

is excited. If we assume that the second and third oscillation modes have negligible contributions after 

the nonlinear saturation process, β1, β2 and β3 can be prescribed as 1, 0 and 0, respectively and the 

corresponding steady-state waveforms are displayed in Figure 8. The solid dots in the figure denote the 

positions where the waveforms are monitored. Limit-cycle oscillations at f1 show up at all positions. 

Steady-state limit-cycle oscillations are frequently encountered and investigated extensively in the 

literature. For example, Figure 9 displays one such pattern observed in our recent experimental study 

[4]. 

 

Figure 8. Steady-state limit-cycle oscillations at KM/ Kb = 1. β1 = 1; β2 = 0; β3 = 0. 

 

Figure 9. Experimental evidence of steady-state limit-cycle oscillations, from Chen et al. [4], 

reproduced with the permission of the John Wiley and Sons Ltd. 

5.3.2 Quasi-periodicity 

The second example discusses the overlapping of two unstable oscillation modes in region (IV) at KM/ 

Kb = 1 in Figure 7(a). In this case, the first and second oscillation modes have comparable dominance 
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and energy levels at the position of thermoacoustic stack. Without probing into the complex mode 

competition during saturation, we assume β1, β2 and β3 to be 1, 0.5 and 0, respectively. It is interesting 

to find that, the mode superstition at KM/ Kb = 1 induces quasi-periodic oscillations as shown in Figure 

10. It is interesting to find that, the influence of second oscillation mode diminishes as the monitored 

position moves towards the external load, as seen from the spectrum analyses. In particular, at the 

external load, the contribution of second oscillation mode is so small that the steady-state waveforms 

reduce to quasi-sinusoidal oscillations. 

Simultaneous excitement of the first two oscillation modes in experiments was reported by Yazaki [32], 

Biwa [34], Atchley [35] and Sujith [36] etc. The steady-state, quasi-periodic waveforms are rare in 

experiments since high temperature gradients are required. Fortunately, we are able to find a similar 

pattern from Atchley et al. [35] as seen in Figure 11. The close match between the waveforms verifies 

the feasibility of the analytical method in this study. 

 

Figure 10. Quasi-periodic oscillations at KM/ Kb = 1. β1 = 1; β2 = 0.5; β3 = 0. 

 

Figure 11. Experimental evidence of steady-state quasi-periodic oscillations, from Atchley et al. [35], 

reproduced with the permission of the Acoustical Society of America. 

5.3.3 Beating 

The third example concerns the occurrence of beating phenomenon in region (III) at KM/ Kb = 4.5 in 

Figure 7(b). Since the first and second oscillation modes have close Th,onset, they are almost equally 

excited in region (III) where the effect of third oscillation mode is assumed to be negligible. Thus, β1, 

β2 and β3 are set at 1, 1 and 0, respectively. Figure 12 depicts the predicted steady-state waveforms at 

(s)t
0 0.10.02 0.04 0.06 0.08

600

0

600−
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the positions of thermoacoustic stack and the external load. Beating effect occurs simultaneously at 

both positions: the displacement amplitude has a pulsing pattern (also termed “beats”) with the time 

difference between two adjacent peaks/troughs equal to 1/( f2 - f1). It is interesting to note that an increase 

of displacement amplitude at the stack position leads to a decrease of displacement amplitude at the 

external load. 

Unfortunately, so far, we have not found any experimental proof of steady-state beating phenomenon 

in the literature. Nevertheless, as shown in Figure 13(a), the decaying beating effect was observed by 

Wang et al. [37] in a Stirling-type thermoacoustic system where the acoustic resonator and linear 

alternator have similar natural frequencies. We then realize that the case in Wang’s study falls within 

region (I) in Figure 7(b) where the first two oscillation modes are damped together. Multiplying 

Equation (17) with Ij t
e


where ωI is the decay rate (assumed as -25 rad/s herein), and following the 

same calculation steps, we are able to produce the decaying beating effect at the stack position, as shown 

in Figure 13(b), using our current theoretical model. Although the quantitative values differ due to 

different geometrical parameters, the beating pattern and decaying trend between the theoretical 

prediction and experimental data are qualitatively consistent with each other. 

 

Figure 12. Steady-state beating oscillations at KM/ Kb = 4.5. β1 = 1; β2 = 1; β3 = 0. 

 

Figure 13. Experimental evidence of beating oscillations. (a) Experimental data from Wang et al. [37], 

reproduced with the permission of the American Institute of Physics. (b) Theoretical prediction. 

5.3.4 Blend of beating and quasi-periodicity 

The fourth example describes another possible scenario when the third oscillation mode is excited 

together with the first and second oscillation modes. Such scenario exists when Th and rh lie within 

region (IV) at KM/ Kb = 4.5 in Figure 7(b). Figure 14 illustrates the steady-state waveforms at the 

positions of thermoacoustic stack and the external load when β1, β2 and β3 are assumed as 1, 1 and 0.8, 

respectively. A mixture of three oscillation modes makes the waveforms at the stack position 

(s)t
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complicated: quasi-periodic and beating oscillations co-exist. It can be inferred from Figures 10 and 12 

that the quasi-periodic oscillations only dominates in the stack region while the beating phenomenon 

can exist at all positions. Thus, at the external load, the influence of the third oscillation mode 

diminishes and only beating effect remains. At present, there is no report of such patterns in previous 

experiments due to the need of extremely large temperature gradients that is hard to realize in practical 

implementations. 

 

Figure 14. Blend of beating and quasi-periodic oscillations at KM/ Kb = 4.5. β1 = 1; β2 = 1; β3 = 0.8. 

6. Energy transition and conversion 

6.1 Acousto-mechanical energy transition 

To better understand the steady-state waveforms discussed above, the acousto-mechanical energy 

transition between the acoustic energy of the TAE and the mechanical energy of the external load is 

first studied. The term “energy transition” is adopted since the acoustic energy can be regarded as the 

mechanical energy of the working fluid. 

By using the lumped element model, the instantaneous acoustic energy ETAE stored in the TAE is 

expressed as a sum of kinetic energy (due to inertance) and potential energy (due to compressibility) of 

each lumped element, i.e., 

 ( )
3 3

, ,

22 2

1 1 1 1

1 1

1 1 1

2 2 2

k TAE p TAE

n n

TAE i i i i i

i i

E E

E M w K w K w w+ +

= =

= + + −   ( 21) 

where Ek,TAE and Ep,TAE denote total kinetic energy and potential energy of the TAE, respectively. 

Likewise, the instantaneous energy EL stored in the external load is expressed by 

 
3 3

, ,

2 2

1 1

1 1

2 2

k L p L

L M n M n

E E

E M w K w+ += +  ( 22) 

where Ek,L and Ep,L are the kinetic energy and potential energy of the external load. Then, the 

instantaneous total energy ET of the entire thermoacoustic device is 

 
T TAE LE E E= +  ( 23) 
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Figure 15 displays the time histories of
,

ˆ
k TAE

E ,
,

ˆ
p TAE

E and ˆ
TAE

E (normalized by ETAE, max where subscript 

“max” denotes the maximum value),
,

ˆ
k L

E ,
,

ˆ
p L

E and ˆ
L

E  (normalized by EL, max), and ˆ
TAE

E , ˆ
L

E and ˆ
T

E  

(normalized by ET, max) in four representative conditions. In Figure 15(a), at KM/ Kb = 1, only the first 

oscillation mode is excited (β1 = 1; β2 = 0; β3 = 0). For each subsystem (TAE or external load), the kinetic 

energy and potential energy change periodically with time: the increase of kinetic energy is 

accompanied with the decrease of potential energy. Since there is weak coupling between the two 

subsystems, small fluctuations are observed for ˆ
TAE

E and ˆ
L

E , however, their sum ˆ
T

E is invariant with time. 

In this condition, ˆ
L

E is much higher than ˆ
TAE

E which means that the external load has a much higher 

energy level. In Figure 15(b), at KM/ Kb = 1, both first and second oscillation modes are excited (β1 = 1; 

β2 = 0.5; β3 = 0): quasi-periodicity occurs. The variations of
,

ˆ
k TAE

E ,
,

ˆ
p TAE

E ,
,

ˆ
k L

E  and
,

ˆ
p L

E involve both first- 

and second-mode components, leading to irregular waveforms of ˆ
TAE

E and ˆ
L

E . In Figure 15(c), at KM/ Kb 

= 4.5, the first two oscillation modes are equally excited (β1 = 1; β2 = 1; β3 = 0): beating oscillations 

happen. It is interesting to observe that, the beating effect also exists in the time histories of
,

ˆ
k TAE

E ,
,

ˆ
p TAE

E ,

,

ˆ
k L

E and
,

ˆ
p L

E , resulting in periodic variations in ˆ
TAE

E and ˆ
L

E at a frequency of f2 - f1. In this case, the energy 

levels of TAE and external load are quite close. In Figure 15(d), at KM/ Kb = 4.5, all three oscillation 

modes are excited (β1 = 1; β2 = 1; β3 = 0.8). Compared to Figure 15(c), the addition of quasi-periodicity 

makes the waveforms of ˆ
TAE

E and ˆ
L

E more complicated. 

 

Figure 15. Energy transition at (a) KM/ Kb =1, β1=1; β2=0; β3=0. (b) KM/ Kb =1, β1 = 1; β2 = 0.5; β3 = 0. 

(c) KM/ Kb =4.5, β1 = 1; β2 = 1; β3 = 0. (d) KM/ Kb =4.5, β1 = 1; β2 = 1; β3 = 0.8. 

The energy levels inside the TAE and external load at steady state can be quantified by the energy level 

ratio η1 which is written as 
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1 /

L TAE
E E =  ( 24) 

where
TAE

E and
L

E are time-averaged energy of the TAE and external load. Figure 16 illustrates the 

dependence of energy level ratio η1 at single oscillation modes on the external load stiffness KM. For 

example, the single first oscillation mode has β1 = 1; β2 = 0; β3 = 0. Referring to Figure 4, we can find 

that, for each single oscillation mode, η1 is large when the coupled frequency approximates fM. If the 

coupled frequency approximates fTAE1 or fTAE2, η1 will decrease to very small values. Non-zero 

displacements at the right end are the major contributor for large values of η1. It can also be inferred 

from Figure 16 that, at a specified KM, any mixture of oscillation modes (e.g., quasi-periodic oscillations) 

will have an overall value of η1 between the maximum and minimum values of each single oscillation 

mode. 

 

Figure 16. Effect of external load stiffness KM on the energy level ratio η1 at single oscillation modes. 

6.2 Thermo-acoustic energy conversion 

Apart from acousto-mechanical energy transition, the thermo-acoustic energy conversion between heat 

and acoustic energy inside the TAE is explored. The term “energy conversion” is adopted since heat 

and acoustic energy belong to different forms of energy. 

In this work, we utilize the time-averaged acoustic power  
1 1

/ 2W pU= to quantify thermo-acoustic 

coupling. The tilde “~” stands for complex conjugate. By using the network model, W along the TAE 

at each oscillation mode can be calculated. W at the fundamental mode has been investigated extensively 

in the literature (e.g., Figure (4) in Ref. [4]) and therefore not reproduced herein. Our calculations show 

that W at higher modes has similar shapes. Special attention is given to the acoustic power extraction 

ratio η2, which is defined as 

 2 /( )W L W =   ( 25) 
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where W(L) represents acoustic power extraction by the external load and ΔW is acoustic power 

generation in the stack region. The larger η2 is, the better energy conversion performance a 

thermoacoustic device has. 

Figure 17 illustrates the dependence of acoustic power extraction ratio η2 at single oscillation modes on 

the external load stiffness KM when rh is fixed at 0.4 mm. The variation of η2 at each single oscillation 

mode coincides with η1 as KM increases. Therefore, at a specified KM, it is advantageous to excite the 

oscillation mode with large η2 to achieve a large overall value.  

Figure 18 displays the dependence of Th,onset at single oscillation modes on KM. Referring to Figure 17, 

in the shaded region (I), initiation of the fundamental oscillation mode would lead to a large overall 

value of η2. In regions (II) and (III), to achieve large overall values, the second and third oscillation 

modes should be excited. However, Th,onset increases remarkably. This finding provides useful 

guidelines for the design and optimization of the external load, such as mechanical-to-electric 

transducer transducers. If the transducers are “noncompliant”, for example, KM/Kb > 30, initiation of the 

oscillation mode with large η2 seems impractical: Th,onset is too high. In most temperature ranges, only 

the fundamental mode is excited and the corresponding η2 is very small (near zero) since the transducer 

is too “stiff” to move. This implies that most of the acoustic power produced is dissipated by the TAE 

itself. Therefore, it is beneficial to take advantage of region (I) by using “ultra-compliant” transducers. 

A recent study from Yu et al. [47] validates this idea by employing an ultra-compliant alternator for 

extracting the thermoacoustic power and achieved higher efficiencies. 

 

Figure 17. Effect of external load stiffness KM on the acoustic power extraction ratio η2 at single 

oscillation modes. rh is fixed at 0.4 mm. 
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Figure 18. Effect of external load stiffness KM on onset temperature Th,onset at single oscillation modes. 

rh is fixed at 0.4 mm. 

7. Conclusions 

This paper endeavours to unveil the underlying mechanisms of various dynamic waveforms such as 

limit cycles, beating and quasi-periodicity, inside thermoacoustic devices. A lumped element model 

(LEM) is first established on a linear-type standing-wave thermoacoustic engine (TAE) integrated with 

an external load. The effect of acousto-mechanical coupling on the intrinsic oscillation modes is 

investigated. Then, a reduced-order network model is employed to study the effect of thermo-acoustic 

coupling on the stability of oscillation modes in the linear regime. Finally, the steady-state performance 

of the device is examined after inspecting the unsteady processes including linear decay/growth and 

nonlinear saturation.  

From an acoustic/vibrational viewpoint, the acousto-mechanical coupling between the TAE and 

external load forms an eigenvalue problem, the solution of which determines the natural frequencies 

and mode shapes of the coupled system. From a thermodynamic/hydrodynamic viewpoint, the thermo-

acoustic coupling between the temperature and acoustic fields in the stack region selects the linearly 

unstable oscillation mode(s). The linear mode selection decides whether the steady state is static or 

dynamic. Multiple oscillation modes can be damped/excited simultaneously in the linear decay/growth 

process. The nonlinear mode competition during the saturation process affects the dynamic steady-state 

responses as well. 

Theoretical predictions show that when one single mode is excited, the steady-state waveforms are limit 

cycles. When two oscillation modes are initiated simultaneously, the steady-state waveforms could be 

either beating or quasi-periodic. The beating phenomenon arises when the natural frequency of the 

external load approximates the natural frequencies of the TAE. Otherwise, quasi-periodicity occurs. 

There could also exist situations where three oscillation modes are initiated simultaneously, resulting 

in more complex steady-state waveforms. Analyses on the steady-state energy transition and conversion 
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indicate that when the oscillation mode whose frequency approximates that of the external load is 

excited, the energy level ratio and acoustic power extraction ratio will have large values.  

The LEM and network methodologies in this study provide useful tools for designing and optimising 

actual thermoacoustic generators, heat pumps and coolers, which normally consist of two or more 

subsystems and thus are acoustically complicated. They could also be used to study the active/passive 

control of thermoacoustic oscillations where a loudspeaker [48] or a stub [49] is often utilized to tune 

the acoustic fields inside the TAEs.  
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Appendix A. Distributed parameter model 

Consider an acoustic wave which is propagating in a lossless homogeneous medium. The acoustic 

pressure and velocity can be written as 
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−

−
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where k = ω/a denotes the wave number and a is the speed of sound. A1 and A2 are complex amplitudes 

of the right-running and left-running waves. Since there is a sudden change in cross-sectional area at 

the interfaces x = xl and x = xr where sound reflects and transmits, the acoustic resonator should be 

divided into three parts, as shown in Figure A1. The amplitudes of the right-running waves in parts A, 

B and C are pA1, pB1 and pC1, while the amplitudes of the left-running waves are pA2, pB2 and pC2. 

 

Figure A1. A distributed parameter model for validating the lumped element model. 

At x = 0, the boundary condition is u1 = 0. Thus, 
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At x = xl, continuity of acoustic pressure and volume velocity gives 
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where S and S1 are the cross-sectional areas in the parts A and B. Similarly, applying continuity of 

acoustic pressure and volume velocity at x = xr, we have 

 

( ) ( )

( ) ( )

1 2 1 2 1

1

1 2 1 2 1

2

2

2

r r r r

r

r r r r

r

jkx jkx jkx jkx

B B B B

C jkx

jkx jkx jkx jkx

B B B B

C jkx

p e p e S p e p e S
p

e S

p e p e S p e p e S
p

e S

− −

−

− −

 + + −
 =



+ − −
=



 (A4) 

Finally, at x = L, the equivalent acoustic impedance ZA = ZL/S2 of the external load satisfies 
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Solving this characteristic equation, we can obtain the natural frequencies of the coupled system. Table 

A1 lists the natural frequencies calculated from both LEM and DPM methods at different values of 

external load stiffness. Good agreement is achieved between the results which verifies the LEM method 

used in this study. 

Table A1. Comparison between the lumped element model and distributed parameter model on 

natural frequencies. 

 KM/Kb =1 KM/Kb =4.5 KM/Kb =12 KM/Kb =20 KM/Kb =30 

 LEM/DPM LEM/DPM LEM/DPM LEM/DPM LEM/DPM 

f1 (Hz) 159.3/160.1 309.8/311.1 332.2/335.1 333.4/336.3 333.9/336.7 

f2 (Hz) 340.3/342 363.7/362.6 549.8/546.5 681.9/678.1 702.2/697.6 

f3 (Hz) 708.3/709.1 708.8/705.9 711.4/707.6 736.3/730 872.2/868.8 

Appendix B. Thermodynamic/hydrodynamic analysis of 

thermoacoustic stack 

Take an example of the onset temperature Th,onset of the first three oscillation modes versus rh/δk at KM/Kb 

= 4.5, as shown in Figure B1. It shows that the optimal value of rh/δk lies around 1.6. These results 

coincide with the conclusions drawn in a previous study [50]. 
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Figure B1. Dependence of onset temperature Th,onset on rh/δk at KM/Kb = 4.5. 

To interpret the dependence of Th,onset on rh/δk, the longitudinal time-averaged enthalpy flux hx self-

modulated in the vicinity of the plate surface is examined. According to the linear theory [1], hx is the 

sum of time-averaged entropy flux and time-averaged work flux. It is expressed as 

  1 1 / 2x m ph c Tu=   (A6) 

where tilde “ ~ ” stands for the complex conjugate. The oscillating velocity u1 and temperature T1 are 

written as [1] 

 ( ) 1
1

1
1 v

m

dp
u h

j dx
= − −  (A7) 

 ( )
( ) ( )

( )( )
1 1 1

1 11 1
1

1 1

k vm
k

m p v

h hdT
T h p u

c j dx h



  

− − −
= − −

− −
 (A8) 

Subscripts “m” and “1” denote the mean and first-order expansion values of acoustic variables. hv,k are 

thermo-viscous functions of the parallel-plate thermoacoustic stack [43].  

It is worth mentioning that actual value of hx are affected by many factors such as mean temperature Tm, 

local temperature gradient dTm/dx, thermophysical properties (μ, κ, etc.), and the acoustic field (p1, u1, 

etc.). Because of this, the standing-wave assumption is adopted, i.e. 

 ( )1
1 1 1cos( ); sin( ) 1 v

m

A
p A kx u kx h

j a
= = −  (A9) 

Moreover, normalized values of hx are calculated. By doing these, the shape of ˆ
xh  is no longer sensitive 

to the factors mentioned above. As seen in Figure B2, ˆ
xh  peaks at rh/δk 1.6 which matches with the 

optimal value predicted from the system-level network model. The close match qualitatively discloses 

the mechanism of optimal rh/δk in thermoacoustic devices employing a parallel-plate thermoacoustic 

stack. 
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Figure B2. Dependence of dimensionless longitudinal time-averaged enthalpy flux 
ˆ

xh on rh/δk. 
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