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MODULI SPACES OF TORSION SHEAVES ON

K3 SURFACES AND DERIVED EQUIVALENCES

NICOLAS ADDINGTON, WILL DONOVAN, AND CIARAN MEACHAN

Abstract. We show that for many moduli spaces M of torsion sheaves

on K3 surfaces S, the functor Db(S) → Db(M) induced by the universal

sheaf is a P-functor, hence can be used to construct an autoequivalence of

Db(M), and that this autoequivalence can be factored into geometrically

meaningful equivalences associated to abelian fibrations and Mukai flops.

Along the way we produce a derived equivalence between two compact

hyperkähler 2g-folds that are not birational, for every g ≥ 2. We also

speculate about an approach to showing that birational moduli spaces

of sheaves on K3 surfaces are derived-equivalent.

Introduction

The group of autoequivalences of the derived category of coherent sheaves

on a variety is an interesting and subtle geometric object. Any autoequiv-

alences beyond the “standard” ones – automorphisms of the variety itself,

tensoring by line bundles, and homological shift – should be seen as “hidden

symmetries” of the variety [10]. Many non-standard autoequivalences come

from birational geometry: twists of one kind or another around subvarieties

that can be contracted or flopped. In [1] the first author introduced a rather

different autoequivalence for the Hilbert scheme of n points on a K3 surface,

built from the universal ideal sheaf, and conjectured that the same construc-

tion would work for any moduli space of sheaves on a K3 surface. Our main

goal in this paper is to prove this conjecture for certain moduli spaces of

torsion sheaves:

Theorem A. Let S be a complex projective K3 surface of Picard rank 1 and

degree 2g − 2, and let M be the moduli space of stable sheaves with Mukai

vector (0, 1, d + 1 − g). Let α ∈ Br(M) be the Brauer class obstructing

the existence of a universal sheaf, and let F be a (1 ⊠ α)-twisted pseudo-

universal sheaf on S×M. Then the functor F : Db(S) → Db(M, α) induced

by F is a Pg−1-functor, hence can be used to construct an autoequivalence

of Db(M, α).
1
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The general member of M is a degree-d line bundle on a smooth genus-

g curve in S, so M is a 2g-fold fibered over Pg in Jacobians. If 2g − 2

is relatively prime to d + 1 − g then the Brauer class α vanishes and F

is an honest sheaf. We briefly review the definition of P-functors and the

associated autoequivalences, called P-twists, in §1.1.

Whereas the geometric meaning of the earlier autoequivalence of

Db(Hilbn(S)) was somewhat obscure, our new autoequivalence of Db(M)

turns out to factor as a product of Fourier–Mukai–Arinkin equivalences as-

sociated to abelian fibrations and Kawamata–Namikawa equivalences as-

sociated to Mukai flops. Moreover, when n = g the old autoequivalence

is conjugate to the new one by a Kawamata–Namikawa equivalence. We

review these equivalences and their relation to P-twists in §1.2.

Outline of the argument. Assume the set-up of Theorem A, let C be the

universal curve over the linear system |OS(1)| = Pg, and identify M with

the compactified relative Picard variety Picd := Picd(C/Pg). In §2 we show

that F : Db(S) → Db(Picd, α) factors as

F = FM ◦AJ∗ ◦̟
∗(− ⊗OS(l)), (0.1)

where

• l is an integer,

• ̟ is the natural map C → S, which is a Pg−1-bundle,

• AJ : C → Pic−1 is the Abel–Jacobi embedding, and

• FM : Db(Pic−1, β) → Db(Picd, α) is a family version of Mukai’s derived

equivalence between an abelian variety and its dual [34]. The extension

to the singular fibers is due to Arinkin [5]. Here β is a Brauer class on

Pic−1 with AJ∗(β) = 1.

Now since FM and − ⊗ OS(l) are equivalences, it remains to show that

AJ∗ ◦̟∗ is a Pg−1-functor, and to understand the associated P-twist. Since

AJ(C) ⊂ Pic−1 is the center of a Mukai flop Pic−1
99K X ′, we can use our

results from [3]; in Proposition 1.3 we check that the Brauer class β does

not cause trouble. The upshot is that the P-twist PF ∈ Aut(Db(Picd, α))

factors as

PF = FM ◦KN−1
g−1 ◦KNg ◦ FM

−1, (0.2)

where

KNk : D
b(Pic−1, β) → Db(X ′, β′) k ∈ Z

are Kawamata–Namikawa equivalences associated to the Mukai flop.
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Along the way we obtain the following result of independent interest:

Theorem B. For every g ≥ 2 there are compact hyperkähler 2g-folds X

and Y such that Db(X) ∼= Db(Y ) but H2(X,Z) is not Hodge-isometric to

H2(Y,Z). In particular X is not birational to Y .

Precisely, we take X = Pic0 and Y = Picg−1.

Intertwinement with the Hilbert scheme. There is a beautiful bi-

rational map Hilbg(S) 99K Pic−g, defined as follows: a generic set of g points

ζ ⊂ S is contained in a unique curve C ∈ |OS(1)|, and we send [ζ] ∈ Hilbg

to [OC(−ζ)] ∈ Pic−g. For g = 2, this is the original example of a Mukai

flop [35, Example 0.6]: we have a double cover f : S → P2 branched over a

smooth sextic curve; if the two points of ζ map to distinct points in P2 then

C is the preimage in S of the line that they span in P2; the indeterminacy

locus of the flop is the Lagrangian P2 in Hilb2(S) consisting of length-2 sub-

schemes of the form f−1(point). The details are equally pretty for g = 3,

which also appeared in Mukai’s original paper [35, Example 0.8].

On the level of sheaves, this birational map Hilbg 99K Pic−g is imple-

mented by the spherical twist around OS(−1): if ζ ⊂ S is contained in

a unique curve C then the twist sends Iζ/S to OC(−ζ). (On the indeter-

minacy locus, where ζ is contained in a pencil of curves, the twist sends

Iζ/S to a two-term complex, not a sheaf.) Thus one is led to look for some

compatibility between the functors

F : Db(S) → Db(Pic−g) F ′ : Db(S) → Db(Hilbg)

induced by the universal sheaves. In §3 we show that if g ≤ 5, so the

birational map is a Mukai flop, then

F ′ ◦ TOS(1) = KN2 ◦ F, (0.3)

whereKN2 : D
b(Pic−g) → Db(Hilbg) is again a Kawamata–Namikawa equiv-

alence associated to the Mukai flop. As a consequence, the associated P-

twists are conjugate:

PF ′ = KN2 ◦ PF ◦KN−1
2 .

Together with the factorization (0.2) this gives

PF ′ = KN2 ◦ FM ◦KN−1
1−g ◦KNg ◦ FM

−1 ◦KN−1
2 ,

so the autoequivalence of Db(Hilbg) factors into a product of geometrically

meaningful equivalences as promised.
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For g > 5, the birational map Hilbg 99K Pic−g is not a Mukai flop but

a stratified Mukai flop [28]. The relevant equivalences are due to Cautis,

Kamnitzer, and Licata [15, 13], and we expect that they can be adapted to

our situation to give a formula like (0.3), but we do not pursue this as the

bookkeeping begins to overwhelm the geometry.

Approach to flops between moduli spaces in general. We conclude

this introduction with some speculation about how the compatibility (0.3)

might fit into a broader framework. Let S be any K3 surface and M any

fine moduli space of stable sheaves, or more generally of σ-stable objects for

some Bridgeland stability condition σ. A well-known conjecture of Bondal

and Orlov [8, Conj. 4.4] and Kawamata [23, Conj. 1.2] would imply that any

other smooth K-trivial birational model M′ of M has Db(M′) ∼= Db(M).

Recently Bayer and Macr̀ı [7, Thm. 1.2(c)] have shown that for any such

M′ there is another stability condition σ′ such that M′ is the moduli space

of σ′-stable objects with the same Mukai vector. We propose the following

seemingly stronger conjecture:

Conjecture. With M and M′ as in the previous paragraph, there is an

equivalence Φ: Db(M) → Db(M′) such that for suitably normalized univer-

sal objects F ∈ Db(S × M) and F ′ ∈ Db(S × M′), the induced functors

F : Db(S) → Db(M) and F ′ : Db(S) → Db(M′) satisfy F ′ = Φ◦F . In other

words, the equivalence id⊠ Φ: Db(S ×M) → Db(S ×M′) takes F to F ′.

Our compatibility (0.3) verifies this conjecture for M = Hilbg and M′ =

Pic−g; a priori these are moduli spaces for the same stability condition and

different Mukai vectors, but pulling back the stability condition and the

second Mukai vector via TOS(−1) puts us in the situation of the conjecture.

For good measure we show in §4 that Hilbg has no other K-trivial birational

models apart from Pic−g.

The hard way to go about proving the conjecture in general would be to

produce an equivalence Φ, say by some combinatorial recipe from a strat-

ification of the indeterminacy locus of the birational map M 99KM′, and

then go on to check that it takes F to F ′. But Markman has suggested

that one might instead try to construct Φ from F and F ′. He showed in

[29, Thm 1.2(1)] that the middle Chern class of the kernel F ′ ◦ R, where

R : Db(M) → Db(S) is the right adjoint of F , induces an isomorphism of co-

homology rings H∗(M,Z) ∼= H∗(M′,Z). One has H0(F ◦R) = O∆; perhaps

in general H0(F ′ ◦R) is the kernel of an equivalence?
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1. Review of P-functors and Mukai flops

1.1. P-functors. A Pn-object on a hyperkähler 2n-fold X is an object E ∈

Db(X) such that Ext∗X(E , E) ∼= H∗(Pn,C) as rings. The main examples are

skyscraper sheaves of Lagrangian Pns in X, if there are any, and line bundles

on X. From such an object, Huybrechts and Thomas [22] constructed an

autoequivalence

PE : D
b(X) → Db(X),

as a certain double cone

PE(F) = cone
(

cone
(

E ⊗ RHom(E ,F)[−2] → E ⊗ RHom(E ,F)
) eval
−−→ F

)

This equivalence is called the P-twist around E .

In [1], the first author observed that if S is a K3 surface and Hilbn =

Hilbn(S) is the Hilbert scheme of n points on S, then the universal ideal

sheaf I on S × Hilbn is in some sense a relative Pn−1-object over S. One

might expect this to mean that Ext∗S(I,I)
∼= OS⊗H∗(Pn,C), but this is not

true and, luckily, it is not what is needed in order to generalize Huybrechts

and Thomas’s twists. Instead, consider the functor F : Db(S) → Db(Hilbn)

induced by I. Then for F1,F2 ∈ Db(S) we have

Ext∗Hilbn(F (F1), F (F2)) ∼= Ext∗S(F1,F2)⊗H∗(Pn−1,C) (1.1)

“as rings”: that is, if we have three objects F1,F2,F3 ∈ Db(S) then com-

position on the left-hand side of (1.1) agrees with composition in the first

factor on the right-hand side and the ring structure in the second factor.

A more compact way of saying this is to let R : Db(Hilbn) → Db(S) be the

right adjoint of F and to require that

RF ∼= idS ⊗H∗(Pn−1,C)
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and that the monad structure RFRF
RǫF
−−→ RF agrees with the ring struc-

ture on H∗(Pn−1,C), at least on the level of cohomology sheaves. For a more

careful and more general definition of P-functors, and a fuller discussion, see

[1, §3] or [3, §1].

From a P-functor F : Db(Z) → Db(X) the first author then constructed

an autoequivalence

PF : Db(X) → Db(X)

as a certain double cone

PF = cone
(

cone(FR[−2] → FR)
ǫ
−→ idX

)

.

which reduces to Huybrechts and Thomas’s construction when Z is a point.

We do not need the precise definition here, but only some key facts:

(a) If all the objects in the image of F are supported on a subvariety Y ⊂ X,

then PF acts as the identity on objects supported onX\Y and as a shift

by −2n on im(F ). Hence it is really a non-standard autoequivalence,

not a composition of automorphisms of X and line bundles and shifts.

(b) If Φ: Db(X) → Db(X ′) is an equivalence then PΦF
∼= ΦPFΦ

−1.

(c) If Ψ: Db(Z ′) → Db(Z) is an equivalence then PFΨ
∼= PF .

Theorem A and the result on Hilbert schemes just described are instances

of the following conjecture.1

Conjecture ([1]). Let M be a smooth, compact, 2n-dimensional moduli

space of sheaves on a K3 surface S, let α ∈ Br(M) be the Brauer class

obstructing the existence of a universal sheaf, and let U be a (1⊠α)-twisted

pseudo-universal sheaf on S × M. Then the functor Db(S) → Db(M, α)

induced by U is a Pn−1-functor.

The difficulty in proving this conjecture is that one needs to view points

x ∈ S as parametrizing (twisted) sheaves U|x×M on M, and understand the

Ext groups between them; whereas one is accustomed to viewing points of

M as parametrizing sheaves on S. With Hilbert schemes and with moduli

spaces of torsion sheaves (as in Theorem A) we know enough about the

geometry of M and U to come to grips with these “wrong-way slices” of U ,

but in general we know very little about them. One approach to proving the

1Markman and Mehrotra [31, Cor. 6.18] have just proved another case of this conjec-

ture, where the Brauer class α has order 2n − 2, the maximum possible. Their proof is

conditional on a certain conjecture about hyperholomorphic sheaves.
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conjecture in general would be to start with an elliptic K3 surface and induct

from the Hilbert scheme case to higher-rank sheaves following O’Grady’s

careful analysis [37], which Marian and Oprea have interpreted in Fourier–

Mukai terms in [27, §2.2]. From there one could deform to a generic K3

surface easily enough; but getting to all K3 surfaces would require major

progress in understanding stability conditions in higher dimensions, or else

some other new idea.

Other examples of P-functors have been given by the third author [32] for

generalized Kummer varieties, and by Krug [25, 24] for Hilbert schemes of

other surfaces, using objects supported on certain correspondences rather

than the universal ideal sheaf.

In [3] we studied P-twists associated to Lagrangian Pns and coisotropic

Pn-bundles, in connection with Mukai flops, which we now review.

1.2. Mukai flops and Kawamata–Namikawa equivalences. Suppose

that we have

P

̟
��

j
// X

B,

where X is a projective hyperkähler variety, P is a Pn-bundle over a smooth,

projective, connected base B, and j is a closed embedding of codimension

n. Then the normal bundle NP/X is isomorphic to the relative cotangent

bundle Ω1
P/B by [35, Prop. 3.1(2)], and we can consider the Mukai flop of X

along P :

X̃
q

��⑦⑦
⑦⑦
⑦⑦
⑦⑦ p

  ❇
❇❇

❇❇
❇❇

❇

X X ′.

Here X̃ is the blow-up of X along P , or of X ′ along the dual Pn-bundle P ∗.

We assume that X ′ is also projective.

Let E ⊂ X̃ be the exceptional divisor, which is identified with the uni-

versal hyperplane in P ×B P ∗, and let

X̂ = X̃ ∪E (P ×B P ∗).

The line bundles OX̃(E) and OP×BP ∗(−E) become isomorphic when re-

stricted to E, and there is a unique way to glue them to get a line bundle

on X̂, which we call L.
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Definition 1.1. Let X, X ′, and L ∈ Pic(X̂) be as in the previous para-

graph. For k ∈ Z, we define

Db(X)
KNk−−−−−−→ Db(X ′)

to be the functor induced by L⊗k.

Kawamata [23, §5] and Namikawa [36] showed that KN0 is an equivalence;

for a textbook account see [21, §11.4]. The extension to arbitrary k is

straightforward.

Assume that P is the projectivization of a vector bundle, so we can speak

about OP/B(k) for all k ∈ Z. In [3] we proved the following, which general-

izes an example due to Cautis [14, Prop. 6.8]:

Theorem 1.2 ([3, Thm. B′]). If HHodd(B) = 0 then the functor

Fk = j∗(OP/B(k)⊗̟∗(−)) : Db(B) → Db(X)

is a Pn-functor, and the associated Pn-twist satisfies

Pk
∼= KN−1

n+k ◦KNn+k+1. (1.2)

For our application we need a small extension of this theorem, to the case

where X carries a Brauer class β with j∗β = 1. The Brauer group is a

birational invariant of smooth projective varieties, so β determines a class

β′ ∈ Br(X ′), and we want to say there are equivalences KNk : D
b(X,β) →

Db(X ′, β′) satisfying a version of Theorem 1.2. There is one subtlety, in that

in order to define Db(X,β) and Db(X ′, β′) we must choose cocycles repre-

senting β and β′, and some care is required to make the choices compatibly.

We do this under a mild hypothesis:

Proposition 1.3. Let β ∈ Br(X) and β′ ∈ Br(X ′) be as in the previous

paragraph, and suppose that there is a line bundle on X whose restriction

to P is OP/B(1). Then for a suitable choice of cocycles representing β and

β′, the equivalences

Db(X,β)
KNk−−−−−−→ Db(X ′, β′)

and the P-functors

Fk : D
b(B) → Db(X,β)

are well-defined, and the P-twist associated to Fk satisfies (1.2).



MODULI SPACES OF TORSION SHEAVES ON K3 SURFACES. . . 9

Proof. Let X̄ be the space obtained from X by contracting P down to B,

or from X ′ by contracting P ∗ down to B:

X

f

  
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆ P? _
j

oo

̟
!!❇

❇❇
❇❇

❇❇
❇ P ∗ � � j′

//

̟′

}}③③
③③
③③
③③

X ′

f ′

}}④④
④④
④④
④④
④④
④④
④④
④④
④④
④④

B� _

̄
��

X̄.

Note that X̂ = X×X̄X ′. We work in the analytic category to avoid worrying

about whether X̄ is projective.

We claim that

f∗ : Br(X̄) → Br(X) (1.3)

is an isomorphism. The proof is identical to the one for a blow-up along a

smooth center.2 Taking the exponential sequence

0 → Z → OX → O∗
X → 0

and pushing down to X̄ , we find that

R0f∗(O
∗
X) = O∗

X̄

R1f∗(O
∗
X) = ̄∗(Z)

R2f∗(O
∗
X) = 0.

Then from the Leray spectral sequence we get an exact sequence

0 → Pic(X̄)
f∗

−→ Pic(X) → Z → H2(O∗
X̄)

f∗

−→ H2(O∗
X) → H1(B,Z),

where the map Pic(X) → Z takes a line bundle on X, restricts it to P , and

asks for its degree on a fiber of ̟. By hypothesis this map is surjective,

so the map f∗ : H2(O∗
X̄
) → H2(O∗

X ) is injective. Taking torsion parts and

noting that H1(B,Z) is torsion-free, we see that (1.3) is an isomorphism.

Thus we get a class β̄ ∈ Br(X̄) such that β = f∗β̄ and β′ = f ′∗β̄. We

choose once and for all a cocycle representing β̄; this determines cocycles

representing β and β′ such that the cocycle representing (β−1
⊠ β′)|X̂ is

canonically trivial. Thus the pushforward map

Db(X̂) → Db(X ×X ′, β−1
⊠ β′)

2Cf. Grothendieck’s classic proof [16, Thm. 7.1] in the étale topology.
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is canonically defined, and we can take KNk to be the functor Db(X,β) →

Db(X ′, β′) induced by the pushforward of L⊗k.

Next we turn to the P-functor and its P-twist. We have the natural

inclusion ̟× j : P → B ×X, and the cocycle representing (̄∗β̄−1
⊠ β)|P is

again canonically trivial, so the pushforward of OP/B(k) induces a P-functor

Fk : D
b(B, ̄∗β̄) → Db(X,β)

satisfying the same formula (1.2) as in the untwisted case. It remains to

compare Db(B, ̄∗β̄) to Db(B). By hypothesis we have

̟∗̄∗β̄ = j∗f∗β̄ = j∗β = 1.

The pullback ̟∗ : Br(B) → Br(P ) is an isomorphism because P is the

projectivization of a vector bundle; thus ̄∗β̄ is trivial. But we have not

arranged for it to be canonically trivial: that is, the 2-cocycle represent-

ing ̄∗β̄ is only the coboundary of a 1-cocycle, which we need to choose.

Any choice gives an equivalence Db(B) → Db(B, ̄∗β̄), and thus a P-functor

Fk : D
b(B) → Db(X,β). If we make a different choice then the equivalence

may differ by tensoring by a line bundle on B. But by fact (c) from earlier

this gives an isomorphic twist Pk, so (1.2) continues to hold. �

In the proof of Proposition 2.1(b), we will see that our “mild hypothesis”

holds in our application, where P = C and X = Pic−1.

2. Factorization

Recall from the introduction that S is a K3 surface and OS(1) is an

ample generator of Pic(S), of degree 2g − 2. Thus V := H0(OS(1)) is

(g+1)-dimensional,3 and the linear system |OS(1)| = PV ∼= Pg. The general

member of PV is a smooth curve of genus g; moreover, since OS(1) generates

Pic(S), every member of the linear system is reduced and irreducible, so we

can use Arinkin’s results [5] on compactified Jacobians of integral curves

with planar singularities. We introduce some more notation:

• C = {(x,C) ∈ S × PV : x ∈ C} is the universal curve.

• ̟ : C → S is the projection ̟(x,C) = x, which is a Pg−1-bundle.

• Picd = Picd(C/PV ) is the relative compactified Jacobian, or equivalently

the moduli space of stable sheaves on S with Mukai vector (0, 1, d+1−g).

3For this and other general facts about curves on K3 surfaces we recommend [19, Ch. 2].
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• αd ∈ Br(Picd) is the Brauer class obstructing the existence of a universal

sheaf on S × Picd. Because the Hilbert polynomial of the sheaves is

(2g − 2)t+ (d+ 1− g)

we have α2g−2
d = αd+1−g

d = 1. In particular, if 2g − 2 is relatively prime

to d+ 1− g then αd = 1 and Picd is a fine moduli space.

• Fd is a (1 ⊠ αd)-twisted pseudo-universal sheaf on S × Picd. Observe

that this is supported on C ×PV Picd, where the latter is embedded in

S × Picd via ̟ × 1.4

• AJ : C →֒ Pic−1 is the Abel–Jacobi embedding, sending (x,C) to the

ideal sheaf Ix/C ; this is a stable sheaf because C is reduced and irre-

ducible. In the proof of Proposition 2.1(b) we will see that AJ∗(α−1) = 1.

Proposition 2.1. With the notation set up in the previous paragraph:

(a) For every m and n there is an (α−n
m ⊠α−m

n )-twisted Poincaré sheaf P̄mn

on Picm ×PV Picn, such that the induced map

FM : Db(Picm, αn
m) → Db(Picn, α−m

n )

is an equivalence.

(b) Consider the embedding

AJ × 1: C ×PV Picn →֒ Pic−1 ×PV Picn.

Given any trivialization of AJ∗(α−1), we can construct P̄−1n so that

(AJ × 1)∗P̄−1n
∼= Fn ⊗ u∗1̟

∗L,

where u1 is the projection of C ×PV Picn onto the first factor and L

is a line bundle on S. This implies the factorization (0.1) from the

introduction.

4The reader may remark that Fd has rank 1 on C×PV Picd, so the Brauer class (1⊠αd)

on S×Picd must become trivial when restricted C×PV Picd. Why then do we not “untwist”

Fd to get an honest sheaf? Because it would no longer be a universal sheaf: we would

have to pass to an open cover of C ×PV Picd whose open sets were not unions of fibers

of C → PV , and the re-glued Fd would no longer parametrize the correct sheaves on

those fibers. Căldăraru has discussed the same issue for g = 0 in [11, §4.3]. Lieblich has

inveighed against untwisting in [26, Rmk. 1.3.3].



12 N. ADDINGTON, W. DONOVAN, AND C. MEACHAN

Proof. (a) First we recall Arinkin’s description of the Poincaré line bundle

for a single curve [5, eq. (1.1)]. At a point

(F,G) ∈ (Pic0(C)× Pic0(C)) ∪ (Pic0(C)× Pic0(C)),

the fiber is5

detRΓ(F ⊗G)−1 ⊗ detRΓ(OC)
−1 ⊗ detRΓ(F )⊗ detRΓ(G). (2.1)

Note that F ⊗G is a sheaf since at least one of F and G is a line bundle; if

both were sheaves then F ⊗G might be an unbounded complex, so the first

term of (2.1) would not be well-defined.

Next we globalize this to our family of curves. For the reader’s convenience

we display the big diagram:

C ×PV Picm ×PV Picn

p12

uu❧❧❧
❧❧❧

❧❧❧
❧❧❧

❧❧

p13
��

p23

))❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙

C ×PV Picm

q1

��

q2

))❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙
❙❙

C ×PV Picn

r1❦❦❦
❦❦❦

❦

uu❦❦❦
❦❦❦

❦❦❦
❦

r2 ❚❚❚
❚❚❚

❚

))❚❚
❚❚❚

❚❚❚
❚

Picm ×PV Picn

u1

uu❦❦❦
❦❦❦

❦❦❦
❦❦❦

❦❦❦
❦❦

u2

��

C

v1
))❙❙

❙❙❙
❙❙❙

❙❙❙
❙❙❙

❙❙❙
❙❙❙ Picm

v2
��

Picn

v3
tt❥❥❥

❥❥❥
❥❥❥

❥❥❥
❥❥❥

❥❥❥
❥❥

PV

Following (2.1) we define a twisted line bundle Pmn on

(Picm×PV Pic
n) ∪ (Picm ×PV Picn) (2.2)

by the formula

Pmn = (det p23∗(p
∗
12Fm ⊗ p∗13Fn))

−1 ⊗ u∗1v
∗
2(det v1∗OC)

−1

⊗ u∗1(det q2∗Fm)⊗ u∗2(det r2∗Fn).

We will see that this is (α−n
m ⊠ α−m

n )-twisted. Then we will define P̄mn =

ι∗Pmn, where ι is the inclusion of (2.2) in Picm ×PV Picn. Part (a) asserts

that this is coherent, and that its convolution with its left and right adjoint

kernels is O∆. Arinkin has proved this for m = n = 0; to extend it to all m

and n we will argue that locally in PV , our P̄mn differs from P̄00 by a line

bundle of the form L′
⊠ L′′.

5In fact this is the dual of Arinkin’s definition, but this does not cause any problems;

see [5, Lem. 6.2].
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Now we fill in the details of the outline just given. Begin by choosing an

analytic (or étale) open cover {Ui} of PV over which there are local sections

si of the universal curve C → PV . Regard si as a divisor in C|Ui , and observe

that it necessarily stays in the smooth locus of each fiber, so OC|Ui
(si) is a

line bundle.

Because C|Ui has a section, there is a universal sheaf Fm,i on (C ×PV

Picm)|Ui , and similarly with n. One way to see this is as follows. Fix a d

such that Picd is a fine moduli space, so there is an honest universal sheaf

Fd on C ×PV Picd. Let

t(d−m)si : Pic
m|Ui → Picd|Ui

be the “translation” isomorphism, which sends a sheaf F on a curve C to

F ⊗OC((d −m)si). Then set

Fm,i = (1× t(d−m)si)
∗Fd ⊗ q∗1OC|Ui

((m− d)si). (2.3)

This is one possible construction of Fm,i; any other construction differs from

this by a line bundle pulled back from Picm|Ui .

Let Uij = Ui ∩ Uj as usual. Then Fm,i|Uij and Fm,j |Uij are two universal

sheaves, so they differ by a line bundle Lm,ij pulled back from Picm|ij :

Fm,j |Uij = Fm,i|Uij ⊗ q∗2Lm,ij. (2.4)

If we define Fm,i as in (2.3) then we can give an explicit formula for Lm,ij

involving sj − si, but we will not need it. The line bundles Lm,ij represent

the Brauer class αm as a gerbe à la Hitchin; see [11, p. 13].6

Now we define Pmn,i on the restriction of (2.2) to Ui by the same formula

as above:

Pmn,i = (det p23∗(p
∗
12Fm,i ⊗ p∗13Fn,i))

−1 ⊗ u∗1v
∗
2(det v1∗OC|Ui

)−1

⊗ u∗1(det q2∗Fm,i)⊗ u∗2(det r2∗Fn,i).

We study how this transforms under various changes to Fm,i and Fn,i. First,

if we tensor Fm,i by a line bundle pulled back from Picm then we find that

Fm,i  Fm,i ⊗ q∗2L =⇒ Pmn,i  Pmn,i ⊗ u∗1L
−n, (2.5)

and similarly

Fn,i  Fn,i ⊗ r∗2L =⇒ Pmn,i  Pmn,i ⊗ u∗2L
−m, (2.6)

6To get an αm-twisted sheaf in the more familiar sense of [11, Def. 1.2.1] we would

trivialize Lm,ij over a finer open cover of Picm and go from there, but this would obscure

the picture needlessly.
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in agreement with [33, eq. (4.2)]. Second, suppose that we tensor Fm,i with

q∗1OC|Ui
(−si). Let Fm,i|si denote the line bundle on Picm|Ui which might

more properly be called q2∗(Fm,i ⊗ q∗1Osi).
7 Then using the exact sequence

0 → OC|Ui
(−si) → OC|Ui

→ Osi → 0

we find that

Fm,i  Fm,i ⊗ q∗1OC|Ui
(−si) =⇒ Pmn,i  Pmn,i ⊗ u∗2Fn,i|si , (2.7)

and similarly

Fn,i  Fn,i ⊗ r∗1OC|Ui
(−si) =⇒ Pmn,i  Pmn,i ⊗ u∗1Fm,i|si . (2.8)

Now from (2.4), (2.5), and (2.6) we see that

Pmn,j |Uij = Pmn,i|Uij ⊗ (L−n
m,ij ⊠ L−m

n,ij),

so the line bundles Pmn,i glue to give an (α−n
m ⊠ α−m

n )-twisted line bundle

Pmn on (2.2), as claimed.

It remains to show that P̄mn,i differs from P̄00,i, or more properly from

(t−msi×t−nsi)
∗P̄00,i, by a line bundle of the form L′

⊠L′′. From (2.3) and the

line after it we see that Fm,i differs from (1× t−msi)
∗F0 by a line bundle of

the form OC|Ui
(msi)⊠L. Thus from (2.5), (2.6), (2.7), and (2.8) we see that

Pmn,i differs from (t−msi × t−nsi)
∗P00,i by a line bundle of the form L′

⊠L′′.

By the projection formula, the same holds for P̄mn,i and (t−msi×t−nsi)
∗P̄00,i.

(b) Repeat the big diagram from above but with Picm replaced by C:

C ×PV C ×PV Picn

p12

vv♥♥♥
♥♥♥

♥♥♥
♥♥♥

♥

p13
��

p23

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗

C ×PV C

q1

��

q2

((◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗
◗

C ×PV Picn

r1♥♥♥
♥♥♥

vv♥♥♥
♥♥♥

♥♥
r2 ❘❘❘

❘❘❘

((❘❘
❘❘❘

❘❘

C ×PV Picn

u1

vv❧❧❧
❧❧❧

❧❧❧
❧❧❧

❧❧❧
❧

u2

��

C

v1
((◗◗

◗◗◗
◗◗◗

◗◗◗
◗◗◗

◗◗◗ C

v2
��

Picn

v3
uu❧❧❧

❧❧❧
❧❧❧

❧❧❧
❧❧❧

❧❧

PV

This maps to the earlier diagram with m = −1 using the Abel–Jacobi map

AJ : C →֒ Pic−1.

7Or (si × 1)∗Fm,i, if we were regarding si as a map rather than a divisor.
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The Abel–Jacobi map is the classifying map for the ideal sheaf of the di-

agonal in C ×PV C. In particular AJ∗(α−1) is trivial, and after choosing a

trivialization of it we can pull back α−1-twisted sheaves on Pic−1 to un-

twisted sheaves on C; let such a trivialization be given. Then there is a line

bundle N on C such that

(1×AJ)∗F−1
∼= I∆ ⊗ q∗2N

on C ×PV C. Recall that we have

C

̟

��

v2

  ❇
❇❇

❇❇
❇❇

❇
� � AJ

// Pic−1

v2

{{✇✇
✇✇
✇✇
✇✇
✇

S PV,

where ̟ is a Pg−1-bundle and v2 : C → PV embeds the fibers of ̟ as

hyperplanes in PV = Pg. Thus we can write

N = ̟∗N ′ ⊗ v∗2OPV (k)

for some line bundleN ′ on S and some k ∈ Z, and we can absorb the OPV (k)

into F−1, leaving us with

(1×AJ)∗F−1
∼= I∆ ⊗ q∗2̟

∗N ′. (2.9)

Suppose for a moment that N ′ is trivial, so we have

(1×AJ)∗F−1
∼= I∆.

By a series of base changes we find that on the rightmost C ×PV Picn,

(AJ × 1)∗P−1n
∼= (det p23∗(p

∗
12I∆ ⊗ p∗13Fn))

−1 ⊗ u∗1v
∗
2(det v1∗OC)

−1

⊗ u∗1(det q2∗I∆)⊗ u∗2(det r2∗Fn). (2.10)

Note that (2.10) is only defined on

(C◦ ×PV Picn) ∪ (C ×PV Picn), (2.11)

where C◦ ⊂ C is the smooth locus of the map v1 : C → PV , i.e. the union of

the smooth loci of all the curves. Using the exact sequence

0 → I∆ → O → O∆ → 0

we can simplify (2.10): after a long exercise in base change and the projection

formula, the first term becomes u∗2(det r2∗Fn)
−1 ⊗ detFn, which partially
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cancels with the fourth term to leave detFn, and the third term becomes

u∗1v
∗
2(det v1∗OC) which cancels with the second term; thus

(AJ × 1)∗P−1n
∼= detFn.

Since Fn is a (twisted) line bundle on (2.11), this equals Fn.

Now as in the proof of [5, Lem. 6.4] we observe that (AJ × 1)∗P̄−1n

and Fn are both maximal Cohen–Macaulay sheaves whose restrictions to

(2.11) agree, so they agree. For a review of the necessary Cohen–Macaulay

machinery we recommend [5, §2].

Finally, if the line bundle N ′ of (2.9) is non-trivial then as in (2.5) we

find that

(AJ × 1)∗P̄−1n
∼= Fn ⊗ u∗1̟

∗N ′−n. �

Remark 2.2. The proof above is valid for any surface, and for any base-

point-free linear system of curves (of any genus) whose members are all

reduced and irreducible. It should be straightforward to extend part (a) to

linear systems with reducible (but still reduced) members, and in particular

to primitive divisor classes on K3 surfaces of higher Picard rank, using [33].

But then part (b), which is essential to our application, falls apart: the Abel–

Jacobi map may fail to exist, as the ideal sheaf of a point in a reducible curve

may fail to be stable.

Remark 2.3. We point out some interesting special cases of Proposition

2.1. First, for all d we have

Db(Picd) ∼= Db(Pic0, αd
0).

Second, we have

Db(Pic0) ∼= Db(Picg−1),

Db(Pic1) ∼= Db(Picg−2),

Db(Pic2) ∼= Db(Picg−3),

and so on, because αg−1−d
d = 1 and αd

g−1−d = 1.

Remark 2.4. The period of a compact hyperkähler manifold X is the sec-

ond cohomology group H2(X,Z) with its weight-2 Hodge structure and

Beauville–Bogomolov pairing. It is a birational invariant of compact hy-

perkähler manifolds [20, Cor. 4.7], but as a consequence of the previous

remark we note that it is not a derived invariant:
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Theorem B. For every g ≥ 2 there are compact hyperkähler 2g-folds X

and Y such that Db(X) ∼= Db(Y ) but H2(X,Z) is not Hodge-isometric to

H2(Y,Z). In particular X is not birational to Y .

Proof. Take X = Pic0 and Y = Picg−1. These are derived equivalent by

Remark 2.3. Following Sawon [40, Proof of Prop. 15] we find that the

Picard lattice of X has discriminant −4, whereas the Picard lattice of Y has

discriminant −1. �

The corresponding statement for K3 surfaces is well-known: there are

many examples of K3 surfaces that are derived equivalent but not bira-

tional (i.e. not isomorphic). For Calabi–Yau 3-folds, Borisov and Căldăraru

[9] produced the first example of a pair that are derived equivalent but

not birational; but derived-equivalent Calabi–Yau 3-folds necessarily have

Hodge-isometric periods H3(−,Z)/torsion.8

It is not quite true that if two hyperkähler varieties have Hodge-isometric

periods then they are birational; for varieties deformation-equivalent to

moduli spaces of sheaves on K3 surfaces, there is a slightly larger lattice

Λ̃ ⊃ H2(X,Z), the Markman–Mukai lattice [30, §9], which controls the bira-

tional geometry. It is interesting to note that in our example, the Markman–

Mukai lattices of X and Y are isomorphic: Λ̃ ∼= H∗(S,Z) in both cases. Two

K3 surfaces are derived equivalent if and only if they have the same Mukai

lattice [38]; in higher dimensions it is not clear whether one should expect

the Markman–Mukai lattice to be a derived invariant.

Remark 2.5. As D. Huybrechts has pointed out to us, it is very likely that

for every n there are K3 surfaces S and S′ such that Db(S) ∼= Db(S′), so

Db(Hilbn(S)) ∼= Db(Hilbn(S′)) by [39, Prop. 8], but Hilbn(S) and Hilbn(S′)

are not birational, giving a simpler example of Theorem B. Thanks to the

Torelli theorems of Mukai–Orlov and Verbitsky–Markman, this is a purely

lattice-theoretic question, and it should be answerable using the methods

of [17, 41, 18], but to our knowledge no such analysis has appeared in the

literature.

8This can be seen as follows: if X is a Calabi–Yau 3-fold then its Atiyah–Hirzebruch

spectral sequence degenerates at the E2 page, so H3(X,Z)/torsion is the image of the

Mukai vector v : K1
top(X) → H3(X,Q), and this is a derived invariant. For more detail

and references see [2, Proof of Prop.] and [4, §2]. Note that Căldăraru [12, Prop. 3.1]

showed by an easier argument that H3(X,Z[ 1
2
])/torsion is a derived invariant.
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Remark 2.6. It follows from Arinkin’s autoduality theorem [5, Thm. B]

that the moduli space Pic0(Picn/PV ) is isomorphic to Pic0 = Pic0(C/PV )

for any n. Inspecting the formula for the (1 ⊠ α−n
0 )-twisted sheaf P̄n0 on

Picn ×PV Pic0, we see that it has degree 0 on the fibers of the projection

to Pic0, and indeed that it is universal for this moduli problem; thus the

Brauer class for this moduli problem is α−n
0 .

Since α1−g
0 = 1 but Picg−1 6∼= Pic0, this disagrees with a proposition of

Sawon [40, Prop. 9]. He considers abelian fibrations X → B satisfying

certain hypotheses, and lets P = Pic0(X/B) and X0 = Pic0(P/B). In our

example we have B = PV , X = Picg−1(C/PV ), and P = X0 = Pic0(C/PV ).

He states that the following are equivalent: (1) X is isomorphic to X0 over

B, (2) X → B admits a section, (3) there is a global universal sheaf on

X × P , and (4) a certain Brauer class β on P vanishes. In fact one has

(1) ⇔ (2) ⇒ (3) ⇔ (4), but not (4) ⇒ (1).

3. Compatibility with the Hilbert scheme

We continue the notation of the previous section: thus S is a K3 surface

with Pic(S) = Z generated by an ample line bundle OS(1) of degree 2g− 2,

and V = H0(OS(1)) = Cg+1, so we get a natural map S → PV ∗ and a

universal curve C → PV whose general fiber is a smooth curve of genus g.

Consider the moduli spaces

Hilbg := Hilbg(S) = M(1, 0, 1 − g)

Pic−g := Pic−g(C/PV ) = M(0, 1, 1 − 2g)

and the birational map Hilbg 99K Pic−g discussed in the introduction: for

a generic length-g subscheme ζ ⊂ S, the image of ζ in PV ∗ = Pg spans

a hyperplane, so ζ is contained in a unique curve C ∈ PV , and we map

ζ ∈ Hilbg to OC(−ζ) := Iζ/C ∈ Pic−g. This birational map is resolved by

the correspondence

X̃ := Hilbg(C/PV ) = {(ζ, C) : ζ ⊂ C} ⊂ Hilbg × PV,

in the following way:

X̃

p

~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
⑤

q

!!❇
❇❇

❇❇
❇❇

❇❇
ζ ⊂ C✽

||①①
①①
①①
①①
① ✞

##●
●●

●●
●●

●●
●

Hilbg Pic−g Iζ/S Iζ/C .
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Let P ∗ ⊂ Hilbg be the indeterminacy locus of p−1, consisting of subschemes

ζ ⊂ S for which h0(Iζ(1)) jumps from 1 to 2 or more. Let P ⊂ Pic−g be the

indeterminacy locus of q−1, consisting of sheaves ℓ on curves C for which

hom(ℓ,OC) jumps from 1 to 2 or more. Both of these have codimension 2.

If g ≤ 5 then by [28, Example 21], the jumping is to 2 and not more, the

loci P and P ∗ are dual P2-bundles over a smooth hyperkähler (2g − 4)-fold

B := M(2, 1, 1), and q ◦ p−1 is a Mukai flop.

As we said in the introduction, q ◦ p−1 is implemented by the spherical

twist around OS(−1), in the following sense: if ζ /∈ P ∗, so ζ is contained in

a unique curve C, then we have

TOS(−1)(Iζ) = cone
(

OS(−1)⊗ RΓ(Iζ(1)) → Iζ
)

(3.1)

= cone
(

IC/S → Iζ/S
)

= Iζ/C .

Letting ζ vary, this suggests that on S×Hilbg there should be some relation

between

cone
(

OS(−1)⊠ πHilb,∗(IZ ⊗ π∗
SOS(1)) −→ IZ

)

, (3.2)

where Z ⊂ S ×Hilbg is the universal subscheme, and

p∗q
∗F

where F is a universal sheaf on S × Pic−g.9 In Proposition 3.1 below we

make this precise. In Proposition 3.3 we use it to compare the Pg−1-functors

Db(S) → Db(Hilbg) and Db(S) → Db(Pic−g) induced by IZ and F , and the

associated P-twists.

Proposition 3.1. For a suitable normalization of the universal sheaf F on

S × Pic−g, the cone (3.2) is isomorphic to p∗(q∗F(2E)), where E ⊂ X̃ is

the exceptional divisor of the blow-up q : X̃ → Hilbg or p : X̃ → Pic−g.

Proof. First we study

πHilb,∗(IZ ⊗ π∗
SOS(1)) (3.3)

which appears in (3.2). Let W denote the rank-g vector bundle on Hilbg

whose fiber over a point ζ is H0(Oζ(1)). Take the exact sequence

0 → IZ → OS×Hilb → OZ → 0,

9More properly we should write (1 × p)∗(1 × q)∗F , but such heavy notation would

become untenable in what follows.
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tensor with π∗
SOS(1), and push down to Hilbg to get an exact triangle

πHilb,∗(IZ ⊗ π∗
SOS(1)) → OHilb ⊗ V → W. (3.4)

The map OHilb ⊗ V → W is surjective away from P ∗ ⊂ Hilbg, and for later

use we record the following lemma.

Lemma 3.2. The variety X̃ ⊂ Hilbg × PV is cut out by the transverse

section of W ⊠OPV (1) corresponding to the map OHilb ⊗ V → W of (3.4).

Proof. Observe that X̃ is the locus where the composition

OHilb ⊠OPV (−1) → OHilb×PV ⊗ V → W ⊠OPV

vanishes, and this composition amounts to a section of W ⊠OPV (1). Since

codim X̃ = rankW , the section is transverse. �

Proof of Proposition 3.1, continued. At a point (ζ, C) ∈ X̃ , we have an

exact sequence of sheaves on S

0 → IC/S → Iζ/S → Iζ/C → 0,

which we can rewrite as

0 → OS(−1) → Iζ → OC(−ζ) → 0.

We wish to write the family version of this on S × X̃. We have

S × X̃ = {(x, ζ, C) : ζ ⊂ C} ⊂ S ×Hilbg × PV.

Inside this consider

Z ′ := {(x, ζ, C) : x ∈ ζ ⊂ C)}

C′ := {(x, ζ, C) : x ∈ C, ζ ⊂ C}.

We have Z ′ ⊂ C′ ⊂ S × X̃, so we get an exact sequence

0 → IC′/S×X̃ → IZ′/S×X̃ → IZ′/C′ → 0.

We claim this can be rewritten as

0 → OS(−1)⊠ r∗OPV (−1) → p∗IZ → q∗F(E) → 0, (3.5)

where r : X̃ → PV is the natural map, for a suitable normalization of F .

(a) For the first term, observe that the divisor C′ ⊂ S × X̃ is the pullback

of the divisor C ⊂ S×PV , whose associated line bundle is OS×PV (1, 1).

(b) For the second term, observe that the intersection Z ′ = (Z×PV )∩(S×

X̃) in S×Hilbg ×PV has the expected dimension, so in p∗IZ there are

no higher derived pullbacks, only IZ′/S×X̃ .
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(c) For the third term, it is clear that the restriction of IZ′/C′ to S ×

(ζ, C) ⊂ S× X̃ is exactly the sheaf on S parametrized parametrized by

p(ζ, C) ∈ Pic−g; thus we have IZ′/C′ = q∗F ⊗L for some line bundle L

on X̃, by definition of a moduli space. Knowing the Picard group of a

blow-up, we can write L = OX̃(kE)⊗ q∗L′ for some k ∈ Z; then L′ can

be absorbed into F , so it is enough to show that k = 1.

One way to see this is as follows. Fix a smooth point ℓ ∈ P ⊂ Pic−g,

and let P1 = q−1(ℓ). Then we have IZ′/C′ |S×P1 = ℓ⊠OP1(−k). Observe

that IZ′/C′ has a natural map to OC′ ; that P1 = q−1(ℓ) is naturally

identified with PHom(ℓ,OC), where C = supp(ℓ) ⊂ S; and that on

S × PHom(ℓ,OC) the natural map must go ℓ⊠OP1(−1) → OC ⊠OP1 .

Thus k = 1 as desired.

Now tensor (3.5) with OX̃(E) and apply p∗. The second term becomes IZ
by the projection formula and the fact that p∗OX̃(E) = OHilb. For the first

term, by Grothendieck duality we have

p∗(r
∗OPV (−1)⊗OX̃(E)) = (p∗r

∗OPV (1))
∗.

From the Koszul resolution of X̃ in Hilbg × PV

0 → detW ∗
⊠O(−g) → · · · → W ∗

⊠O(−1) → OHilb×PV → OX̃ → 0

we see that

p∗r
∗OPV (1) = cone(W ∗ → OHilb ⊗ V ∗),

so from (3.4) we see that its dual is exactly (3.3), so we have an exact triangle

OS(−1) ⊠ πHilb,∗(IZ ⊗ π∗
SOS(1)) → IZ → p∗(q

∗F(2E)). (3.6)

We would like to conclude p∗(q∗F(2E)) is isomorphic to the cone (3.2);

certainly the two are cones on two non-zero maps between the same pair

of objects, so it is enough to argue that Hom between those objects is 1-

dimensional.

The first map of (3.6) is obtained by taking the natural map

OS(−1)⊠OS(1) → O∆

on S × S and convolving in the sense of Fourier–Mukai kernels with IZ ∈

Db(S ×Hilbg). Let F ′ : Db(S) → Db(Hilbg) be the Pg−1-functor induced by
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IZ ; then we have

HomS×Hilb(F
′ ◦ (OS(−1)⊠OS(1)), F ′)

= HomS×S(OS(1)⊠OS(−1), R′ ◦ F ′)

= HomS×S(OS(1)⊠OS(−1), O∆ ⊕O∆[−2]⊕ · · · ⊕ O∆[−2g + 2])

= C

as desired. �

Proposition 3.3. If g ≤ 5, so the birational map p ◦ q−1 : Pic−g
99K Hilbg

is a Mukai flop, then the diagram

Db(S)
F

//

TOS (1)

��

Db(Pic−g)

KN2

��

Db(S)
F ′

// Db(Hilbg)

commutes, where F is induced by F with the same normalization as in the

previous proposition, F ′ is induced by IZ, and KN2 is the equivalence of

Definition 1.1.10 Thus the P-twists associated to F and F ′ are conjugate:

P ′
F = KN2 ◦ PF ◦KN−1

2 .

Proof. Recall that KN2 is induced by the line bundle on

X̂ = X̃ ∪E (P ×B P ∗)

which is O(2E) on the first component and O(−2,−2) on the second. Since

the ideal sheaf of X̃ in X̂ is OP×BP ∗(−E) = OP×BP ∗(−1,−1), we get an

exact sequence of kernels

0 → OP×BP ∗(−3,−3) → KN2 → OX̃(2E) → 0.

The previous proposition implies that the third term composed with F is

F ′ ◦ TOS(1), so it remains to show that the first term composed with F is

zero. For this it is enough to restrict F from S × Pic−g to S × P , tensor

with OS ⊠OP (−3), push down to S ×B, and show that the result is zero.

10The reader may be surprised to see TOS(1) in this diagram when TOS(−1) appeared

in (3.1); the reason for this is as follows. While we have let F and IZ induce P-functors

F : Db(S) → Db(Pic−g) and F ′ : Db(S) → Db(Hilbg), from a moduli standpoint it is more

natural to let them induce functors tF : Db(Pic−g) → Db(S) and tF ′ : Db(Hilbg) → Db(S),

which take skyscraper sheaves of points to the the sheaves on S that they parametrize. In

this direction the cone (3.2) that we studied in Proposition 3.1 induces TOS(−1) ◦
tF ′ as

expected. Transposing to the direction we want, it induces F ′ ◦ tTOS(−1) = F ′ ◦ TOS(1).
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By Grothendieck duality we have ωP/B = q∗ωE/B[1], so OP (−3) differs

from q∗OE(−2,−2)[1] at most by a line bundle pulled back from B, which

does not affect this calculation. Thus we have

F ⊗OP (−3) ≈ F ⊗ q∗OE(−2,−2)[1]

= q∗(q
∗F ⊗OE(−2,−2))[1]

= q∗(q
∗F(E) ⊗OE(−1,−1))[1].

Tensoring (3.5) with OE(−1,−1) we get

0 → OS(−1)⊠OE(−2,−1) → p∗IZ ⊗OE(−1,−1)

→ q∗F(E) ⊗OE(−1,−1) → 0.

When we push down to S×B, the first two terms vanish via p∗, so the third

vanishes as well. �

Remark 3.4. The end of the last proof implies that the composition

Db(S)
F
−→ Db(Pic−g)

̟∗(ωP/B⊗j∗(−))[2]
−−−−−−−−−−−−→ Db(B) (3.7)

is zero, where j and ̟ are as shown:

P

̟
��

� �
j

// Pic−g

B.

The second map of (3.7) is the right adjoint to the P2-functor

j∗̟
∗ : Db(B) → Db(Pic−g),

so the image of j∗̟∗ is orthogonal to the image of F : Db(S) → Db(Pic−g),

and thus the P2-twist around the former commutes with the Pg−1-twist

around the latter.

4. Movable cone of the Hilbert scheme

In the previous section we studied the moduli spaces

Hilbg := Hilbg(S) = M(1, 0, 1 − g)

Pic−g := Pic−g(C/PV ) = M(0, 1, 1 − 2g),

and the flop Hilbg 99K Pic−g implemented by the spherical twist around

OS(−1). In this final section we analyze the movable cone of Hilbg using
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techniques developed by Bayer and Macr̀ı in [6] and [7] and find that these

are the only two smooth K-trivial birational models.

We recall the description of the Neron–Severi lattice NS(Hilbg) in terms

of the Mukai lattice of S. Let

v1 := (1, 0, 1 − g) ∈ H∗
alg(S,Z) = H0(S)⊕NS(S)⊕H4(S)

be the Mukai vector of the ideal sheaf of g points; then the universal ideal

sheaf I = IZ on S ×Hilbg induces a so-called Mukai morphism

θI : v
⊥
1 → NS(Hilbg),

which is an isometry with respect to the Mukai pairing on v⊥
1 and the

Beauville–Bogomolov pairing on NS(Hilbg). Following [6] and [7] we adopt

the following basis for NS(Hilbg):

H̃ := θI(0,−1, 0) B := θI(−1, 0, 1 − g).

The divisor H̃ induces the Hilbert–Chow morphism Hilbg(S) → Symg(S),

and B is half of the exceptional divisor of that morphism.

The flop Hilbg 99K Pic−g is regular away from a codimension-2 locus, so it

lets us identify NS(Pic−g) with NS(Hilbg) and Mov(Pic−g) with Mov(Hilbg).

Proposition 4.1. The movable cone of Hilbg is generated by H̃ and H̃−B,

and is divided into two chambers as follows:

Nef(Hilbg)Nef(Pic−g)

H̃H̃ − 2g−2
2g−1BH̃ −B

Hilbert–Chow

morphism

flop
Lagrangian

fibration

Thus Hilbg has no other smooth K-trivial birational models apart from

Pic−g.
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Proof. The generators of Mov(Hilbg) can be read off from [7, Prop. 13.1(a)].

The generators of Nef(Hilbg) can be read off from [6, Prop. 10.3].11 The

pullback of a hyperplane via the Lagrangian fibration Pic−g → PV must be

one wall of Nef(Pic−g); moreover it is isotropic for the Beauville–Bogomolov

form, and the only isotropic ray in Mov(Hilbg) is H̃ − B. Thus it remains

to show that Nef(Pic−g) extends all the way to H̃ − 2g−2
2g−1B.

On the one hand, by [7, Thm. 12.1] this is a purely lattice-theoretic ques-

tion: walls in Mov(Hilbg) arise from vectors a ∈ H∗
alg(S,Z) satisfying certain

numerical conditions. For each fixed g it is straightforward to show that

there are no more such a, but we do not see how to do it for all g at once.

Instead we use [6, Example 9.7] to produce a one-parameter family of

ample divisors on Pic−g that fill out the cone from H̃ − B to H̃ − 2g−2
2g−1B.

Let v2 = (0, 1, 1 − 2g), let F be a universal sheaf on S × Pic−g, and let

θF : v⊥
2 → NS(Pic−g)

be the associated Mukai morphism. Apply [6, Example 9.7] with d = g − 1,

v = v2, A = 1, and B = −1; then we find ourselves in “Case 2,” and we get

U = OS(−1) and t0 =
1√
g−1

. The conclusion is that θF (wσt,−1) is ample for

all t > t0, where wσt,−1 can be calculated using [ibid., Lem. 9.2]:

wσt,−1 = (2g − 2)t ·
(

1, −2g−1
2g−2 , g − (g − 1)t2

)

.

In order to express θF (wσt,−1) in terms of H̃ and B, we must compare θF
to θI . On the open set where the flop Hilbg 99K Pic−g is defined, the

spherical twist around OS(−1) turns I into F ; thus the reflection through

the hyperplane orthogonal to s := v(OS(−1)) = (1,−1, g) turns θI into θF
and vice versa. Recalling that this reflection is v 7→ v+〈v, s〉 s, we calculate

that our ample divisor θF (wσt,−1) is, up to rescaling by a positive number,

θI
(

1, −1− 1
2(g−1)2t2

, g − 1
)

= (1 + 1
2(g−1)2t2

)H̃ −B.

Letting t → t0 = 1√
g−1

we get a nef divisor 2g−1
2g−2H̃ − B, which is a posi-

tive multiple of H̃ − 2g−2
2g−1B as claimed. Letting t → ∞ we rediscover the

Lagrangian fibration wall H̃ −B. �

11Note that when g = 2 this seems to disagree with [7, Lem. 13.3(b)], but the latter

has a typo, as is clear from the example that follows it. It should read “Otherwise, let

(x1, y1) be the minimal positive solution of (34). Then Nef(M) = 〈H̃, H̃ − 2d y1
x1

B〉.” Or

else equation (34) should read “X2 − dY 2 = 5.”
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Remark 4.2. The nef cones of Hilbg and Pic−g can also be obtained from

a result of Yoshioka [42, Prop. 4.39]. Note that his Mukai morphism differs

by a sign from the one used here.

Remark 4.3. In general, the number of smooth K-trivial birational models

of Hilbn(S) as n varies is interesting and hard to control. For example,

it follows from [7, Lem. 13.3] that Hilb2(S) has more than one model for

g = 2, 6, 12 but only one model for other g < 20. On the other hand, if g = 2

then Hilb7(S) has six different models, related by various complicated flops

[7, Example 13.5].
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