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Cyclic Prefix Based Universal Filtered Multi-carrier
System and Performance Analysis

Lei Zhang, Pei Xiao and Atta Quddus

Abstract—Recently proposed universal filtered multi-carrier
(UFMC) system is not an orthogonal system in multipath channel
environments and might cause significant performance loss.In
this paper, we propose a cyclic prefix (CP) based UFMC system
and first analyze the conditions for interference-free one-tap
equalization in the absence of transceiver imperfections.Then
the corresponding signal model and output SNR (signal-to-
noise ratio) expression are derived. In the presence of carrier
frequency offset (CFO), timing offset (TO) and insufficient CP
length, we establish an analytical system model as a summa-
tion of desired signal, inter-symbol interference (ISI), inter-
carrier interference (ICI) and noise. New channel equalization
algorithms are proposed based on the derived analytical signal
model. Numerical results show that the derived model matches
the simulation results precisely, and the proposed equalization
algorithms improve the UFMC system performance in terms of
bit error rate (BER).

I. I NTRODUCTION

Universal filtered multi-carrier (UFMC) systems offer a
flexibility of filtering subbands consisting of arbitrary number
of consecutive subcarriers to suppress out of band (OoB)
emission, while keeping the orthogonality between subbands
and subcarriers in one subband [1], [2], [3], [4]. Comparing
to other candidate waveforms for the next generation wireless
communication systems, it employs low complexity one-tap
channel equalization similar to the orthogonal frequency di-
vision multiplexing (OFDM) system but offers much lower
OoB emission. Note that filter-bank multi-carrier (FBMC)
system [5], [6] can provide even lower OoB emission than
UFMC system, and the recently proposed cyclic prefix (CP)
FBMC can also achieve interference-free one-tap channel
equalization [7]. However, comparing with the FBMC system,
the UFMC system inherits the advantageous properties of
OFDM systems, e.g., ease in the implementation of multi-
antenna techniques and low complexity channel estimation and
equalization algorithms. In addition, comparing with Filtered
OFDM system that filters the whole bandwidth after OFDM
modulation [8], the UFMC system providesflexibility to filter a
subband with arbitrary bandwidth to enable the system adopted
for specific users or service types by adjusting the subband
and filter parameters only. For example, a UFMC system may
serve two types of services (e.g., tactile and machine type
communications [9]) in two subbands with different commu-
nications requirements and frame structure. The subband filter
in UFMC enable the two services in different subbands to be
designed independently without generating significant inter-
service-band-interference (ISBI) [10]. Such flexibility makes
the UFMC as one of the most promising candidate waveforms
for 5G systems and beyond.

It should be pointed out that the original UFMC system
as proposed in [1], [3] is no longer an orthogonal system
in multipath environments since there is no guard interval
between symbols. Although it has been claimed that the

subband filter with a length comparable to that of the channel
will incur negligible performance loss, this claim has not been
proved analytically and may not be true for some scenarios
(e.g., in harsh channel conditions). Alternatively, CP as an
option can be addedafter the subband filtering to avoid the
inter-symbol interference (ISI) [1]. However, the system can
not achieve interference-free one-tap equalization as circular
convolution property is destroyed. The conditions of how to
achieve it and the analysis for the performance loss in non-
ideal case are still open issues. Note that recently proposed
filtered OFDM (f-OFDM) is also a CP based subband filtered
OFDM technique [10]. However, f-OFDM system uses much
longer FIR filter (e.g., half symbol duration) to process the
subband signal and the filter tail extends to the adjacent OFDM
symbols and alsooverlap each other in order to reduce the
filter tail caused overhead. It unavoidably introduces ISI and
the interference-free one-tap equalization does not hold.

In order to analyze the performance loss/gain and provide
useful guideline for UFMC system design in practice, it is nec-
essary to establish a mathematic framework by considering the
carrier frequency offset (CFO), timing offset (TO), multipath
channel and insufficient CP length. For CP-OFDM system,
the insufficient CP length with CFO and TO is modeled in
[11] and the optimal CP length for maximizing sum-rate are
formulated in [12]. The performance of UFMC systems in
the presence of CFO was analyzed in [13] and a filter was
optimized to minimize the out of band leakage (OBL) in [14]
by considering both CFO and TO. However, only single-path
flat fading channel was considered in [13] and [14].

In this paper, we propose a new CP-UFMC system by
adding CPbefore the subband filtering operation to achieve
low complexity interference-free one-tap channel equalization
in the absence of transceiver imperfections. Such a system has
the same receiver implementation as the CP-OFDM system
and therefore iscompatible to the legacy CP-OFDM system.
The applicability of one-tap equalization for CP-UFMC sys-
tems is examined, followed by the corresponding signal model
and output SNR expression derivation. Next, the system model
in the presence of CFO, TO and insufficient CP for the CP-
UFMC is derived in terms of the desired signal, ISI and
ICI (inter-carrier interference). In addition, new equalization
algorithms are proposed to improve the system performance
based on the derived model.

Notations: {·}H and{·}T stand for the Hermitian conjugate
and transpose operation, respectively. We useE{A} and
trace{A} to denote the expectation and trace of matrixA.
IM and0M×N refers to identity matrix ofM dimension and
M×N matrix with all of its elements being zero, respectively.
We denote∗ as a linear convolution operation of two vectors.
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Fig. 1. Blocks diagrams for CP-UFMC transmitter and receiver.

II. CP-UFMC IN THE ABSENCE OF TRANSCEIVER
IMPERFECTIONS

Let us assume a multi-carrier system that containsN
subcarriers with its index set beingU = [0, 1, · · · , N − 1].
TheN subcarriers are divided intoM subbands with thek-th
(k = 0, 1, · · ·M − 1) subband comprising ofNk consecutive
subcarriers from the setU . The subcarrier index set for thek-
th (k = 1, · · ·M −1) subband isUk = [

∑k−1
i=0 Ni,

∑k−1
i=0 Ni +

1, · · · ,
∑k

i=0 Ni − 1] andU0 = [0, 1, · · · , N0 − 1].
Assume the modulated symbols transmittingN subcarriers

are a = [a0;a1; · · · ;aM−1] = [a(0), a(1), · · · , a(N − 1)]T ,
whereak is a lengthNk symbol vector transmitting on thek-
th subband and consisting of elementsa(i) with E{|a(i)|2} =
ρ2

sym for i ∈ Uk. Let us assume thek-th subband filter
is fk = [fk(0), fk(1), · · · , fk(LF,k − 1)] with LF,k being
the filter length. In order to have unified expressions for
different subbands, let us defineLF,max = max(LF,k) for
k ∈ [0, 1, · · · , M − 1].

A. Proposed CP-UFMC System Model

As shown in Fig. 1, by adding CP and filtering the subband
after IDFT (inverse discrete Fourier transform) operation, we
can write the transmitting signal as

q =

M−1
∑

k=0

1

ρk
fk ∗ CDkak =

M−1
∑

k=0

1

ρk
FkCDkak (1)

where C = [0LCP×(N−LCP ), ILCP
; IN ] is the matrix form

of the CP insertion operation withLCP being the CP length
and LSY M = N + LCP being the symbol duration in
UFMC samples.Fk ∈ CLSY M×LSY M is a Toeplitz matrix
with its first column being̃fk = [fk(0), fk(1), · · · , fk(LF,k −
1),01×(LSY M−LF,k)]

T ∈ CLSY M×1 and first row being
[fk(0),01×(LSY M−1)] ∈ C1×LSY M . The dimension and struc-
ture of Fk implies that the filter tails are cut before the
transmission.Dk ∈ CN×Nk is the (

∑k−1
i=0 Ni + 1)-th to the

(
∑k

i=0 Ni)-th columns ofN -point normalized IDFT matrix
D. The i-th row andn-th column element ofD is di,n =

1√
N

ej2πin/N . ρk =
√

1
Nk

trace(DH
k CHFH

k FkCDk) is the
transmission power normalization factor of thek-th subband
due to the CP insertion and filter tail cutting.

Let us assume the channel between the transmitter and the
receiver at timet is h(t) = [h(0, t), h(1, t), · · · , h(LCH−1, t)]
with LCH being the channel length in number of samples.
Without loss generality, we assume the overall channel gain
∑LCH−1

i=0 E|h(i, t)|2 = ρ2
CH . After CP removal andN -point

DFT operation, the signal for them-th subband at the receiver
(before channel equalization) can be written as

ym = DH
mG[h(t) ∗ q] + DH

mv

= DH
mGH(t)

M−1
∑

k=0

1

ρk
FkCDkak + yISI + DH

mv (2)

whereG = [0N×LCP
, IN ] is matrix form of CP removal im-

plementation.H(t) ∈ C
LSY M×LSY M is the equivalent channel

convolution matrix ofh(t). v = [v(0), v(1), · · · , v(N − 1)]T

is noise vector at the receiver and itsi-th elementv(i) has
a complex-valued Gaussian distributionCN (0, σ2) with σ2

being the noise variance andyISI is the ISI. In the ideal
scenarios with sufficient CP length,yISI = 0. WhenLF,k = 1
(i.e., Fk = ILSY M

), (2) boils down to CP-OFDM system.
The proposed transceiver diagram is shown in Fig. 1, and

unlike the original UFMC system (where CP is an option can
be addedafter subband filtering) [1], we add the CPbefore
subband filtering. In addition, the proposed CP-UFMC system
has exactly the same receiver implementation as CP-OFDM
system, which avoids zero padding (and down-sampling) as
well as high-order DFT operation as implemented in the
original UFMC system [1], [2], [4].

B. Applicability for One-tap Equalization

We aim to achieve interference-free transmission by adding
CP between UFMC symbols, we propose the following propo-
sition:

Proposition 1: Consider a CP-UFMC system that consists
of N subcarriers with channel length and CP length being
LCH and LCP . A sufficient condition to apply interference-
free one-tap channel equalization to them-th subband is:

LCP ≥ LCH + LF,m − 2 (3)

and in that case the signal model for then-th subcarrier that
belongs to them-th subband is

z(n) =
1

ρm
H(n, t)Fm(n)a(n) + v̂(n) (4)

where v̂(n) =
∑N−1

l=0
1√
N

e−j2πnl/Nv(l) is the noise af-

ter DFT operation.H(n, t) =
∑N−1

l=0 e−j2πnl/Nh(l, t) and
Fm(n) =

∑N−1
l=0 e−j2πnl/Nfm(l) are channel and filter fre-

quency response at then-th subcarrier.
Proof: In order to achieve ISI-free estimation (i.e.,

yISI = 0), we have to set the CP length as:LCP ≥ LCH −1
and equation (3) is a sufficient condition sinceLF,m ≥ 1.
Now let us focus on the conditions to achieve ICI-free
system. WhenLCP ≥ LCH + LF,m − 2, we have
GH(t)FkC = GH(t)CGFkC, substituting it into the
first term (let us define it asUm) of equation (2) leads to
Um = DH

mGH(t)C
∑M−1

k=0
1
ρk

GFkCDk. The interpretation
of multiplying G and C in the left and right of matrix
H(t) (similar for Fk) is to reframe it to be a circulant
matrix, i.e., GH(t)C = Hcir(t) and GFkC = Fcir,k,
where Hcir(t) and Fcir,k are the circulant matrix of
the channel vector̄h(t) = [h(t),01×(LSY M−LCH)]

T and
filter vector f̄k = [fk,01×(LSY M−LF,k)]

T , respectively.
Rewriting Um as Um = 1

ρm
DH

mHcir(t)DDHFcir,mDm +

DH
mHcir(t)D

∑M−1
k=0,k 6=m

1
ρk

DHFcir,kDk. Using the
circular convolution property, we haveDH

mHcir(t)D =
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[0Nm×
∑m−1

i=0 Ni
,Hfd,m,0Nm×(N−

∑

m
i=0 Ni

)] and
DHFcir,kDk = [0∑k−1

i=0 Ni×Nk
;Ffd,k;0(N−

∑

k
i=0 Ni)×Nk

],

where the diagonal matricesHfd,m(t) =
√

Ndiag[DH
mh̄(t)]

and Ffd,m =
√

Ndiag(DH
m f̄m). When m = k, we

have DH
mHcir(t)DDHFcir,mDm = Hfd,m(t)Ffd,m.

When m 6= k, the non-zero parts ofDH
mHcir(t)D

and DHFcir,kDk are not overlapped, leads to
DH

mHcir(t)D
∑M−1

k=0,k 6=m
1
ρk

DHFcir,kDk = 0. Substitute
them into Um and noting thei-th row and k-th column
element ofDH can be written asdi,k = 1√

N
e−j2πik/N , we

obtain (4).
Based on (4), we can derive the output SNR expectation of

the n-th subcarrier that belongs to subbandm as:

E{SNR(n)} =
ρ2

sym

σ2
· ρ2

CH · 1

ρ2
m

· |Fm(n)|2 (5)

When filter length LF,m = 1, equation (5) con-
verges to CP-OFDM system with sufficient CP length, i.e.,

E{SNRofdm} = N
LSY M

· ρ2
sym

σ2 · ρ2
CH .

III. UFMC IN THE PRESENCE OFCFO, TOAND
INSUFFICIENT CP LENGTH

Due to the transceiver imperfections, it is more realistic to
assume a certain level of CFO and TO present in the system.
In addition, sufficient CP length is not always (and sometimes
unnecessarily) satisfied in order to save system overhead. In
this section, we will first derive an analytical model by taking
all of the listed imperfection factors into consideration.Then
new one-tap equalization algorithms are proposed to improve
system performance in non-ideal cases.

1) Signal model in the presence of CFO, TO and insufficient
CP length: Suppose the normalized (by subcarrier spacing
∆f ) CFO of m-th subband isǫm, then we can rewriteq in
(1) as

q(l)=

M−1
∑

m=0

LSY M−1
∑

i=0

∑

n∈Um

ej2π(i−LCP )(n+ǫm)/Nfm(l−i)a(n) (6)

wherel = 0, 1, · · · , LSY M −1. By considering the normalized
(by UFMC sample duration:∆T/N with ∆T being the
symbol duration) synchronization error (e.g., TO)τ in the
receiver, the received signal can be expressed as

ŷ(r) =

∞
∑

e=−∞

LSY M−1
∑

l=0

q(l)hk(r−l−eLSY M + τt, r+τt) (7)

wherer = 0, 1, · · · , LSY M − 1 andτt = τ + LCP .
Removing CP and performingN -point DFT onŷ(r), then

xk(d)=
N−1
∑

r=0

ŷ(r + LCP )e
−j2πd(r+LCP )

N +vos,k(d) (8)

2) Performance analysis:Since the modulated symbols
a(l) is uncorrelated toa(k) if l 6= k for ∀l, ∀k ∈ U . In addition,
signals from different UFMC symbols are also uncorrelated,
by also noticingE|a(n)|2 = ρ2

sym, we can express the power
of desired signal, ISI, ICI and noise of then-th subcarrier as

P (n) = PD(n) + PICI(n) + PISI(n) + σ2 (9)

where

PD(n) = ρ2
symE|β(n, n, 0)|2

PICI(n) = ρ2
sym

∑

t∈Um,t6=n

E|β(n, t, 0)|2

PISI(n) = ρ2
sym

∞
∑

e=−∞,e6=0

∑

t∈Um

E|β(n, t, e)|2 (10)

β(n, t, e) =

N−1
∑

r=0

LSY M−1
∑

l=0

M−1
∑

m=0

LSY M−1
∑

i=0

e
j2π(i−LCP )(n+ǫm)

N

e
−j2π(r+LCP )t

N h(r − l − eLSY M + τt, r + τt)fm(l − i) (11)

To simplify the derivation of |β(n, t, e)|2, let us de-
fine Tm(l1, l2) = Bm(l1)B

∗
m(l2) with Bm(l1) =

∑LSY M−1
i=0 e

j2π(i−LCP )(n+ǫm)

N fm(l − i). For the FIR channel,
we assumeE{h(l1, t1)h

∗(l2, t2)} = 0 for l1 6= l2 and
E{h(l1, t1)h

∗(l2, t2)} = R(l1, t1 − t2) for l1 = l2, with
R(l1, t1−t2) being the autocorrelation function of the channel
h(t) at thel1-th path andl2-th path at timet1 and t2. Using
the equation and the definition ofTm(l1, l2), we have

E|β(n, t, e)|2 =

LSY M−1
∑

l1=0

l1
∑

l2=0

M−1
∑

m=0

Tm(l1, l2)

N−1
∑

r=l1−l2

e
−j2πt(l1−l2)

N R(r − l1 + τt, l1 − l2)

+

LSY M−1
∑

l1=0

LSY M−1
∑

l2=l1

M−1
∑

m=0

Tm(l1, l2)

N−1−(l2−l1)
∑

r=l1−l2

e
−j2πt(l1−l2)

N R(r − l1 + τt, l1 − l2) (12)

In the presence of interference, the SINR of then-th
subcarrier can be written as

SINR(n) = PD(n)/[PICI(n) + PISI(n) + σ2] (13)

3) Proposed channel equalization algorithm:Based on the
derived signal model in (9), (10) and (12) in the presence of
CFO, TO and insufficient CP length, we propose linear one-
tap channel equalization algorithms under the criteria of ZF
(zero-forcing) and MMSE (minimum mean square error) as

W (n) =
β(n, n, 0)H

|β(n, n, 0)|2+ν[PICI(n)+PISI(n)+σ2]/ρ2
sym

(14)

where ν = 0 for ZF algorithm andν = 1 for MMSE
algorithm.

IV. N UMERICAL RESULTS

We adopt LTE (Long Term Evolution) radio frame structure
with total number of subcarriersN = 2048, subcarrier spacing
∆f = 15 KHz and the symbol duration∆T = 1/15000 s.
Without loss of generality, we assume that only the middle120
subcarriers are occupied and they are divided intoM = 10
equal bandwidth subbands. We adopt a finite impulse response
(FIR) Chebyshev filter with OoB emission level equals to−50
dB and the filter lengthLF,m = 120 taps. The LTE ETU
(Extended Typical Urban) channel model is used and the CP
length for OFDM system and UFMC system are160 and40,
respectively, which leads to the two systems having the same
overhead. The signal is modulated by 16-QAM (Quadrature
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Fig. 2. Desired signal power, ICI and ISI at different subcarrier in both
interference-free and interference cases.

Amplitude Modulation) with normalized powerρ2
sym = 1. For

all simulations, we also use the interference-free case (i.e., no
CFO, TO and sufficient CP length:LCP = 160) for both
UFMC and OFDM systems as benchmarks.

The analytical results for desired signalPD(n) in equation
(10) are compared with simulation results and shown in left-
hand subplot of Fig. 2 with CFO and TO beingǫ = 0.1
and τ = 85 samples, respectively. Note that only the first
two subbands (subcarrier index from 0 to 23) are shown.
From Fig. 2, all of the analytical results concur with the
simulated ones, which shows the effectiveness and accuracy
of the signal model derivations. In both ideal and non-ideal
cases, the UFMC system shows frequency selectivity over
each subband. The analytical results for ICI and ISI given
in equation (10) and simulation results are shown in right-
hand subplot of Fig. 2. Again, the simulated and analytical
results match to each other nearly perfectly on all accounts.
In addition, the UFMC system suppressed the ISI to a lower
level than the OFDM system in all subcarriers.

The analytical (based on equation (13)) and simulated
output SINR for both UFMC and OFDM systems are shown
in Fig. 3 with input SNR = 15 dB. In interference-free
case, the UFMC system shows large SINR variation along
the subcarriers, while the OFDM system shows a flat line.
The UFMC system outperforms the OFDM system only in
some subcarriers. However, with transceiver imperfections, the
UFMC system outperforms the OFDM system in every single
subcarrier. This proves that the subband filter in UFMC system
can improve the performance in comparison to OFDM system.

Fig. 4 examines the effectiveness of the derived interference
and desired signal power in (10), (11) and (12) in terms
of Viterbi coded BER with coding rate being 1/2. Note
that the low-complexity maximum log likelihood ratio (LLR)
based algorithm is used in the simulation by assuming the
interference-plus-noise having a Gaussian distribution [13].
We use two set of parameters, low level interference with
ǫL = 0.03; τL = 68 samples, and a high level interference
as ǫH = 0.06; τH = 136 samples. In ideal cases, Fig. 4
shows that the OFDM outperforms UFMC system by a small
margin due to the filter frequency selectivity. However, in the
presence of CFO and TO, the proposed UFMC system shows
its advantage over the OFDM and original UFMC systems [1]
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by suppressing interference effectively.

V. CONCLUSIONS

The CP-UFMC system has been proposed and analyzed
in the absence of transceiver imperfections. The conditions
for interference-free one-tap equalization and corresponding
signal model have been derived. The model is extended to
the scenarios of transceiver imperfections and insufficient CP
length. The analytical expressions for desired signal, ICIand
ISI are derived. Based on the analysis, new channel equaliza-
tion algorithms are proposed. Our theoretical analysis results
have been validated by simulations. The analytical framework
developed in this paper provides a valuable reference for the
design and development of practical UFMC systems.
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