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Abstract—This paper presents a novel Direction of Arrival 

(DOA) estimation technique called Cross Cumulant-MUSIC 
(CC-MUSIC) which jointly employs higher order cumulant 
statistics and the root-MUSIC algorithm to perform high-
resolution DOA estimation in low Signal-to-Noise Ratio (SNR) 
scenarios. From the simulation results based out of a 4 element 
uniform linear array and a far-field narrowband signal source, 
CC-MUSIC outperforms second-order DOA estimation 
techniques such as root-MUSIC and ESPRIT with a minimum 
average of 10.99% to 46.33% depending on the snapshot values 
at SNR of <15dB for a single signal source scenario and 39.1% 
to 83.8% for a multi-signal source scenario respectively when 
contaminated with an Additive White Gaussian Noise (AWGN). 
The work presented here has implications of future studies for 
optimization and real-world application where SNR 
environment is noisy while requiring accurate DOA estimation. 

Index Terms— Antenna array, DOA, Direction of Arrival, 
Higher-order statistics 

I.  INTRODUCTION 
Direction of Arrival (DOA) estimation is considered as 

one of the most crucial problems of array signal processing 
with considerable research efforts for developing efficient and 
effective algorithms. DOA estimation is important in many 
applications such as radar, sonar and electronic surveillance 
[1]-[5]. Recent applications include array processing for 
wireless communication such as adaptive beamforming at 
both the base station and clients which allows an increase in 
capacity and efficiency of the systems [5]. In such wireless 
systems, the computational complexity, robustness and the 
capability to resolve multiple closely spaced sources plays an 
important role in determining the performance of the systems.  

Recently, there has been a lot of applicable research in 
using Higher-order Statistics (HOS) [6]-[8]. Audio and 
wireless signals for example are generated by systems 
typically with nonlinear dynamics. Therefore, if the prediction 
and coding quality of such signals is to be improved, then 
more information of the signal must be exploited.  

The fourth order covariance matrix contains more 
information such as the phase difference at the reference 
element that the second order covariance matrix [15]. This is 
calculated via the Kronecker product of the received data and 
its conjugate value. In other words, by introducing a phase 
difference to the reference antenna array element, we 
essentially introduce a virtual array element – therefore 

extending the antenna array element by ( + 1)[15]. In 
theory, this would allow efficient noise suppression and 
higher resolution accuracy especially in a multi-signal source 
scenario. It has also been demonstrated that by using higher 
order statistics applied to the classical MUSIC algorithm as in 
[16], the effectiveness of the cumulant-based MUSIC can 
restrain efficiently in the effect of colored noise when 
compared to the equivalent second order covariance-based 
version with higher resolution probability and in low SNR 
scenario for DOA estimation.  

While the classical MUSIC has been deemed as a high-
resolution DOA estimator, as demonstrated in [15]-[16], there 
is still the computational load of executing a spectral scan of 
all possible angles in order to determine the DOAs. One such 
technique to solve for the high computational load was the 
introduction of the root-MUSIC [9] technique which 
encompasses polynomial solving technique to solve for the 
DOAs. In terms of computational time, root-MUSIC reduces 
the computational time by half when compared to the classical 
MUSIC technique [5]. In addition, as the fourth-order cross 
cumulant has the same matrix size as the second-order 
covariance matrix, implementation and realization for real 
world application is relatively simple. To that end, we want to 
develop an algorithm that has the benefits of using fourth 
order cumulant-based covariance matrix for its good 
performance in low SNR scenario as well as root-MUSIC’s 
computational efficiency.  

In the present work, our focus is to improve the resolution 
and accuracy of a DOA estimator – particularly in a low SNR 
scenario. We propose a hybrid fourth-order cross cumulant 
based technique to determine a higher order sample 
covariance matrix coupled with the root-MUSIC algorithm 
and solving the polynomial roots to determine the respective 
DOAs. We chose the root-MUSIC estimator as the base 
algorithm as it retains the high-resolution accuracy and it is 
relatively easy to implement in real-world scenario as 
demonstrated in [23]-[24]. 

One potential application that can make use of this 
technique is in direction-finding of wireless signals such as in 
the transportation market like the high-speed rail (HSR) 
communication systems, intelligent transportation systems 
and maritime tracking application where SNR scenarios tend 
to be much lower in reality [18]-[20].  



The rest of the paper is presented as follows. Section II 
presents the general data model, derivation of the cross 
cumulants and a brief summary of the root-MUSIC DOA 
estimator. Section III introduces the proposed CC-MUSIC 
technique while section IV presents the simulation results for 
both single-source and multi-source SNR performance in 
terms of Root Mean-Squared Error (RMSE) analysis for a 
range of snapshot values. Finally, section V presents the 
conclusion and future works.  

II. DATA MODEL 

A. General Data Model 
 

 
Figure 1: ULA Illustration 

Fig. 1 shows a general data model illustration of a simple 
linear array [5]. Assume that there are N far-field narrowband 
signals impinging on a Uniform Linear Array (ULA) of 
(> ) sensors with an inter-element spacing,  typically at 

 wavelength of its operating frequency. In this case, it is 
assumed that the signals are uncorrelated with noise. Under 
this assumption, the received signal at the array output is 
expressed as [17]: 

 
( ) = ( ) + ( )			 = 1,2, … , 	 (1) 

 

Where K is the number of snapshots, ( ) is a M-by-1 vector 
of the received signal data consisting of signals and additive 
noise, ( ) while ≜ ( ) ( ) ⋯ ( )  is an 
M-by-N matrix containing the signal arrival vector 
information which consists of the relative phase shifts at the 
array elements. In addition, ( ) in A is the steering vector 
which is defined as 

( ) = 1 ⋯ ( ) 	 (2) 

 ( ) ≜ ( ) ( ) ⋯ ( )  is a N-by-1 vector of 
N incident signal source values and n(k) is an M-by-1 vector 
of sensor noise values [17]. Finally, = , ⋯  are 
the parameters of interest which contains the DOA 

information which are required to be estimated. 

B. Spatial Cross Cumulants 
 It has also been demonstrated that cross cumulants-based 
covariance matrix has higher resolution probability especially 
in low SNR scenario for DOA estimation [6][16]. The second 
order complex valued cross cumulant for two generic 
variables  and  is the cross-power spectrum which is 
expressed as [15]: 
 

( , ∗) = ∗ − ∗ 	 (3) 
 
 A fourth-order complex valued cross cumulant for two 
generic zero-mean processes  and  can be extended from 
(3) and is expressed as [15]: 
 
( , , ∗, ∗) = ∗ − ∗ − 2 ∗ 	(4) 

 
To that end, it should be noted there are many variants of cross 
cumulants techniques for complex-valued random processes. 
Generally, for a complex-valued cross cumulant of order , 
there are 2  ways to configure the complex conjugate on the 
parameters to  which results in different definitions.  

From (1), the second-order sample covariance matrix can 
be expressed as [17]: 

=
1

( ) ( )	 (5) 

 
The fourth-order covariance matrix  based on the 

received signal data matrix can be extended from (5) with 
reference from (4) and is expressed as follows [15]: 

 
= ( ⊗ ∗)( ⊗ ∗) 	

− ⊗ ∗ ⊗ ∗ 	
− ⊗ ( )∗ 		 (6) 

Where (∙)∗ denotes the complex conjugate, ∙  denotes the 
expectation operator and ⊗ denotes the Kronecker product. 

C. Root-MUSIC 
Root-MUSIC DOA estimation technique is a modification 

to the MUSIC algorithm initially proposed in [9] and is based 
on polynomial rooting from the eigen-decomposed noise 
subspace from the second-order sample covariance matrix 
which provides significantly higher angular resolution 
[5][10]. It has also been shown in past literatures that root-
MUSIC presents lower computational costs as compared to 
the spectral scan technique like MUSIC as the technique does 
not require a maxima peak search to determine the DOAs 
[5][11]. The expression of the root-MUSIC technique as 
derived in [5] can be expressed as: 

 

( ) =
1

| ( ) ( )| 	
(7) 



Where ( ) is the steering vector and C is a Hermitian matrix 
given as: 
 

= 	 (8) 
 
Where  is the noise subspace derived through the eigen-
decomposition of the second-order sample covariance matrix. 
The poles of the MUSIC pseudospectrum is the 
corresponding roots that lie closest to the unit circle. The 
roots may not necessarily be exactly on the unit circle due to 
noise. The polynomials is of order 2( − 1) which has been 
derived from the sum of the diagonal elements . For 
example, a M-element linear array’s covariance matrix is of 
dimension M-by-M and will have 2( − 1) diagonals. Thus, 
each root can be written as [17]: 
 

= | | ( )			 = 1,2, … ,2( − 1) (9) 
 
Where =  and ( ) is the phase angle of . 
By comparing ( ) and , the nth roots closest to 
the unit circle are mapped and converted into the estimated 
DOAs of interest by[14][17]: 
 

( ) = 	 2
	 ( ) (10) 

 
Where ( ) are the estimated DOAs of interest. Note that the 
range of  values are dependent on the number of signal 
source. For example, if there are 2 signal sources, then the 2 
roots closest to the unit circle are the estimated DOAs of 
interest.  

III. PROPOSED METHOD 
Instead of using the second-order sample covariance matrix 
to determine the noise subspace and the polynomial roots to 
obtain the DOAs, we propose to use a modified fourth order 
cross cumulant matrix derived from the incoming received 
signal data. It has been shown in past literature such as in 
[7][8][16] that using cross cumulants can resolve multiple 
closely spaced sources in a noisy environment. The proposed 
method consists of 10 simple stages.  
 

Stage Procedure 
1 Obtain received signal data matrix,  
2 Detrend  by removing the mean values,  
3 Evaluate fourth-order moments,  
4 Evaluate fourth-order cross moments,  
5 Evaluate correlation matrix,  
6 Evaluate moment matrix,  
7 Evaluate cross-cumulant matrix,  
8 Perform eigen-decomposition to determine 

noise subspace.  
9 Solve for polynomial roots 
10 Convert polynomials roots into respective 

DOAs. 

Table 1: Proposed DOA Algorithm 

Stage 1 is to obtain the received signal data matrix of size K-
by-N. stage 2 is to detrend  by removing the mean values 
of the data. By removing the mean values of the data, we can 
perform an analysis based on the fluctuation in the data. Stage 
3 is to determine the fourth-order moment which is expressed 
as [6][15]: 
 

= ⊙ ( ∗) (11) 
 
 Where ⊙ denotes the element-wise multiplication or 
Hadamard product. Stage 4 evaluates the fourth-order cross 
moments which is expressed as [15]: 
 

=
1

( ( ))∗ 	 (12) 

 
Then, stage 5 & 6 evaluates the correlation and moment 
matrix respectively which is presented as: 
 

=	
1

( ( ))∗ 	 (13) 

 

=
1

( ) ∗( ) (14) 

 
Next, stage 7 evaluates the cross-cumulant matrix which is 
expressed as [15]: 
 

= − 2 ( )
− ( ( ∗) 	 (15)

 

 
Where diag(∙) represents the diagonal elements of the matrix. 
Finally, stages 8-10 evaluates the polynomial roots to 
determine the respective DOAs as in (10).  

IV. SIMULATION RESULT 
The proposed technique for DOA estimation which is 

denoted as Cross-Cumulant MUSIC (CC-MUSIC) is 
evaluated and the performance compared to the root-MUSIC 
and ESPRIT algorithm. Mainly, this is to present the benefits 
of using fourth-order cross cumulants for the sample 
covariance matrix as compared to the one utilizing the second-
order sample covariance matrix technique such as those 
typically employed for root-MUSIC and ESPRIT. We chose 
root-MUSIC and ESPRIT as the comparison because it all 
employs the same polynomial technique to determine the 
DOAs [14].   

To evaluate the performance of the DOA algorithms, we 
modelled a simple single-user Wi-Fi antenna configuration 
that is employed typically between vehicular clients and 
access points for wireless communication [18]-[22]: 

• Carrier Frequency: 5500MHz 



• Number of elements: 4 
• Element spacing: λ/2  

 
There are many algorithms and statistical techniques 

that is able to predict the number of signal sources such as the 
Akaike Information Criterion (AIC) and Minimum 
Description Length (MDL) such as in [12]-[13]. This 
however is beyond the scope of this paper and we assumed 
that the number of narrowband signal sources is known a 
priori for simplicity. 

A. Single Source SNR-RMSE Performance 

 
Figure 2: Single-Source SNR-RMSE Performance  

Fig. 2 presents the Signal-to-Noise Ratio Root Mean-
Squared Error (SNR-RMSE) performance comparison 
between CC-MUSIC, Root-MUSIC and ESPRIT of snapshot 
values of 10, 100 and 1000 with a single narrowband signal 
source impinging onto the array at 40°. In addition, the 
simulation is carried out with an SNR value ranging from 
1dB to 30dB. The simulation loops 300 samples to determine 
the mean average of its performance at each time step. Noise 
is assumed to be AWGN for the varying SNR values. Lastly, 
the RMSE is calculated as: 

 

=
1

| − | 	 (16) 

 
Where Q is the number of simulation samples,  is the 
estimated DOA and  is the simulated true DOA. 
 

With reference to Fig. 2, it can be seen that at low SNR 
(<15dB), CC-MUSIC outperforms root-MUSIC and ESPRIT 
by a minimum average of 10.99%, 39.64% and 46.33% in 
terms of RMSE for K = 10, 100 and 1000 respectively. We 
also observe that at higher SNR (>15dB) for low K snapshot 
values, root-MUSIC and ESPRIT outperforms CC-MUSIC. 
At high  values, CC-MUSIC performs similarly when 
compared to root-MUSIC and ESPRIT with an average 
RMSE difference of 10%. One of the reasons as to why high 
SNR effects the performance of CC-MUSIC is due to the 
fluctuations and over-saturation of phase information in the 
moment matrix, . However, as it is unlikely that in real-
world application that SNR will be as high as >15dB, it can 

be considered as a compromise – especially if there is a need 
to perform statistically well in low SNR scenarios.  

B. Multi-Source SNR-RMSE Performance 

 
Figure 3: Multi-Source SNR-RMSE Performance 

Fig. 3 presents the SNR-RMSE performance for a multi-
signal source scenario. In this scenario, there are 2 
narrowband signals impinging onto the array set 5° apart at 
40° and 45°. All other parameters are the same as in the 
previous simulation as defined for the single-source scenario. 
For a multi-signal source scenario, the RMSE is averaged 
across the and calculated as: 

 

=
+ +⋯+

(17) 

 
Where  is the nth signal source based on (15). For the 
simulation scenario of having 2 signal sources, from (16) and 
(17), the RMSE is calculated as: 
 

=
∑ | | 	 ∑ | | 	

(18)  

 
Where  and  are the simulated true DOAs which in 
this case are 40° and 45°, whereas  and  are the 
estimated DOAs. 
 

From the simulation results, we can confirm that in a multi-
source scenario, the usage of the cross cumulants in CC-
MUSIC outperforms the classical second order covariance-
based DOA estimators across the SNR range and in varying 
snapshot values. On average across the whole range of SNR 
value, CC-MUSIC outperforms root-MUSIC and ESPRIT by 
48.1%, 20.37% and 4.5% for K = 10, 100 and 1000 
respectively. However, one thing to note that at lower SNR 
value, CC-MUSIC significantly outperforms to that of root-
MUSIC and ESPRIT. If we mark the range from 1dB to 
15dB, we determine that the average SNR-RMSE for CC-
MUSIC compared against root-MUSIC and ESPRIT is 
39.1%, 79.1% and 83.8% for K = 10,100 and 1000 
respectively. As demonstrated before in [6][8][15], the 
introduction of an extended virtual array element allows 
improved resolution accuracy and noise suppression which 
has been demonstrated in this simulation scenario.  
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V. CONCLUSION & FUTURE WORK 
The proposed novel DOA estimation technique, CC-

MUSIC to use fourth-order cross-cumulant statistics was 
presented to significantly improve the performance of the 
estimator particularly in low SNR scenarios without the 
expense of computational cost based on the RMSE 
performance. Based on the simulation results, at high SNR 
scenarios for a single signal source, it is best to determine the 
DOAs using second order-based sample covariance 
techniques. However, in a multi-signal source scenario, it is 
best to use higher-order statistics to resolve multiple signals 
– particularly if the sources are closely related which has been 
demonstrated from the simulation results. 

One way to overcome this is by implement a detect and 
switch algorithm that allows automatic switching of the 
sample covariance matrix from fourth-order to second-order 
based on either the SNR threshold if the noise power is 
known or the Received Signal Strength Indicator (RSSI) 
values if noise power from the emitter is unknown. To 
achieve this, a correlation between known RSSI and noise 
values can be determined by mapping the 2 variables 
together. This would allow a threshold to be set and 
determine when the switching can occur upon reaching a 
specific level of RSSI which can be estimated. In terms of 
computational costs, CC-MUSIC has the same complexity as 
compared to ESPRIT and root-MUSIC. This switching 
technique can be implemented as part of future works as well 
as conducting a performance analysis in colored noise 
environment.  
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