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Abstract 

The mechanisms of fracture in polycrystalline alumina were investigated at the 

grain level using both the micromechanical tests and finite element (FE) model. First, 

the bending experiments were performed on the alumina microcantilever beams with 

a controlled displacement rate of 10 nm s–1 at the free end; it was observed that the 

intergranular fracture dominates the failure process. The full scale 3D Voronoi cell FE 

model of the microcantilever bending tests was then developed and experimentally 

validated to provide the insight into the cracking mechanisms in the intergranular 

fracture. It was found that the crystalline morphology and orientation of grains have a 

significant impact on the localised stress in polycrystalline alumina. The interaction of 

adjacent grains as well as their different orientations determines the localised tensile 

and shear stress state in grain boundaries. In the intergranular fracture process, the 

crack formation and propagation are predominantly governed by tensile opening 

(mode I) and shear sliding (mode II) along grain boundaries. Additionally, the 

parametric FE predictions reveal that the bulk failure load of the alumina 

microcantilever increases with the cohesive strength and total fracture energy of grain 

boundaries. 

Keywords: Fracture; Micromechanics; Ceramics; Voronoi tessellation; Finite 

element model. 
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1 Introduction 

The mechanical behaviour of ceramic materials is intrinsically determined by the 

microstructural feature. For example, the size, morphology and orientation of 

individual grains can affect the localised stress distribution and thus the bulk 

behaviour. To enable the design and use of ceramics in various industrial applications, 

there is a necessity to understand the underlying mechanisms for deformation and 

failure process in microscopic scale [1, 2]. 

Microstructural heterogeneities and anisotropic nature of grains have the 

remarkable impact on the failure of ceramics. In polycrystalline ceramics such as 

alpha alumina, the crack incident angle and the ratio of the grain boundary fracture 

energy to the surface energy of crystal planes affect the modes of crack propagation: 

either along grain boundaries (intergranular fracture) or through individual grains 

(transgranular fracture) [3-5]. Kraft et al. reported the pronounced influence of the 

grain boundary distribution upon the percentage of transgranular fracture in 

polycrystalline alumina subjected to tensile loads [3]. The chemical additive can 

change the fracture modes; the intergranular fracture dominates in aluminium nitride 

with 2 wt% CaO additives whilst transgranular fracture in the undoped ceramic [6]. 

Moreover, the fracture mechanism in ceramics is sensitive to strain rates [7-10]. At 

the low rate, the subcritical crack nucleation and growth are suppressed as a result of 

the crack kinetics; thus cracks propagate along grain boundaries. At the high rate, the 

instantaneous release of strain energy near the crack tip leads to the crack propagation 

through the individual grain. It has been reported that the intergranular fracture is the 
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governing failure mode of the polycrystalline alumina subjected to quasi-static 

compression, while a combined intergranular and transgranular fracture mode 

dominates under dynamic compression at the strain rate above a critical value [9-11]. 

Although the elastic deformation of alumina ceramics is insensitive to grain sizes, the 

transverse bending strength varies with the grain size over a wide range of 

temperatures; in addition the transgranular instead of intergranular fracture tends to 

occur with the increase of temperature up to 1500 °C [12, 13]. It is experimentally 

difficult to directly probe the rapid crack propagation process in brittle ceramics even 

at the low loading rate. Nonetheless, the numerical simulation at the grain level can 

offer the insight into the fracture mechanism in polycrystalline ceramics. 

Micromechanical finite element (FE) modelling [5, 14-19] and molecular 

dynamics simulation [20] have been the prevalent numerical techniques to study the 

intergranular and transgranular crack propagation behaviour in polycrystalline 

materials. However, the molecular dynamics approach simulates the material 

behaviour in the nanoscale and consequently requires substantial computational time 

for microscopic fracture domain consisting of grains (e.g., grain size 1 to 10 μm) [20]. 

A large amount of research has focused on FE modelling to explore the localised 

stress distribution and micromechanical fracture behaviour (such as tensile cracking) 

of ductile metals and brittle ceramics with heterogeneous microstructure [14-19]. 

However, the limitations exist in these available FE models [14-19]: interfacial 

properties between grains were neglected [14-16], pre-cracks were introduced in 

grains [17, 18] and regular instead of random grain distribution was assumed [19]. A 
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micromechanical FE model to simulate the crack initiation and propagation of 

polycrystalline ceramics needs to consider the anisotropic properties of individual 

grains, interfacial behaviour of grain boundaries, and real heterogeneous 

microstructure. 

In the micromechanical FE simulation, the cohesive layer model has been 

widely accepted to track the intergranular fracture process, whilst the failure criterion 

for single grains can be specified for the transgranular fracture. The constitutive 

response of the cohesive layer defines the interfacial behaviour between grains and 

thus enables the prediction of the crack initiation and propagation at the grain level. 

The cohesive layer model has been employed to investigate the 2D crack growth in 

isotropic solids [3, 21, 22]. However, a more realistic and accurate numerical 

simulation also requires the 3D representation of the grains and grain boundaries. 

The grains in a polycrystalline material can be reconstructed based on the real 

heterogeneous microstructure directly examined in experiments or using an idealised 

representative elementary volume (REV). The crystallographic feature of the grains 

can be characterised using the destructive (e.g., the combined focused ion beam (FIB) 

micromachining and electron backscatter diffraction [23, 24]) or non-destructive (e.g., 

3D x-ray diffraction [25]) experimental techniques. However, it is challenging to 

apply these experimental techniques to extract the crystallographic information of 

hard and brittle polycrystalline ceramics due to the considerable micromachining time 

(destructive) and the relatively low spatial resolution (non-destructive). To represent a 

polycrystalline ceramic, the virtual idealised grains can be created with either the 
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regular morphology or the analytical random morphology. It is easy to generate and 

mesh a REV microstructure with the regular crystalline morphology [26]. Voronoi 

tessellation is one of the established methods to generate the analytical random 

morphology of a REV polycrystalline microstructure in which the grains are defined 

with straight edges and curved/planar faces [18, 27-30]. The idealised REV 

microstructure modelled by Voronoi tessellation has been widely accepted as the first 

order approximation of polycrystalline materials to investigate their behaviour [5, 31]. 

The aim of this study was to investigate the underlying mechanisms of the 

fracture behaviour in polycrystalline alumina subjected to low strain rate loads. The 

bending experiments on the alumina microcantilever beams were conducted to probe 

the deformation and the fracture mode at the grain level. A full scale 3D Voronoi cell 

FE model of the microcantilever bending test was developed to simulate the localised 

stress distribution/evolution and to track the crack initiation and propagation in the 

alumina. The FE predictions were analysed to reveal the mechanisms of crack 

propagation during the fracture process. The FE model of the alumina microcantilever 

beam was rerun as a function of the interfacial grain boundary property to explore its 

impact on the intergranular fracture behaviour. 

2 Experimental procedure and observations 

2.1 Materials and microstructure 

The alumina specimens of the purity 99.5% (Chair Man Hi-Tech Co. Ltd., 

Taiwan) were polished and then thermally etched (annealing in the air atmosphere at 
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1200 °C). Fig. 1 shows the representative polycrystalline microstructure of alumina 

observed in the scanning electron microscope (SEM). Further analysis reveals that the 

average grain size is approximately 1.2 μm. 

2.2 Microcantilever bending experiments 

The alumina microcantilever beams were prepared on a polished alumina 

specimen in an FEI Helios Nanolab 450S (FEI Co., OR, USA) using the focused ion 

beam micromachining technique. A gallium ion beam operating at 30 kV and 10 nA 

was applied to cut the microcantilever beam specimens (Fig. 2). The microcantilever 

beam was approximately 20 μm in length. The transverse cross section was an 

equilateral triangle with the side length 5 μm. Note that it is difficult to prepare other 

types of cross sections such as a rectangle using the FIB technique, because the 

sample stage can only be tilted to a limited angle. 

Microcantilever bending experiments were conducted in an MTS Nanoindenter 

XP (MTS Systems Corp., MN, USA). The Berkovich indenter was applied to the top 

surface near the free end of the microcantilever beam at a controlled displacement rate 

10 nm s–1 until the beam failed (Fig. 2). The displacement of the nanoindenter tip as 

well as the reaction force was recorded during the bending experiments. The final 

fracture feature in the alumina was examined in the SEM. 
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2.3 Observations on deformation and intergranular fracture in alumina 

Fig. 3(a) shows the typical history of the load (P) applied near the free end of the 

microcantilever beams. At the initial stage of the bending load, the indentation depth 

into the alumina surface can be a considerable portion of the total displacement of the 

nanoindenter tip; thus the load varies nonlinearly with the measured displacement 

(Fig. 3(b)). Under further loads, the increased deflection of the microcantilever beam 

(ΔL) dominates the total displacement of the tip. Therefore, the applied load increases 

approximately linearly with the measured displacement (Fig. 3(b)), representing the 

elastic deformation of the beam. To characterise the deflection of the microcantilever 

beam, the measured load versus displacement curve is shifted such that the linear 

portion passes the origin (Fig. 3(b)). The elastic modulus (E ≈ 390 GPa) of the bulk 

alumina can be quantified based on the slope of the curve (P/ΔL): 

I

L

L

P
E

3

3

A


  (1) 

where LA is the distance between the nanoindenter tip and the fixed end of the 

microcantilever, and I is the moment of inertia of the transverse cross section. This 

measured elastic modulus is slightly lower than the typical modulus of engineering 

alumina (398–400 GPa for the purity 99.5% [32, 33]), probably due to the small 

porosity variation (<1%). 

The alumina microcantilever beam fails when the measured load reaches the 

peak (~1.158 mN) and subsequently drops abruptly in the bending experiment (Fig. 3). 

The SEM examination reveals that the fracture of alumina occurs near the fixed end 
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of the microcantilever where the internal bending moment is the maximum (see 

Fig. 4). The fracture surface is uneven and full of sharp edges, implying that the 

intergranular fracture dictates the failure process of the alumina in the bending test at 

the displacement rate 10 nm s–1. The previous work by the authors also revealed that 

under quasi-static uniaxial compression the intergranular fracture is the dominant 

failure mode in alumina, which is induced by the localised tensile stress [9]. Note that 

in Fig. 4 a pore is observed in the alumina material despite its high purity of 99.5%. 

The porosity is <1% according to the manufacturer. The presence of pores may affect 

the localised stress. The surface of each microcantilever beam was examined prior to 

the bending experiments so that only the beams with no surface defects were tested. 

3 Finite element modelling 

A full scale 3D Voronoi cell finite element model of the polycrystalline alumina 

microcantilever beam was developed in the ABAQUS/Explicit software (Dassault 

Systèmes Simulia Corp., RI, USA) to simulate the localised stress evolution and 

fracture process of the beam subjected to quasi-static bending loads (Fig. 5). The FE 

simulation was rerun with six different sets of random crystalline orientations which 

were assigned to the grains in the beam. This section describes in details the 

geometrical generation of the polycrystalline microstructure using Voronoi 

tessellation, and the constitutive formulation for the individual grains and grain 

boundaries. 
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3.1 Voronoi tessellation and FE meshes of polycrystalline alumina 

The grains in the 3D domain of polycrystalline alumina microcantilever beam 

were generated using the hardcore Voronoi tessellation technique in the open source 

software NEPER [34] (refer to Fig. 5(a)). The number of grains (N) in the domain was 

estimated in terms of the average grain size as experimentally measured (1.2 μm in 

Fig. 1) and the volume of the domain. The N nuclei (seeds) were then randomly 

distributed in the beam domain (i.e., seeding domain). The hardcore Voronoi 

regulation further specified a minimum repulsion distance (ρ) between any two nuclei 

(Pi and Pj) as follows. 

jiNjiPP ji  :,...2,1,  (2) 

It can be assumed that: (1) all the nuclei remain in the fixed position and grow 

simultaneously in all directions at a constant rate, (2) a grain boundary is generated 

where the grains meet, and (3) there are no voids or overlaps in the Voronoi cells. All 

the points RPi in the ith Voronoi cell are closer to the associated nucleus Pi than any 

other nuclei Pj in the microcantilever beam domain: 

   jiNjxPdxPdXxR  :,...2,1),,(),( jiPi  (3) 

where P is the nucleus distribution, x is any point in the seeding domain X, and d is 

the distance. Compared to other regulation methods (e.g., Poisson’s), the hardcore 

Voronoi tessellation can better regularise the cells (grains); and it can qualitatively 

simulate the first order properties of polycrystalline materials [18]. 
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The Voronoi cells in the microcantilever beam were meshed with tetrahedral FE 

elements (Fig. 5(b)) using the bottom-up algorithm in the open source meshing 

software GMSH [35]. The discretisation was performed on the tessellation vertices 

(0D), edges (1D), faces (2D) and cells (3D) in sequence. The n–D (n = 1, 2, 3) meshes 

were generated based on the (n-1)–D meshes. 

3.2 Anisotropic elastic properties of individual alumina grains 

The constitutive behaviour of individual grains in the polycrystalline alumina 

(alpha alumina in this study) was quantified by the linear anisotropic elastic 

formulation: 

klijklij  C  (4) 

where σ
ij
 and ε

kl
 are the stress and strain tensors, respectively, and C

ijkl
 is the stiffness 

(elasticity) tensor. Owing to the trigonal crystallographic structure, only six 

independent elastic constants are required to describe the stiffness matrix C in the 

stress–strain relation of alumina grains as follows [36]. 
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Numerous studies in the literature [37-39] have reported the consistent elastic 

constants for alpha alumina. The anisotropic elastic constants used in the present FE 

models as listed in Table 1 were obtained from the literature [39]. 
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3.3 Cohesive layer for grain boundary 

The failure of alumina microcantilever beams is dominated by the intergranular 

fracture (the failure of the interface between grains) as detailed in Section 2.3. 

Mechanical properties of the interface (grain boundary) can significantly affect the 

macroscopic behaviour of alumina. The cohesive layer in ABAQUS was used to 

model the grain boundary within the alumina. The cohesive elements were produced 

using the nodes that were shared by any two Voronoi tessellation entities (edges, faces 

or cells). Fig. 5(c) exhibits the cohesive elements for the grain boundaries in the 

microcantilever beam. 

The constitutive response of cohesive elements was defined by the 

traction–separation law that assumes the initially linear elastic behaviour followed by 

the damage initiation and evolution [40-42] (refer to Fig. 6). The linear 

traction–separation relation (line oa in Fig. 6) defines the elastic behaviour prior to 

damage. The damage characterised by the stiffness degradation initiates at the 

separation δ0 (i.e., traction T0 at point a, called the cohesive strength). The damage 

evolves along the line ab until the final fracture occurs at the separation δf. The 

damage evolution process can be quantitatively described by the fracture energy as 

determined by the area under the traction–separation curve or by the ratio of initial to 

final separations (δ0/δf). 
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4 Results and discussion 

4.1 Effect of the grain number on bulk elastic behaviour 

To validate the representation of grains in the polycrystalline alumina 

microcantilever beam as in Fig. 5, the effect of the grain number on bulk elastic 

behaviour was explored through parametric finite element modelling of the cubic 

representative elementary volume subjected to tension at a strain rate 0.001 s–1. Three 

cubic REVs were generated to have 30, 60 and 90 grains (average grain size 1.2 μm), 

respectively (Fig. 7). A total number of 100 simulations were performed for each 

REV alumina with the specific grain number, using a combination of ten different 

crystalline morphologies and ten groups of randomly generated grain orientations. 

The effective Young’s modulus representing the bulk elastic behaviour was calculated 

from the deformation of each cubic REV alumina. 

Fig. 8 shows the predicted Young’s modulus of the REV alumina as a function 

of the number of grains. For each grain number, the average modulus as well as the 

standard deviation was calculated from the 100 FE simulations. The standard 

deviation is small (<2.5%). As no porosity is assumed in the REV alumina, the 

predicted average modulus is slightly higher than the typical modulus (398–400 GPa) 

of engineering alumina with the purity 99.5% and the porosity <1% [32, 33]. The 

difference of the average Young’s modulus among the three grain numbers is 

negligible (<1%) as shown in Fig. 8. This suggests that the effect of grain number on 

macroscopic properties of alumina is insignificant if there are at least 2–3 grains in the 
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characteristic edge. The transverse cross sectional area of the alumina microcantilever 

beam is similar to the cross sectional area of the cubic REV with 30 grains (Figs. 5 

and 7); thus the microcantilever beam can represent a bulk alumina beam. It was 

reported that for the material with crystals of limited anisotropic elastic properties, an 

REV composed of more than 20 grains can approximate the bulk material with a 

small acceptable error (e.g., less than 10%) [28]. 

4.2 Validation of FE model on alumina microcantilever beam 

The localised stress evolution as well as the failure and fracture process in the 

polycrystalline alumina microcantilever beam was simulated in the full-scale FE 

model with the controlled displacement rate applied at the free end. Fig. 9 shows the 

predicted load versus displacement curves at the free end of the beam. The six curves 

are the results of the beam in which all the grains were assigned with six different sets 

of random crystalline orientations. Based on the six predicted load versus 

displacement curves (Fig. 9), the bulk elastic modulus as calculated using Eq. (1) is E 

= 395 GPa with a very small deviation <2%; additionally the load at failure (average 

1.207 mN) varies within <3%. Overall, the predicted longitudinal stress (σz) is tensile 

on the top but compressive on the bottom of the microcantilever beam, as shown in 

Fig. 10. The global stress magnitude is comparable among the simulations using 

different grain orientations. 

The failure and fracture process of the alumina microcantilever was simulated in 

the FE model (refer to Fig. 11). The prediction exhibits that the intergranular fracture 
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occurs near the fixed end of the beam as observed in the post-test SEM examinations 

(compare Figs. 4 and 11). All the six simulations demonstrate the similar failure and 

fracture process in alumina. The agreement between the FE predictions and the 

experiments thus validates the developed FE model of the alumina microcantilever 

beam. However, it should be noted that unlike the microcantilever bending tests by 

the nanoindenter tip, the initial portion of the predicted curves is almost linear; 

moreover, the predicted bulk elastic modulus (395 GPa) is slightly greater than the 

measured modulus (390 GPa). These minor differences from the experiments are 

attributed to the approximation in the FE model. For example, no indentation is 

simulated in the model in which the deformation of alumina grains is only elastic. 

4.3 Intergranular fracture process in alumina 

4.3.1 Localised stress distribution and evolution 

The localised longitudinal stress (σz) distribution in the grains of the 

microcantilever beam (Fig. 11) is tracked in one of the FE simulations to investigate 

the intergranular fracture process in alumina under bending loads. The characteristic 

lines for grain boundaries are set to be invisible in Fig. 11 in order to better reveal the 

fracture features in the late stage of loading. Nevertheless, the stress state in each 

grain can be differentiated due to the anisotropic elastic properties. Fig. 12 

demonstrate the evolution of maximum principal stresses in the gain boundaries as 

well as the crack initiation and propagation during the fracture process. The stresses in 

both the grains and grain boundaries increase with the applied bending load in the 
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early stage (refer to Figs. 11(a)–(b) and 12(a)–(b)). After the peak load is reached, the 

crack initiates and propagates along the grain boundaries (Figs. 11(c)–(e) and 

12(c)–(e)), resulting in the intergranular fracture of the alumina. The release of strain 

energy causes an overall abrupt drop of the load at the free end. 

The top portion of the microcantilever beam near the fixed end is subjected to 

tension whilst the bottom part under compression. The maximum stress occurs on the 

top and bottom surfaces where the crack is more likely to form. However, the grain 

orientation (anisotropy of elasticity) causes non-uniform stress distribution at the 

same distance to the neutral axis. The interaction of the adjacent grains results in the 

tensile stress concentration in the vicinity of the bottom where grain boundaries meet 

the bottom edge of the beam, as shown in Fig. 12(b). Therefore, in the present beam 

with an upside down triangular transverse cross section, the crack tends to initiate 

from the bottom (refer to Figs. 11(c) and 12(c)) and then propagate along the grain 

boundaries (Figs. 11(d)–(e) and 12(d)–(e)). However, it should be noted that the crack 

may initiate from either the top or the bottom near the fixed end, depending on the 

geometry of the cross section as well as the morphology and orientation of grains. 

4.3.2 Mechanisms of intergranular fracture: shear sliding and tensile opening 

Both the experiments and FE simulations reveal the intergranular fracture of 

alumina under the low loading rates. The crystalline morphology and orientation of 

grains play an important role in the occurrence of localised stresses, which 

consequently determine the cracking modes during the fracture process: tensile 

opening (mode I) and shear sliding (mode II). Analysis of the fracture features in the 
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Voronoi tessellation (Fig. 13(a)) reveals the presence of both the tensile opening and 

shear sliding modes in the grain boundaries. 

Fig. 13(b) further schematically demonstrates the cracking processes in the 

grains near the fixed end of a microcantilever beam with random grain morphologies 

and orientations. The applied load at the free end causes the shear force and the 

maximum bending moment at the fixed end. Microscopically, the interaction of grains 

as well as the disparity of their orientations determines the actual tensile or shear 

stress state in the grain boundaries. The formation and propagation of cracks are then 

dominated by tensile opening or shear sliding. In the intergranular fracture of brittle 

materials such as alumina, the failure modes in grain boundaries are dictated by the 

localised stress state which is affected by the external loading condition and the grain 

morphology and orientation. Note that under uniaxial compression the intergranular 

fracture in alumina is mainly determined by the localised tensile stress state [9]. 

4.4 Effect of interfacial grain boundary properties on intergranular 

fracture 

The use of cohesive layers enables modelling of intergranular fracture in 

alumina subjected to low strain rate loads. The interfacial behaviour (Fig. 6) is 

quantified by the traction–separation law using parameters such as the initial stiffness, 

damage initiation (including initial separation δ0 and cohesive strength T0) and 

damage evolution (final separation δf). To investigate the effect of cohesive properties 

on the failure behaviour of alumina ceramics, the FE model of the microcantilever 
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beam with the same polycrystalline characteristics was rerun as a function of the 

cohesive strength (T0 for baseline) and the ratio of initial to final separations (δ0/δf = 

1.0 for baseline). All the FE simulations reveal the similar localised stress state in the 

beam before the degradation of cohesive layers, thus the same elastic behaviour of the 

beam. In each simulation, the intergranular fracture process in the beam is observed 

and dominated by shear sliding and tensile opening modes. 

Fig. 14 compares the predicted load versus displacement curves at the free end. 

Quantitatively, both the load and displacement at failure increase with the cohesive 

strength and the damage evolution (i.e., the ratio of initial to final separations) of 

grain boundaries. The variation of the beam behaviour with interfacial grain boundary 

properties is relatively smaller when the damage initiation ratio δ0/δf is between 0.5 

and 1.0. The further reduction of the damage ratio δ0/δf (e.g., between 0.25 and 0.5) 

suggests the increased total fracture energy of grain boundaries and slow degradation 

of alumina properties, thus resulting in the increased load at failure of the 

microcantilever beam (Fig. 14). Considering the brittle failure nature of alumina, the 

damage initiation ratio δ0/δf was selected to between 0.5 and 1.0 in the present study, 

as suggested in the literature [42]. In addition, the parametric FE simulation implies 

that the processing of alumina ceramics can be optimised to improve the grain 

boundary properties for enhanced fracture toughness. 
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5 Conclusions 

The fracture mechanisms in polycrystalline alumina were investigated using the 

combined microcantilever bending experiments and the full scale 3D Voronoi cell 

finite element model. The experimentally validated FE predictions offered the insight 

into the fracture behaviour at the grain level. The conclusions were drawn as follows. 

 Micromechanical bending tests reveal that the intergranular fracture governs 

the failure process of the polycrystalline alumina subjected to bending loads 

with a controlled displacement rate 10 nm s–1. 

 The crystalline morphology and orientation of grains play an important role 

in determining the localised stress in alumina. The interaction of adjacent 

grains as well as the difference of their orientations (anisotropy of elasticity) 

leads to the non-uniform stress distribution, and in particular, the tensile and 

shear stress state in grain boundaries. 

 The localised stress state dictates the cracking modes during the 

intergranular fracture. Analysis of the predicted fracture features suggests 

that the formation and propagation of cracks are dominated by the tensile 

opening (mode I) and shear sliding (mode II) along grain boundaries. 

 The interfacial property of grain boundaries has remarkable effect on the 

bulk failure load of the microcantilever beam, which increases with both the 

cohesive strength and the total fracture energy of the grain boundary. 
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Figure 1: Microstructure of an alumina specimen which was thermally etched.
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Figure 2: (a) The schematic of a microcantilever beam for bending experiments, and 

(b) a typical alumina microcantilever specimen prepared by focused ion beam 

technique.
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Figure 3: (a) The measured load history applied at the free end of an alumina 

microcantilever beam, and (b) the load versus displacement curve. Note that given 

the initial indentation into the specimen surface, the measured displacement of the 

nanoindenter tip is corrected to calculate the deflection of the microcantilever beam at 

the free end.
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Figure 4: Typical fracture feature of two alumina microcantilever beams subjected to 

bending loads. Both the beams failed near the fixed end.
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Figure 5: The finite element model of an alumina microcantilever beam for bending 

tests: (a) the polycrystalline geometry generated by hardcore Voronoi tessellation, (b) 

the FE meshes, and (c) the cohesive elements for grain boundaries.
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Figure 6: The traction–separation relation to characterise the damage initiation (point

a) and evolution (line ab) of cohesive layers for grain boundaries.
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Figure 7: The cubic representative elementary volume of polycrystalline alumina 

with the different number of grains: (a) 30, (b) 60 and (c) 90.

a b c



Figure 8: Effect of the number of grains on Young’s modulus of the cubic REV 

alumina. The average modulus for each grain number is calculated from the 

predictions for the combination of 10 crystalline morphologies and 10 grain 

orientations. Note that the Young’s modulus is typically  398–400 GPa for 

engineering alumina with the purity 99.5% and the porosity <1% [32, 33].

350

400

450

350

400

450

0 20 40 60 80 100

Y
o

u
n

g
's

 M
o
d

u
lu

s
 (

M
P

a
)

Number of grains

Predicted

Average



Figure 9: Comparison between the FE predicted and experimentally measured load 

versus displacement curves at the free end of an alumina microcantilever beam 

subjected to bending loads. Note that the FE simulation was rerun on the beam in 

which the grains were assigned with six sets of random grain orientations.
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Figure 10: Predicted longitudinal stress distribution in the alumina microcantilever 

beam at the elastic stage (approximately at the displacement 200 nm in Fig. 9) during 

a bending load. The figures (a) and (b) compare the predictions using two different 

grain orientations in the model.
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Figure 11: Predicted longitudinal stress distribution in the alumina microcantilever 

beam at five different stages during a bending load. The five stages (a–e) are 

indicated in the predicted load versus displacement curve (one of  the predicted 

curves in Fig. 9).
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Figure 12: Predicted maximum principal stress distribution in the grain boundaries 

(cohesive elements) in the alumina microcantilever beam at five different stages 

during a bending load. The five stages (a–e) are indicated in the predicted load versus 

displacement curve (one of  the predicted curves in Fig. 9).
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Figure 13: Shear sliding and tensile opening along grain boundaries near the fixed 

end of the polycrystalline alumina microcantilever beam: (a) the FE prediction at the 

final stage of the fracture process (refer to Fig. 11(e)), and (b) the schematic during 

the fracture process.

-2100 0 900

σz

(MPa)

Shear sliding

Tensile opening

x

y

z

F

a b



Figure 14: Predicted load versus displacement curves of an alumina microcantilever 

beam as a function of the cohesive strength (T0) and the damage initiation ratio (δ0/δf) 

of cohesive layers which are defined for grain boundaries.
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