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Heat transfer and entropy generation are analysed theoretically in a thermal model of microreactors
accommodating processes with large heat of reaction. This includes an asymmetric, thick wall,
partially-filled porous microchannel under local thermal non-equilibrium. The system features exother-
micity/endothermicity within the solid and fluid phases to represent heat of chemical reactions and
absorption of microwaves by the microstructure. For constant but uneven temperature boundary condi-
tion, analytical solutions are developed for the temperature profiles, Nusselt number (Nu) and local and
total entropy generation. The influences of the system configuration and thermal specifications upon the
heat transfer and irreversibilities are, subsequently, examined. This reveals the strong effects of the wall
thicknesses and thermal asymmetry on the heat transfer and entropy generation of the microreactor.
Most importantly, it is shown that for given exothermicities in the system there exist optimal wall and
porous insert thicknesses that result in the maximum Nu and minimum total entropy generation. The
presented analyses are therefore of practical significance and demonstrate the possibility of developing
thermal and entropic optimal designs of the microstructure of microreactors.
� 2017 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).
1. Introduction

Over the last two decays there has been an increasing interest in
miniaturisation in process and energy industries [1,2]. This has
resulted in the development of the so-called ‘microreactors’ for
the purpose of process intensification [1,2]. These devices build
upon the technological progress in the general fields of microchan-
nels and micro-fluids to accommodate homogenous or hetero-
gonous chemical reactions [3,4]. Microreactors offer massively
increased surface to volume ratio and highly improved transport
of heat and mass, which make them attractive for the processes
with large heat of reaction [5]. The volume of fluid inside the
microreactor is usually very small. However, the fluid velocity in
the channel may vary from few centimetres to tens of centimetres
per second [6]. This together with the variations in the fluid type
renders a wide range of operational parameters (e.g. Reynolds
and Peclet numbers) in microreactors [6].

The applications of microreactors are now most extensive and
include those in combustion [7,8], hydrogen and syngas produc-
tion [9,10] and industrial chemicals [11,12]. Most of these pro-
cesses involve multiple reactants and exothermic/endothermic
stages. Therefore, microreactors should feature very efficient mix-
ing and heat transfer characteristics. The fluid dynamics and mass
transfer behaviours of microreactors have been already subject to
significant investigations, see for example [6,13] for reviews of lit-
erature. Although there has been some works on the exchanges of
heat between the microreactors and surrounding [4], the internal
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Nomenclature

asf interfacial area per unit volume of porous media, m�1

Bi Biot number
Br Brinkman number
Da Darcy number
h4 height of the microchannel, m
hsf fluid-to-solid heat transfer coefficient, W m�2 K�1

k1 reference thermal conductivity for lower solid material,
W �m�1 � K�1

k2 reference thermal conductivity for upper solid material,
W �m�1 � K�1

kef effective thermal conductivity of the fluid phase of the
porous medium, W �m�1 � K�1

kes effective thermal conductivity of the solid phase of the
porous medium, W �m�1 � K�1

ke1 ratio of the porous medium thermal conductivity to the
lower solid material thermal conductivity

ke2 ratio of the porous medium thermal conductivity to the
upper solid material thermal conductivity

Nu Nusselt number
Q1 dimensionless volumetric internal heat generation rate

for the lower solid material
Q2 dimensionless volumetric internal heat generation rate

for the upper solid material
_q1 volumetric internal heat generation rate for the lower

solid material, W �m�3

_q2 volumetric internal heat generation rate for the upper
solid material, W �m�3

ss volumetric internal heat generation rate for the solid
phase of the porous medium

sf volumetric internal heat generation rate for the fluid
phase of the porous medium

T temperature, K
Tc outer temperature of the upper solid material, K
Tf1 temperature of the fluid phase of the porous medium, K
Tf2 temperature of the clear fluid phase, K

TH inner temperature of the lower solid material, K
Ts temperature of the solid phase of the porous medium, K
T1 temperature of the lower solid material, K
T2 temperature of the upper solid material, K
U dimensionless velocity of the fluid in the porous med-

ium
Uf1 dimensionless velocity of the fluid in the porous med-

ium
Uf2 dimensionless velocity of the fluid in the porous med-

ium
uf1 velocity of the fluid in the porous medium, m � s�1

uf2 velocity of the fluid in the clear fluid, m � s�1

Greek symbols
xf dimensionless volumetric internal heat generation rate

for the fluid phase of the porous medium
xs dimensionless volumetric internal heat generation rate

for the solid phase of the porous medium
e porosity of the porous medium
j permeability, m2

leff dynamic viscosity of the porous medium, kg � s�1 �m�1

lf dynamic viscosity of the base fluid, kg � s�1 �m�1

h dimensionless temperature
h1 dimensionless temperature of the lower solid material
h2 dimensionless temperature of the upper solid material
hf1 dimensionless temperature of the fluid phase of the por-

ous medium
hf2 dimensionless temperature of the clear fluid phase
hH dimensionless temperature at the outer side of the low-

er wall
hs dimensionless temperature of the solid phase of the

porous medium
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heat transfer aspects of these devices remain largely unexplored.
This is surprising as the few existing heat transfer analyses in
microreactors have already revealed that the internal heat transfer
processes could significantly affect the chemical performance of
the reactor [4,10]. Further, recent studies strongly emphasised
the importance of microstructure design in the optimal functioning
of microreactors [12]. Indeed, any detailed design of microstruc-
ture calls for comprehensive thermal analyses of microreactors
under varying configuration.

Microreactors often include a collection of microchannels, in
which the chemical reactions take place [2,3]. An inherent charac-
teristic of a microchannel is the non-negligible influence of the
channel walls on the thermal behaviour of the system [14,15].
Hence, a complete heat transfer analysis of any microchannel sys-
tem should include heat conduction within the microchannel
walls. Besides, microchannels may use porous materials for further
enhancement of heat transfer [2,3]. In microreactors, porous
inserts are also used to introduce catalysts and increase the rate
of mass transfer [12,16]. Typically, these porous inserts are
attached to the walls of the channel and may vary in thickness
and structural characteristics. Such configuration has been investi-
gated by Chein and co-workers in a series of numerical studies
[17–19]. In these works the equations governing the transport of
momentum, heat and chemical species along with the key
reactions for the reforming of methanol were solved simultane-
ously. The transport of heat in the porous region of the reactor
was modelled on the basis of the local thermal equilibrium (LTE)
model and the thermal effect of exothermic/endothermic catalytic
reactions was represented by a volumetric energy source term
[17]. The resultant temperature of the fluid phase and the rate of
syngas production were then reported. The main purpose of these
works was to understand the combined effects of heat, mass and
momentum transfer in the microreactor upon the reforming pro-
cess. Although the significance of the temperature fields was well
demonstrated [18,20], no detailed heat transfer analysis and Nus-
selt number (Nu) evaluation was conducted in these investigations.
The latter is of primary importance in microreactors as their proper
operation is often subject to an efficient exchange of heat with an
external heat sink or source [4,21]. Further, the recent advance-
ments in the field of heat convection in partially-filled porous con-
duits have revealed the strong effects of exothermicity on the
temperature profiles and heat transfer rates within the system.
In their recent theoretical studies, Karimi et al. [22] and Torabi
et al. [23,24] considered internal heat sources in partially-filled
porous channels with varying configurations. They solved the
problem under local thermal non-equilibrium (LTNE) and com-
pared the results with those of the corresponding local thermal
equilibrium analyses (LTE). This showed that the introduction of
heat sources in porous conduits could significantly undermine
the assumption of local thermal equilibrium. Hence, the tempera-
ture profiles and Nu calculations under LTE can be highly erroneous
and conduction of LTNE analysis is an essential necessity in any
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accurate heat transfer study of these systems. Most recently, these
conclusions were further extended to nanofluid-porous systems
with internal heat generations [25,26].

In another recent development, it was shown that the inclusion
of thick walls of the conduit in the heat transfer analysis of
microchannels results in very pronounced modifications of their
thermal behaviour. Ibáñez et al. [27] considered the problem of
heat and fluid flow in a microchannel with thick walls. Here, con-
stant thermal conductivity for the solid walls was assumed, and
analytical expressions for the velocity and temperature fields were
derived [27]. Theoretical works of Torabi et al. [15,28] on forced
convection in porous microchannels showed that the finite thick-
ness of the channel walls could significantly influence the thermal
and entropic behaviours of the system. Most recently, Elliott et al.
[29] investigated the thermal behaviour of a porous channel with
thick walls subject to asymmetric thermal boundary conditions
and internal heat sources. This work considered LTNE condition
and showed that the temperature fields and Nu of the system are
strongly affected by the thickness of the wall and asymmetry of
the boundary conditions [29]. It follows from the works of Torabi
et al. [15,28] and Elliot et al. [29] that ignoring the wall thickness
in porous channels and microchannels could lead to the introduc-
tion of significant errors in the calculated temperature fields and
Nu. As stated earlier, such errors may introduce major problems
in the design and operation of microreactors. Currently, the extent
of wall influences upon the thermal behaviour of the partially-
filled porous microchannels is still unclear. In particular, there is
little comprehension on the effects of exothermicity, local non-
equilibrium and thick asymmetric channel walls, while coexis-
tence of these effects is common in microreactors.

Entropy generation minimisation is now employed widely in
the design and optimisation of various thermal and thermochemi-
cal systems [30,31]. These include porous systems under LTE
[32,33] and LTNE [34,35] and have been also recently extended
to solid systems [31]. Investigation of the local and total entropy
production highlights the sources and locations of irreversibilities,
and hence illustrates the necessary design modifications [31]. The
second law analyses of forced convection of heat in porous media
have shown that compared to hydrodynamic irreversibilities, ther-
mal effects have a relatively larger share of the total irreversibility
of the system [31,32,34]. This finding is more pronounced for the
systems under LTNE [23–26]. Expectedly, thermal irreversibilities
are very strong in exothermic porous systems and are dominated
by the intensity of exothermicity [23,24]. Entropy generation in
micro-combustors have been conducted in the past, e.g. [36–38].
Nonetheless, to the best of authors’ knowledge this was never
extended to other microreactors and in particular to those with
Fig. 1. Schematic view of the model microreactor with thick walls and porous
insert.
porous inserts. Ideally, entropic analysis of a microreactor should
include the irreversibilities by the thermal and viscous effects,
mass transfer and chemical reactions. Yet, investigations of
entropy generation in highly exothermic reactive flows have indi-
cated that the total irreversibility is dominated by the thermal
effects [39]. It is, therefore, expected that in microreactors exother-
micity of the reactions and heat transfer characteristics of the sys-
tem govern the rate of the entropy generation.

The preceding discussions can be summarised by the
followings.

� Microreactors may feature an extensive range of operating
parameters. In particular, their Peclet and Reynolds number
extend over several orders of magnitude and include extremely
low values (of order of 0.01 and less [6]).

� Heat transfer plays an essential role in the operation of many
microreactors [4]. However, comprehensive heat transfer anal-
yses of microreactors with the inclusion of thick walls and
non-equilibrium effects are infrequent and most of the existing
thermal studies are limited to temperature estimations [17–20].

� Microreactors normally use porous media to introduce catalysts
and enhance the transfer of heat and mass. Conventionally,
thermal analysis of porous media in microreactors includes
LTE assumptions [17]. However, recent investigations have
shown that this assumption could be largely wrong in the pres-
ence of strong exothermicity [22–24]. Currently, LTNE analyses
of thick wall microchannels partially-filled with porous media
and featuring exothermicity (similar to what happens in
microreactors) do not exist.

� All the existing thermal analyses of microreactors took a first
law approach and entropy generation studies in microreactors
are yet to be conducted.

� It has been already demonstrated that in exothermic reactive
systems the thermal irreversibility is the most significant
source of the entropy generation [23,24,39].

Given these points, the current study aims to provide an analyt-
ical view of the first and second law behaviours of a simple, yet
representative, model of a microreactor with highly exothermic
or endothermic reactions. The focus of the study is on the thermal
aspects and hence mass transfer and reactions are ignored, while
the effects of the latter are represented by an energy source term.
Further, the influences of the absorption of microwaves or infrared
waves [40] are represented by another energy source term within
the solid phase of the microstructure. The composite system,
including a partial porous insert and thick asymmetric walls, is
then analysed theoretically through a local non-equilibrium
approach.
2. Analytical method

2.1. Problem configuration and assumptions

Fig. 1 shows a schematic view of the problem under investiga-
tion. The fluid (reactants) enters a two-dimensional microchannel
confined between parallel slabs of solid with different thicknesses
and subject to constant but unequal temperatures on the external
surfaces. The channel is partially-filled by a porous insert attached
to the lower wall. The thickness of this insert varies and so does the
thickness of the thick walls. The configuration under investigation
is therefore geometrically and thermally asymmetric. The exis-
tence of porous insert significantly increases the thermal diffusiv-
ity of the microchannel. Also, low fluid velocity is common in many
exothermic processes in microreactors [6]. As a result, the thermal
Peclet number of the system shown in Fig. 1 is expected to be quite
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low (Peth � 1Þ. Under this condition, the axial advection of heat
becomes negligible in comparison with the transversal heat trans-
fer by internal heat convection in the porous medium and conduc-
tion in the fluid and solid components of the system. This
assumption was first introduced and rigorously justified by Mah-
mud and Fraser [41] and more recently was employed by a large
number of authors [28,29,42–44].

The following assumptions are, further, made throughout the
current study.

� The thermal model of microreactor, shown in Fig.1, excludes
mass transfer and chemical reactions and is exclusively con-
cerned with the hydrodynamic, thermal and entropic beha-
viours of the system.

� The porous medium is homogenous, isotropic and fluid satu-
rated. The fluid phase features uniform and steady internal heat
generation/consumption, which represents exothermicity/
endothermicity of the chemical reactions [17]. The solid phase
also includes internal heat generation representing absorption
of microwave and infrared waves [40,45].

� The fluid flow is steady, laminar, viscous and incompressible,
satisfying the no-slip boundary conditions on the wall. Further,
thermally and hydrodynamically fully developed conditions
hold in both open and porous regions. Furthermore, physical
properties such as porosity, specific heat, density and thermal
conductivities are invariants and thermal dispersion effects
are ignored [46,47].

� Due to the submillimeter transverse dimension of the system,
the Rayleigh number and therefore natural convection effects
are negligibly small. Further, thermal emissivity is assumed
small and radiative heat transfer is ignored.

� The current analysis is concerned with those processes, which
feature volumetrically almost uniform reactions [17–19]. Pro-
cesses with abrupt reaction zones, separating hot and cold
flows, such as those encountered in micro-combustion [48]
are not considered. As a result, the axial conduction of heat
within the walls is not essential and is ignored throughout the
analysis. This is further justified by noting that experimental
investigations [7,13,49] revealed that the axial temperature gra-
dient within the microstructure diminishes in thick wall
microreactors. Hence, the axial heat conduction in the configu-
ration shown in Fig.1 is insignificant.

2.2. Governing equations and analytical solutions

Employing Darcy-Brinkman model, the equations for the trans-
port of momentum in the porous and clear regions, respectively,
are given by

� @p
@x

þ leff
@2uf1

@y2
� lf

j
uf1 ¼ 0 h1 6 y < h2 ð1aÞ

� @p
@x

þ lf
@2uf2

@y2
¼ 0 h2 6 y < h3 ð1bÞ

Transport of thermal energy for the components of the system
including to the lower wall, the fluid and solid phases in the porous
region, the clear fluid above the porous region and the upper wall,
respectively, are expressed by the following equations.

k1
d
dy

dT1

dy

� �
þ _q1 ¼ 0 0 < y 6 h1 ð2aÞ

kef
@2Tf1

@y2
þ hsf asf ðTs � Tf1Þ þ sf ¼ qCpuf1

@Tf1

@x
h1 6 y < h2 ð2bÞ
kes
@2Ts

@y2
þ hsf asf ðTs � Tf1Þ þ ss ¼ 0 h1 6 y < h2 ð2cÞ

kf
@2Tf2

@y2
þ sf ¼ qCpuf2

@Tf2

@x
h2 6 y < h3 ð2dÞ

k2
d
dy

dT2

dy

� �
þ _q2 ¼ 0 h3 6 y < h4 ð2eÞ

As discussed in Section 2.1, the advection terms on the right
hand side of Eqs. (2b) and (2d) become vanishingly small when
compared to the conduction and internal convection terms. Hence
the advection terms are ignored in the current analysis. This results
in the transformation of the governing equations to the followings.

k1
d
dy

dT1

dy

� �
þ _q1 ¼ 0 0 < y 6 h1 ð3aÞ

kef
d2Tf1

dy2
þ hsf asf ðTs � Tf1Þ þ sf ¼ 0 h1 6 y < h2 ð3bÞ

kes
d2Ts

dy2
þ hsf asf ðTs � Tf1Þ þ ss ¼ 0 h1 6 y < h2 ð3cÞ

kf
d2Tf2

dy2
þ sf ¼ 0 h2 6 y < h3 ð3dÞ

k2
d
dy

dT2

dy

� �
þ _q2 ¼ 0 h3 6 y < h4 ð3eÞ

The upper and lower boundary conditions can be written as:

y ¼ h4 T2 ¼ TC ð4aÞ

y ¼ 0 T1 ¼ TH ð4bÞ
The following three conditions representing the interfaces are

required for closure of the system [23,24,29].

y ¼ h1 : uf1 ¼ 0; T1 ¼ Ts ¼ Tf1;

k1
dT1

dy

����
y¼h1

¼ kef
dTf1

dy

����
y¼h1

þ kes
dTs

dy

����
y¼h1

ð5aÞ

y ¼ h2 : leff
@uf1

@y
¼ lf

@uf2

@y
; ð5bÞ

y ¼ h2 : uf1 ¼ uf2; Tf2 ¼ Ts ¼ Tf1; kf
dTf2

dy

����
y¼h2

¼ kef
dTf1

dy

����
y¼h2

þ kes
dTs

dy

����
y¼h2

ð5cÞ

y ¼ h3 : uf2 ¼ 0; T2 ¼ Tf2; k2
dT2

dy

����
y¼h3

¼ kef
dTf1

dy

����
y¼h3

ð5dÞ

In this system, the Nu can be written in the following form
[23,24]:

Nu ¼ 2ðh3 � h1Þqw

kf ðTf1;w � Tf ;mÞ ð6Þ

where

Tf ;m ¼ 1
ðh3 � h1Þum

Z h2

h1

uf1Tf1dyþ
Z h3

h2

uf2Tf2dy

 !
ð7aÞ
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um ¼ 1
ðh3 � h1Þ

Z h2

h1

uf1dyþ
Z h3

h2

uf2dy

 !
ð7bÞ

qw ¼ k1
dT1

dy

����
y¼h1

ð7cÞ

The resultant equations for the local entropy rate across all
components of the system can be written as follows [23,24,31].

_S000 ¼

k1
T21

dT1
dy

� �2
0 < y < h1

kef
T2f1

dTf1
dy

� �2
þ hsf asf ðTs�Tf1Þ2

TsTf1
þ lf

jTf1
u2
f1 þ

leff

Tf1

@uf1
@y

� �2
h1 < y < h2

kes
T2s

dTs
dy

� �2
þ hsf asf ðTs�Tf1Þ2

TsTf1
h1 < y < h2

kf
T2f2

dTf2
dy

� �2
þ lf

Tf2

@uf2
@y

� �2
h2 < y < h3

k2
T22

dT2
dy

� �2
h3 < y < h4

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð8Þ
It is noted that the thermal energy source terms do not explic-

itly appear in Eq. (8). Yet, they indirectly affect the entropy gener-
ation through altering the temperature fields. An extensive
discussion on this subject can be found in a recent review by Torabi
et al. [31].

The following dimensionless parameters are introduced to
enable further physical analysis.

h1 ¼ T1
TC
; hs ¼ Ts

TC
; hf1 ¼ Tf1

TC
; hf2 ¼ Tf2

TC
; h2 ¼ T2

TC
; hH ¼ TH

TC
; Y ¼ y

h4
;

Y1 ¼ h1
h4
; Y2 ¼ h2

h4
; Y3 ¼ h3

h4
; Q1 ¼ _q1h

2
4

k1TC
; Q2 ¼ _q2h

2
4

k2TC
; xs ¼ ssh

2
4

kesTC
;

xf ¼ sf h
2
4

kesTC
; Uf1 ¼ uf1

ur
; Uf2 ¼ uf2

ur
; ur ¼�h24

lf

@p
@x ; k¼ kes

kef
¼ ð1�eÞks

ekf
;

Bi¼ hsf asf h
2
4

kes
; Br¼ lf u

2
r

TCkes
; ke1 ¼ kef

k1
; ke2 ¼ kef

k2
; Da¼ j

h24
:

ð9Þ

Substituting the above parameters into the governing Eqs. (1a)
and (1b) and Eqs. (3a)(3e), results in the non-dimensional equa-
tions for the transport of momentum and thermal energy.Applying
parameters from Eq. (9) to the momentum Eqs. (1a) and (1b)
results in the following dimensionless forms.

1þ 1
e
d2Uf1

dY2 � Uf1

Da
¼ 0 Y1 < Y 6 Y2 ð10aÞ

1þ d2Uf2

dY2 ¼ 0 Y2 < Y 6 Y3 ð10bÞ

The equations for the transport of heat (Eqs. (3ae)) reduce to the
followings

d
dY

dh1
dY

� �
þ Q1 ¼ 0 0 < Y 6 Y1 ð11aÞ

1
k
d2hf1

dY2 þ Biðhs � hf1Þ þxf ¼ 0 Y1 < Y 6 Y2 ð11bÞ

d2hs

dY2 � Biðhs � hf1Þ þxs ¼ 0 Y1 < Y 6 Y2 ð11cÞ

1
ek

d2hf2

dY2 þxf ¼ 0 Y2 < Y 6 Y3 ð11dÞ

d
dY

dh2
dY

� �
þ Q2 ¼ 0 Y3 < Y 6 1 ð11eÞ
Furthermore, the thermal boundary conditions on the outer edges
of the walls, Eqs. (4a) and (4b) become:

Y ¼ 0 : h1 ¼ hH ð12aÞ

Y ¼ 1 : h2 ¼ 1 ð12bÞ
Whereas the thermal and hydrodynamic interface conditions

(5a)(5d) reduce to:

Y ¼ Y1 : U ¼ 0 h1 ¼ hs ¼ hf1
dh1
dY

����
Y¼Y1

¼ ke1
dhf1
dY

����
Y¼Y1

þ kke1
dhs
dY

����
Y¼Y1

ð13aÞ

Y ¼ Y2 : Uf1 ¼ Uf2 hf1 ¼ hs ¼ hf2
dhf2
dY

����
Y¼Y2

¼ e
dhf1
dY

����
Y¼Y2

þ ke
dhs
dY

����
Y¼Y2

ð13bÞ

Y ¼ Y3 : U ¼ 0 h2 ¼ hf2
dh2
dY

����
Y¼Y3

¼ ke2
e

dhf2
dY

����
Y¼Y3

ð13cÞ

Y ¼ Y2 :
1
e
@Uf1

@Y
¼ @Uf2

@Y
ð13dÞ

Utilising the dimensionless parameters in Eq. (9), the dimen-
sionless Nu is given by the following relations.

Nu ¼ 2eðY3 � Y1Þ
ke1ðhf1ðY1Þ � hf ;mÞ

dh1
dY

����
Y¼Y1

ð14Þ

where

hf ;m ¼ 1
ðY3 � Y1ÞUm

Z Y2

Y1

Uf1hf1dY þ
Z Y3

Y2

Yf2hf2dY
� �

ð15aÞ

Um ¼ 1
ðY3 � Y1Þ

Z Y2

Y1

Uf1dY þ
Z Y3

Y2

Uf2dY
� �

ð15bÞ

Qw ¼ dh1
dY

����
Y¼Y1

ð15cÞ

Upon normalisation using the dimensionless variables given in
Eq. (9) the dimensionless local volumetric entropy generation rate,
NS is given by:

Ns ¼

1
h21

dh1
dY

� �2
0<Y <Y1

ke1
h2f1

dhf1
dY

� �2
þ kke1Brðhs�hf1Þ2

hshf1
þ kke1BrU

2
f1

Dahf1
þ kke1Br

Tf1

dUf1
dY

� �2
Y1 <Y <Y2

kke1
h2s

dhs
dY

	 
2þ kke1Biðhs�hf1Þ2
hshf1

Y1 <Y <Y2

ke1
eh2f2

dhf2
dY

� �2
þ kke1Br

hf2

dUf2
dY

� �2
Y2 <Y <Y3

ke1
ke2h

2
2

dh2
dY

� �2
Y3 <Y <Y4

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð16Þ
Finally, the dimensionless volumetric averaged entropy genera-

tion rate, Nt is defined as

Nt ¼
Z 1

0
Ns dY : ð17Þ
2.2.1. Velocity profiles
The normalised velocity equation for the clear fluid region Eq.

(10b) is readily solved to reveal the following velocity profile,
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Uf2 ¼ �Y2

2
þ A1Y þ A2: ð18aÞ
Nevertheless, Eq. (10a) is more complicated and its analytical solu-
tion results in the following velocity profile for the fluid in the por-
ous region:
Uf1 ¼ �2ðð2A2 � 2Daþ 2A1Y2 � Y2
2Þ cosh 2

2 ðY � Y1Þ
	 
þ cosh z

2 ðY þ Y1 � 2Y2Þ
	 


sinh z
2 ðY � Y1Þ
	 
ðcoshðzðY1 þ Y2ÞÞ þ sinhðzðY1 þ Y2ÞÞÞ

coshð2zY1Þ � coshð2zY2Þ þ sinhð2zY1Þ � sinhð2zY2Þ ;

ð18bÞ
where A1 and A2 are constants and z ¼
ffiffi
e

pffiffiffiffi
Da

p .

2.2.2. Temperature profiles
Eqs. (11b) and (11c) may be decoupled by increasing the order

of derivatives to form a new set of differential equations in a man-
ner that each equation contains only one dependent variable,
either hs or hf1. This gives rise to the following decoupled equations
for the solid and fluid phases, respectively.

h
0000
s ðYÞ � Biðkþ 1Þh00s ðYÞ � Bikðxf þxsÞ ¼ 0 ð19Þ

h
0000
f1ðYÞ � Biðkþ 1Þh00f1ðYÞ � Bikðxf þxsÞ ¼ 0 ð20Þ
Since these equations are fourth order in hs and hf1, two more

boundary conditions for each of hs and hf1 are required for the clo-
sure of the system. The first of each of these is obtained by evalu-
ating the second order derivative terms of Eqs. (11b) and (11c) at
Y = Y2 and applying the conditions of Eq. (13b) to yield

h00f1ðY2Þ ¼ �kxf ; h00s ðY2Þ ¼ �xs: ð21Þ
Obtaining the remaining conditions requires taking the deriva-

tive of Eqs. (11b) and (11c) with respect to Y and evaluating them
at Y = Y2. After some algebraic manipulations, the following equa-
tions are obtained to complete the closure of the system:

h000f1ðY2Þ ¼ �Bik h0sðY2Þð1þ kÞ � 1
e
h0f2ðY2Þ

� �
ð22aÞ

h000s ðY2Þ ¼ Bi h0sðY2Þð1þ kÞ � 1
e
h0f2ðY2Þ

� �
ð22bÞ

The system of Eqs. (11a), (11d), (11e), (19) and (20) can now be
solved analytically. The resulting general solutions for the temper-
ature distributions in the lower solid wall, the porous solid phase,
the fluid inside porous phase, the clear fluid and the upper solid
wall are, respectively, governed by:

h1ðYÞ ¼ 1
2
ð�Q1Y

2 þ 2hH þ 2B1YÞ ð23aÞ

hsðYÞ ¼ � kðxf þxsÞY2

2ð1þ kÞ þ eaYB2

a2 þ e�aYB3

a2 þ B4 þ B5Y ð23bÞ

hf1ðYÞ ¼ � kðxf þxsÞY2

2ð1þ kÞ þ eaYB6

a2 þ e�aYB7

a2 þ B8 þ B9Y ð23cÞ

hf2ðYÞ ¼ �1
2
kxf eY2 þ B10 þ 2B11Y ð23dÞ

h2ðYÞ ¼ 1
2
ð�Q2Y

2 þ Yð2þ Q2 � 2B12Þ þ 2B12Þ ð23eÞ
where B1 to B12 are constants and a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Biðkþ 1Þ

p
.

In order to find the particular solutions to the above equations,
the boundary and interface conditions (Eqs. (12), (13), (21) and
(22)) need to be used. The algebraic manipulations required to elu-
cidate the coefficients for Eqs. (23ae) are rather substantial. To
handle this, Wolfram Mathematica was employed to solve the
expressions analytically and deliver the constants listed above.
These constants are particularly involved and very lengthy whilst
simultaneously not particularly enlightening and therefore are
not shown here.

2.2.3. LTE temperature solution
In order to obtain the LTE equations governing the temperature

distribution of the system in the porous region, it is first necessary
to add Eqs. (11b) and (11c). This results in

1
k
h00f1 þ h00s þxf þxs ¼ 0: ð24Þ

Local thermal equilibrium condition implies the temperature of
the solid and fluid phases of the porous medium are equal. Thus,
hs ¼ hf1 ¼ hp, where hp is the temperature function of the porous
medium under LTE condition. This permits expressing the one-
equation model as

1
k
þ 1

� �
h00P þxf þxs ¼ 0: ð25Þ

Eq. (25) is subject to the following boundary conditions

h1ðY1Þ ¼ hPðY1Þ; ð26aÞ

hf2ðY2Þ ¼ hPðY2Þ; ð26bÞ

h0f2ðY2Þ ¼ ðeþ ekÞh0PðY2Þ; ð26cÞ

h01ðY1Þ ¼ ðke1 þ kke1Þh0PðY1Þ: ð26dÞ
Rearranging and integrating Eq. (25) and applying boundary condi-
tions (26a)(26d) yields the LTE temperature distribution, which
reads

hPðYÞ ¼ � kðxf þxsÞY2

2ð1þ kÞ þ C3PY þ C4P; ð27Þ

where C3P and C4P are constants, which result from the integration
of Eq. (25) and uncovered by applying the boundary conditions
(26a) and (26b). They are not shown here in expanded form as they
are substantial and the included details do not serve to further
illuminate.

2.2.4. Validation
It is well established that by increasing the internal heat

exchanges within the porous insert the temperature difference
between the solid and fluid phases diminishes [22,50]. Thus, under
this condition, the system is brought towards local thermal equi-
librium. The Biot number (Bi) is a measure of internal heat
exchanges in the porous medium and therefore at high Biot num-
bers the LTE and LTNE solutions presented in Sections 2.2.2 and
2.2.3 should approach each other. This validation method has been



Fig. 2. (a) Temperature distribution showing LTNE solution as solid black line and
LTE solution as red dots for various values of the lower wall temperature, hH . (b)
Variation in Nu versus varying lower wall thickness, with the LTNE solution as the
solid black line and the LTE solution as the red dots for various values of the lower
wall temperature, hH .

Table 1
Summary of the internal heat generations in the inves-
tigated test cases.

xs xf

Case 1 2 0
Case 2 0 2
Case 3 2 2
Case 4 0 0
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employed previously in the analyses of similar problems, e.g. [29],
and can be also used in the current theoretical work. Fig. 2a shows
the solid phase temperature profile across the system derived
through LTNE calculations at Bi = 100 and compare those with their
corresponding values calculated under LTE assumption. A similar
comparison is made in Fig. 2b for the LTE and LTNE models to cal-
culate Nu. Different values of the surface temperature ratio have
been considered in these figures. The excellent agreements
between the two approaches observed in Fig. 2a and b confirm
the validity of the mathematical solutions of Section 2.2.
3. Results and discussions

The problem under investigation is applied to four main test
cases on the basis of the exothermicity source terms. Table 1 sum-
marises these cases. Case 1 includes a source term in the solid
phase of the porous medium and no exothermicity in the fluid. This
case is a representation of the processes enhanced by external radi-
ation of microwaves or other sources of electromagnetic waves
[40,45]. In case 2, heat is generated within the fluid phase, which
represents a large group of exothermic or endothermic chemical
reactions [2]. In case 3, both solid and fluid phases include thermal
energy source terms. Case 4, however, is a model of a microchannel
flow without any thermochemical activity. This provides a basic
test case for comparison with the other three cases. In all of the
temperature and local entropy generation plots provided in this
investigation, the solid line is the specification of the system for
the solid phase in that point, and the dashed line is the specifica-
tion of the system for the fluid phase. Needless to say that in the
porous medium of the microchannel, as LTNEmodel has been used,
both solid and dashed lines are seen. Further, throughout the pro-
ceeding discussions the thickness of different components of the
system are specified indirectly through determining the values of
the three parameters h1; h2 and h3 (see Fig. 1).
3.1. Temperature distributions and the validity of local thermal
equilibrium

The hydrodynamics of configuration shown in Fig. 1 has been
previously analysed by Torabi et al. [51]. In short, the velocity dis-
tribution includes zero velocity on the walls and smooth transition
from channel flow to that in the porous insert. Further discussion
about the hydrodynamics of the problem can be found in Refs.
[51,52] and is not repeated here.

Geometrical configuration of the microchannel is expected to
strongly affect the temperature distributions within the system.
Figs. 3–5 investigate the extent of these effects through varying
the thicknesses of the lower wall (Fig. 3), the porous insert
(Fig. 4) and the upper wall (Fig. 5). These figures show the profile
of the non-dimensional solid and fluid temperatures across the
system under the four test cases specified in Table 1 and a similar
set of other parameters. The temperature profiles of the entire sys-
tem have been shown in parts a-d of Figs. 3–5, while parts e-h of
the same figures are focused on the porous region. Figs. 3d, 4d
and 5d (and also 3–5 h) clearly show that for case 4 with no
exothermicity, the temperature profile features a simple behaviour
under all investigated configurational variations. This includes a
linear temperature distribution in all components of the system,
which is a manifestation of classical conductive systems. Further,
the fluid and solid temperature difference always remains negligi-
ble implying the domination of LTE in this particular case. How-
ever, the situation is significantly altered by the introduction of
exothermicity in test cases 1–3. Addition of internal heat genera-
tion to the solid phase of the porous insert, in case 1, makes this
phase hotter than the adjacent fluid phase. This behaviour can be
equally seen in Figs. 3a–5a. Increasing the lower wall thickness
in Fig. 3a and e and that of porous insert in Fig. 4a and e reduces
the temperature difference between the solid and fluid phases
and therefore the system approaches local equilibrium state. The
same applies to Fig. 4a and e, in which as the thickness of the por-
ous insert increases and the total volume of the microchannel is
occupied by the porous material LTE becomes more dominant.
However, although still existing, this trend is less pronounced in



Fig. 3. Temperature distribution with various values of the lower wall thickness number, Y1 (a–d) and focussing on the porous region (e–h), (a & e) Case 1, (b & f) Case 2, (c &
g) Case 3, and (d & h) Case 4.
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Fig. 4. Temperature distribution with various values of porous insert thickness, Y2 (a–d) and focussing on the porous region (e–h), (a & e) Case 1, (b & f) Case 2, (c & g) Case 3,
and (d & h) Case 4.
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Fig. 5. Temperature distribution with various values of the upper wall thickness, Y3 (a–d) and focussing on the porous region (e–h), (a & e) Case 1, (b & f) Case 2, (c & g) Case 3,
and (d & h) Case 4.
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Fig. 5a and e, corresponding to the changes in the thickness of the
upper wall.

Moving to case 2, investigated in parts b and f of Figs. 3–5,
results in a substantial temperature difference in the porous
region, which persists under all configurational variations. Com-
pared with case 1, temperature difference between the two phases
in the porous medium of the system in case 2, has greatly increased
(see Figs. 3f, 4f and 5f). In all of the investigated cases, having nine-
fold more fluid phase within the porous insert compared to that of
the solid phase, i.e. � ¼ 0:9, may be an important reason for the
major quantitative differences between the temperature fields
within the porous medium of cases 1 and 2. However, as intuitively
can be perceived, the inclusion of the source term in the solid
phase of the porous media, i.e. case 1, increases the temperature
of the solid phase compared to that of the fluid phase. Similarly,
the fluid phase temperature of the porous medium in case 2 is
higher than the temperature of the solid phase. In a qualitative
agreement with that discussed for case 1, increasing the thick-
nesses of the lower wall and the porous insert tends to reduce
the temperature difference between the two phases in the porous
part of the system. This behaviour is almost repeated in Figs. 3c–5c
(and correspondingly in Figs. 3g–5g), in which equal exothermicity
applies to the solid and fluid phases (case 3). The local equilibrium
trend observed here is generally in keeping with that discussed in
partially-filled porous channels with exothermicity [23,24].
Fig. 6. Temperature distribution with different values of exothermicity and endothermici
xf for porosity, e ¼ 0:5, (c) in the porous solid phase, xs for porosity, e ¼ 0:9, and (d) in
Nevertheless, inclusion of the thick walls in the present problem
makes the thermal behaviour of system more complicated. For
instance, Fig. 3 implies that variations in the thickness of the lower
walls do not affect the temperature of the upper wall. Yet, modify-
ing the thickness of the porous layer (Fig. 4) and that of the upper
wall (Fig. 5) can change the temperature of the entire system
noticeably.

The preceding analysis indicates that the strength of internal
heat generations is an important parameter influencing the ther-
mal characteristics of the system. This is further investigated in
Fig. 6a–d through varying the thermal energy source terms within
the fluid and solid phases for two different values of porosity. The
range of this variation includes negative values of the source terms,
which refers to endothermic chemical reactions (such as those
encountered in reforming processes [17]). Fig. 6a and b show that
variation in the internal heat sources within the fluid phase can
majorly modify the temperature profiles across the system. Fur-
ther, the temperature difference between the fluid and solid phases
in the porous region is strongly affected by this parameter [23,24].
Larger values of internal heat generation in the fluid temperature
signify the temperature difference and push the system towards
LTNE. These arguments equally apply to Fig. 6c and d, in which
internal heat generation is limited to the solid phase of the porous
medium. As an important difference, however, heat generation in
the solid phase appears to be less capable of disturbing the local
ty (a) in the porous fluid phase,xf for porosity, e ¼ 0:9, (b) in the porous fluid phase,
the porous solid phase, xs for porosity, e ¼ 0:5.



(a) (b)

(c) (d)

Fig. 7. Variation in Nu versus the lower wall thickness, Y1, for different values of porosity. (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4.
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thermal equilibrium of the system. It is important to note that vari-
ations in the porosity of the insert in Fig. 6b and d does not change
this argument.

3.2. Nusselt number

Section 3.1 showed that the geometrical configuration of the
microreactor can significantly affect the temperature distributions.
This implies that the rates of heat transfer and therefore the Nu (as
defined in Eq. (14)) would change by varying the system configu-
ration. Figs. 7–9 illustrate such modifications of Nu. Fig. 7 depicts
the values of Nu, for the four cases of Table 1. In this figure Nu
has been calculated for a few different values of porosity. A com-
parison of Fig. 7a–d reveals that variation in the exothermicity in
cases 1–4 causes significant qualitative and quantitative changes
in the behaviour of the Nu. In the basic case with no exothermicity
(case 4 shown in Figs. 7d and 8d) the behaviour of Nu is monotonic
with respect to increase in the thickness of the lower wall and
increasing porosity of the porous insert. In Fig. 7d, Nu has a value
between 4 and 5 for the thin wall system and its magnitude
decreases sharply by thickening the lower wall. Introduction of
exothermicity in Fig. 7a–c results in a general decrease in the
numerical value of the Nu. This observation is consistent with
the fact that for cases 1–3 the average temperature across the
channel, shown in Fig. 3, is higher than that of case 4. Lower heat
transfer coefficients in the internally heat generating cases leads
to higher temperatures in the system and therefore larger heat
transfer potentials. Further, Fig. 7b and c show that in cases 2
and 3 there exist optimal values of the lower wall thickness, which
render maximum Nu. Fig. 10c indicates that the optimal thickness
increases with increasing the porosity. It follows that in microreac-
tors with exothermic fluids the thickness of the wall can play a sig-
nificant role in heat transfer characteristics of the system. For
example, as it can be clearly seen from Fig. 7b, for � ¼ 0:9, the Nu
is maximised when the lower wall thickness is close to
Y1 ¼ 0:15. This is particularly important as the current analysis
shows that introduction of exothermicity in the fluid can generally
bring down the Nu in comparison with the corresponding system
with no exothermicity. Hence, selecting the right wall thickness
becomes an essential task in the thermal design of microreactors
with highly exothermic reactions.

It is, generally, known that the thickness of the porous insert in
the partially-filled conduits is an essential parameter dominating
the rate of heat transfer [28,29]. Fig. 8 shows that thick wall
microchannels with exothermic chemical reactions can further
substantiate the role of porous insert thickness. In Fig. 8a (case
1), starting from a relatively thin porous insert (Y2 ¼ 0:2) and
increasing the thickness of the porous layer can signify the value
of Nu. This is more pronounced at higher values of porosity.
Fig. 8a shows that for small thicknesses of the porous insert, first
there is a Nu decreasing trend, which continues till a minimum
value is reached. The exact value of this minimum Nu depends
upon the configurational parameters such as porosity. Nonetheless,
Fig. 8a indicates that while making the insert more porous can gen-
erally increase the Nu, the location of the minimum point remains
more and less insensitive to this parameter. Fig. 8b shows that
addition of exothermicity to the fluid (case 2) alters the situation
noticeably. Here, for the small thicknesses of the porous insert



(a) (b)

(c) (d)

Fig. 8. Variation in Nu versus the porous insert thickness, Y2, for different values of porosity. (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4.
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Nu number is almost independent of the porosity. Further increase
in the thickness of the porous insert results in increasing the value
of Nu, while the rate of increase appears to be greater at higher
porosities. Considering exothermicity in both solid and fluid (case
3 shown in Fig. 8b) complicates the behaviour of Nu. Similar to that
discussed for case 1 (Fig. 8a) increasing the thickness of the porous
insert in case 3 first results in the reduction of the Nu number and
development of minima in Fig. 8c. This is particularly noticeable for
the highest value of porosity. Once again, the location of these min-
ima are not strongly affected by the changes in porosity. Further
thickening the porous insert substantiates the value of Nu.
Nonetheless, comparing to Fig. 8a and b for a given thickness of
the porous insert the numerical value of Nu in Fig. 8c is consider-
ably lower. Removing all sources of exothermicity in Fig. 8d (case
4) greatly simplifies the problem. Here, for all investigated porosi-
ties, the Nu increases monotonically with increases in the thickness
of the porous insert. Importantly, the numerical values of Nu num-
ber in Fig. 8d are higher than all other cases, revealing the adverse
effect of exothermicity on the heat convection process. These sig-
nificant modifications through addition of exothermicity clearly
reflect the importance of considering the exothermic terms under
an LTNE framework.

Fig. 9 illustrates the effects of changes in the thickness of the
upper wall of Fig. 1 on the Nu. The general trend observed in this
figure is somehow similar to that of Fig. 7, in which the value of
Nu is often correlated with the porosity and wall thickness. How-
ever, like the lower wall effects shown in Fig. 7, thickening of the
upper wall results in a monotonic decrease of the Nu. An exception
to this is case 3 (Fig. 9c), in which at the highest investigated poros-
ity the Nu variation versus the wall thickness features a maximum
point. Figs. 7–9 clearly show that in the absence of internal heat
generation the heat transfer behaviour of the microchannel shown
in Fig. 1 is fairly simple. However, inclusion of exothermicity in the
system can introduce major complexities. As such the changes of
Nu with respect to change in the thickness of the system compo-
nents is not monotonic anymore and can feature extremum points.
Further, the existence of exothermic sources in the microchannel
can signify the sensitivity of the heat transfer processes to the
porosity of the porous insert and cause a general reduction in the
value of Nu. Clearly, these findings have direct consequences upon
the design and operation of microreactors.

The microchannel configuration under investigation (Fig. 1) can
include internal heat generations within the thick walls of the sys-
tem. As discussed earlier, this is a manifestation of the absorption
of microwaves or infrared waves by the solid structure of the
microreactor. Although not shown here, there appeared to be a
general positive correlation between the Nu and wall internal heat
generation. Further, in keeping with the results shown in other fig-
ures, high values of porosity produce larger Nus. The relation
between Nu and the porosity of the porous layer is further investi-
gated in Fig. 10a. This figure shows changes of the Nu against
porosity for varying values of the lower wall internal heat genera-
tion. Evidently, Fig. 10a features an extremum behaviour and
reflects initial increase of the Nu with increasing the porosity fol-
lowed by a sudden drop. Interestingly, variation of the intensity
of heat generation in the wall appears to have a relatively small
effect on the optimal porosity and the maximum Nu. The effects
of exothermicity and endothermicity within the fluid and porous
solid phase upon the Nu are investigated in Fig. 10b and c. It is clear
from these figures that reduction of the endothermicity and



(a) (b)

(c) (d)

Fig. 9. Variation in Nu versus the upper wall thickness, Y3, for different values of porosity. (a) Case 1, (b) Case 2, (c) Case 3, and (d) Case 4.
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increases in the exothermicity in either of the fluid and porous
solid phase results in decreasing the Nu. For a similar range of
internal heat generation in Fig. 10b and c, the Nu drop in Fig. 10b
is more significant. This implies that compared to that of porous
solid, the fluid exothermicity/endothermicity has a stronger effect
upon the Nu. Further, Fig. 10b and c both show that as the magni-
tude of exothermicity increases the influences of porosity on the
value of Nu decreases. This trend is particularly clear in Fig. 10c.
A comparison between Fig. 10b and c further reveals that the
numerical value of Nu varies significantly by shifting the internal
heat source from the fluid to the solid phase. This is yet another
factor emphasising the importance of considering LTNE approach
in the thermal analysis of microreactors.

3.3. Entropy generation

3.3.1. Local entropy generation
The effects of configurational variations on the local generation

of entropy across the microchannel has been analysed in Figs. 11–
13. Fig. 11 shows the modification of local entropy generation
caused by the changes in the thickness of the porous layer. The four
cases of Table 1 have been investigated in this figure. As a general
trend in Fig. 11, it is observed that for all cases the generation of
entropy increases by thickening the porous layer. This increase
can be seen in all components of the system (the solid walls, solid
and fluid phase within the porous region and the fluid phase in the
clear region). Nonetheless, it appears that the fluid in the clear
region and the solid upper wall are most affected by the variations
in the thickness of the porous layer. Comparing to case 1, the
extent of these changes seem to be slightly larger in cases 2 and
3, while case 1 features the lowest local entropy generation. This
is consistent with the observations made in similar configurations
with zero wall thickness [23,24] and hence, is not further dis-
cussed. As stated earlier, the finite thickness of the microchannel
walls is a distinctive feature in the thermal analysis of microreac-
tors. The effects of variations in this parameter upon the local
entropy generation have been depicted in Fig. 12. This figure shows
that, for all cases under investigation, altering the thickness of the
upper wall of the microchannel, which is directly related to that of
the clear section of the microchannel, noticeably affects the local
entropy generation. It is clear from this figure that increasing the
thickness of the upper wall of the channel signifies an increase in
the local generation of entropy. This may be partially due to the
fact that the thermal conductivity of the wall is much higher than
that of the fluid material, and therefore increasing the thickness of
the upper wall increases the rate of heat transfer, and consequently
the local entropy generation rate is enhanced. Similar to that dis-
cussed in Fig. 11, the extent of this increase is minimal in case 4
(shown in Fig. 12g) and maximum in case 3 (Fig. 12e). However,
the situation is different in the porous region, in which case 2
shows the minimum local entropy generation (Fig. 12d) and cases
1 and 4 (Fig. 12b and h) are the most irreversible cases.

The thermal asymmetry due to the exposure of the system to
two different temperatures at the outer most boundaries is
expected to be a strong source of irreversibility. This thermal
asymmetry is very common in microreactors and particularly can
be found in reforming applications, in which sustaining the process
is often subject to asymmetric transfer of heat [7,53]. Fig. 13 shows
how changes in the ratio of the outer surface temperatures, hH ,
affects the local generation of entropy. According to this figure,



Fig. 10. Variation in Nu versus (a) porosity, e, for different values of heat generation
in the lower wall, Q1 for Case 3, (b) heat source/sink in the porous solid phase, xs ,
for different values of porosity, and (c) heat source/sink in the fluid phase, xf , for
varying values of porosity.
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entropy generation can be intensified by an order of magnitude
with a modest change in hH between 1.5 and 5. Importantly,
Fig. 13 indicates that variations in hH can strongly affect the gener-
ation of entropy within the clear region of the microchannel and
the upper wall. The existence of exothermic sources in the system
(cases 1–3 shown in Fig. 13a, c and e) appear to signify this irre-
versibility. Given that in reality microreactors used for reforming
can be exposed to catalytic combustion on one side and room tem-
perature on other side, the value of hH is expected to be between 3
and 4 [7]. Fig. 13 shows that at these values of hH the irreversibility
caused by the thermal asymmetry of the system is quite significant
and should be certainly included in any second law analysis of the
microreactor.

Intuitively, the exothermicity of microreactor, represented by
the internal heat generations within the solid and fluid phases,
could be a major source of entropy production. Fig. 14 implies that
although the general notion of generation of entropy by exother-
micity/endothermicity is correct, this factor is not as significant
as other investigated parameters. Fig. 14e shows that, compared
to a case with no internal heat generation, addition of relatively
strong thermal energy source terms (xf ¼ xs ¼ 2;�2) alters the
local entropy generation by less than 40%. A similar behaviour is
observed in Fig. 14a and c, in which internal heat generation is
respectively limited to the fluid and porous solid phase. This figure,
further, shows that variation in the internal energy generation
within the fluid and solid phases leads to a common intersection
of entropy generation curves in the clear fluid region. This bifurca-
tion behaviour is a characteristic of fluid conduits with internal
heat generations and has been recently studied in Refs. [23,24].
The common intersections are also present inside the porous
region, (Fig. 14b, d and f). They occur in the fluid phase for cases
with internal heat generations in the fluid only (Fig. 14b) and equal
thermal energy source term in the solid and fluid (Fig. 14f), and
within the solid region when heat is exclusively generated inside
the porous solid (Fig. 14d).
3.3.2. Total entropy generation
Integration of the local entropy generation over the entire vol-

ume of the system (as in Eq. (17)) results in the calculation of
the total entropy generation. In general, this leads to the develop-
ment of an analytical, multivariable function. The resultant total
entropy function can be then differentiated revealing the local
minima and maxima. In the current work, however, the total
entropy function is overwhelmingly complicated and large. Analyt-
ical differentiation of such function is practically unfeasible and
hence numerical analyses are conducted instead (see Section 2)
to explore the behaviour of the total entropy. Although not shown
here, a parametric study of the total entropy generation revealed
that for all investigated cases in Table 1, increasing the porosity
of the porous insert results in a considerable reduction of the total
entropy. This appears to be true for all variations in the system
geometrical configurations and also changes in the thermal asym-
metry of the system. The results discussed in Sections 3.1 and 3.2
showed that the thickness of the upper wall is an important
parameter influencing the temperature profiles and Nu. It was, fur-
ther, shown in Section 3.3.1 that the wall thickness strongly affects
the local generation of entropy. In Fig. 15a the total entropy pro-
duction, Nt , has been plotted against the thickness of the porous
layer, Y2 (for constant value of Y1Þ in this figure the variations of
Nt versus Y2 has been demonstrated for different values of the
upper wall thickness ðY3Þ. This figure indicate that for a modestly
thick upper wall (Y3 ¼ 0:9) there are two extremum points for
the variations of the total entropy generation with the porous layer
thickness. The first extremum point is a local maximum and occurs



Fig. 11. Local entropy generation distribution with various values of the porous insert thickness, Y2. Full graphs on left and graphs focussing on porous region on the right. (a
& b) Case 1, (c & d) Case 2, (e & f) Case 3, (g & h) Case 4.
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Fig. 12. Local entropy generation distribution with various values of the upper wall thickness, Y3. Full graphs on left and graphs focussing on porous region on the right. (a &
b) Case 1, (c & d) Case 2, (e & f) Case 3, (g & h) Case 4.
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Fig. 13. Local entropy generation distribution with various values of the lower wall temperature, hH . Full graphs on left and graphs focussing on porous region on the right. (a
& b) Case 1, (c & d) Case 2, (e & f) Case 3, (g & h) Case 4.
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Fig. 14. (a & b) Local entropy generation distribution for different values of xf and no heat source/sink in the solid porous phase. (c & d) Local entropy distribution for
different values ofxs and no heat source/sink in the fluid phase. (e & f) Local entropy distribution for different values ofxf andxs . Full graphs on left and graphs focussing on
porous region on the right.
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at thin porous thicknesses. As the porous layer grows in thickness a
second extremum point appears in the form of a local minimum.
Further increase in the thickness of the porous insert results in a
monotonic growth in the total entropy generation. Alteration of
the system configuration towards very thin upper walls
(Y3 ¼ 0:95) shifts the location of the minimum point towards
higher thicknesses of the porous insert. A qualitatively similar
behaviour is observed in Fig. 15b, in which Nt has been plotted ver-
sus Y2 for different values of the lower wall thickness. Interest-
ingly, smaller values of the lower wall thickness in Fig. 15b have
similar effects as low thicknesses of the upper wall in Fig. 15a.
It was observed in Sections 3.2 and 3.3.1 that the thermal asym-
metry of the system has a very strong effect upon the temperature
fields, heat transfer and local entropy generation of the microreac-
tor. Fig. 15c shows that the pronounced influences of this parame-
ter are readily extended to the total entropy generation. This figure
depicts the variation of the total entropy versus thickness of the
porous layer for three different values of the outer surfaces tem-
perature ratio hH . The existence of a minimum entropy point is evi-
dent in Fig. 15c, in which for larger values of hH the minimum
entropy occurs at smaller thicknesses of the porous insert. This
behaviour can have direct consequences on the exergetic design



Fig. 15. Total entropy versus (a) porous insert thickness, Y2 for various values of the upper wall thickness, Y3, (b) porous insert thickness, Y2 for various values of the lower
wall thickness, Y1, (c) the porous insert thickness, Y2, for different values of the lower wall temperature, hH , (d) heat source/sink in the upper wall, Q2 for different values of
porosity under conditions of a heat sink in the fluid phase and walls of thickness 0.1.
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of the microreactor. It implies that for any value of hH there is an
optimal thickness of the porous insert, which results in the min-
imisation of the total entropy generation in the system.

Fig. 15d illustrates the effects of internal heat generation inside
the wall on the total entropy generation. In this figure, the total
entropy has been plotted for different values of porosity. Although
changes of the total entropy generation with the increases in the
wall internal heat generation are relatively small, there exist a
minimum point in each graph of Fig. 15d. Further, the numerical
value of entropy production appears to be strongly dependent on
the porosity and takes a higher value at lower porosities. However,
the optimal non-dimensional heat generation in the wall is almost
insensitive to the porosity. This is such that for all investigated
porosities the optimal internal heat generation in the upper wall
is around Q2 ¼ 1:2. Finally, it is noted that there exists a monotonic
and positive relation between the total entropy generation and
rates of exothermicity and endothermicity within the fluid and
porous solid. Nonetheless, for brevity reasons, the corresponding
figure is not shown here.

In closing, it is worth nothing that the findings of this study
should be implemented most carefully. The heat transfer analyses
of the problem showed that there is a strong connection between
the exothermicity and wall thicknesses and the optimal Nusselt
number. The same applies to the total entropy generation. Similar
to other engineering devices, in microreactors the optimal config-
urations for the Nusselt number and minimum entropy generation
are not necessarily identical. Nonetheless, the investigations dis-
cussed in this section revealed that the changes in the Nusselt
number and the total entropy generation are qualitatively consis-
tent. Thus, the final decision should be made by the designer to
consider which aspect of the thermal design of the microreactor
more important to the particular problem at hand.

4. Conclusions

A thermal model was established for microreactors accommo-
dating highly exothermic/endothermic reactions. This includes a
thick wall, asymmetric microchannel partially-filled with a porous
material subject to constant but unequal temperatures at the
outermost surfaces. The heat of reactions and absorption of micro-
waves and infrared waves were represented by volumetrically uni-
form, energy source terms. The porous region was assumed under
local thermal non-equilibrium. It was argued that in such system
the irreversibility is dominated by the thermal effects and hence
mass transfer and chemical irreversibilities were ignored. In the
limit of low thermal Peclet number, analytical solutions were
developed for the conjugate heat transfer problem as well as the
local and total entropy generations. A comprehensive parametric
study was subsequently conducted. The major findings of this
study can be summarised as follows.

� Introduction of the heat of reaction and internal heat genera-
tions can significantly perturb the system from LTE condition.
The extent of this deviation depends on the configuration of
the microreactor. In particular, the thickness of the porous
insert was found to be a dominating factor. This finding sub-
stantiates the necessity of applying LTNE in the thermal analysis
of microreactors.
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� It was shown that the variations in the thicknesses of the walls
and porous insert in the microreactor can majorly modify the
Nu. This is such that by varying these parameters some extre-
mum points appear in the Nu graphs, indicating the existence
of optimum configurations.

� Nu appeared to be inversely correlated with the internal heat
generations, whilst demonstrating a positive correlation with
the porosity of the insert.

� Changes in the wall and porous layer thickness led to the forma-
tion of minimum total entropy generation points.

� Thermal asymmetry of the system appeared to be an important
source of irreversibility and its variation could minimise the
total entropy production.

These points clearly reflect the significant role of the
microstructure in shaping the thermal and entropic behaviour of
microreactors. It further shows that to achieve an optimal design,
thermal characteristics of the system such as thermal boundary
conditions and internal heat generation should be considered in
conjunction of the configurational specification of the system.
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